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Abstract

We study a subspace of the Fock space, called Boolean Fock space, and its
associated non-commutative processes obtained by combinations of annihila-
tors and creators. These processes include the Boolean Brownian and Poisson
processes obtained by replacing the classical convolution by its Boolean counter-
part, and a family of Bernoulli processes. Using a quantum stochastic calculus
constructed by time changes, we complete the existing non-commutative re-
lations between basic probability laws. In particular the uniform distribution
has the role played by the exponential law in the classical setting of tensor
independence.
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1 Introduction

The Brownian and Poisson processes can be realized as operator processes on the
symmetric Fock space, the classical notion of independence of increments being ex-
pressed in Fock space using tensor products. In non-commutative probability, two
other definitions of independence and convolution are available, namely the free and
Boolean independence, cf. 2], [3], [13], [15], [16]. Each definition yields another no-
tion of Brownian motion and Poisson process, which can be realized on different forms
of the Fock space, namely the full Fock space in the case of free convolution, cf. [14].
The interest in the Boolean convolution is to provide a simple model to illustrate the
free case, and the Boolean analogs of Brownian motion and the Poisson processes can
be used to approximate their classical counterparts. The aim of this paper is twofold.
(i) We realize the Boolean Brownian motion and Poisson process on a subspace of the
symmetric Fock space, which will be called Boolean Fock space. Such processes have
no classical versions, however we show that the Boolean Fock space can be identified
to the L? space of a classical Bernoulli process, obtained itself by combinations of
creation and annihilation operators.

(ii) Poisson random variables can be constructed non-commutatively by addition of
the conservation (or number) operator to Gaussian random variables. On the other

hand, it has been shown in [10] that the geometric law can be obtained in a similar
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way from the exponential law, using a construction of quantum stochastic calculus
based on time changes. We show that in the Boolean setting, the uniform density
plays the role of exponential density, i.e. the Gaussian, exponential and uniform laws
can be respectively linked to the Poisson, geometric and Bernoulli laws in a unified
non-commutative framework.

We proceed with a more detailed description of the main results. Let p be one of the
probability densities

1 1.2

-5z

pla) = —o=e 7 plo) = €T Loai(®), plo) = F11(0),

z € R. The Gram-Schmidt orthogonalization procedure defines three families of or-
thogonal polynomials, respectively the Hermite, Laguerre and Legendre polynomials,
which satisfy the differential equation

o(z)y"(z) +7(z)y'(z) + y(z) =0, A€N, (1.1)

with respectively (o(z),7(z)) = (1,-z), (0(z),7(z)) = (z,1 — z), (0(z),7(z)) =
(1 — %, —2z), cf. [8].

For each choice of the probability density p, we can form a Banach space of sequences
B = R with a measure P denoted formally by dP = dp®® which is the completion
of a measure defined on cylinder sets. Denote by 6 : B — R, k € N, the coordinate
functionals, which are independent random variables distributed according to dp, and
by D : L?*(B) — L*(B) ® I*(N) the densely defined and closable gradient operator
defined as

Df(é‘o,...,On) = (ka(Go,...,Hn))keN, n € N.

For each density function p, a gradient operator D : L?*(B) — L*(B) ® L%(R,) is
defined by composition of D with a random injection i : L*(B) ® I>(N) — L?*(B) ®
L*(R4), see Relation (5.2) below. This operator is closable and admits a closable
adjoint &, cf. [10], [11]. A family {a;,aS,a}} of unbounded operators on L*(B) is
defined as

ay F = (DF,u);, a;F =§(uF), @ F =3§(uDF),

u € L*(B) ® L*(Ry4; C), for F in a dense domain. These operators complement the
usual triple {a;,a5,a}}, h € L?(Ry;C), of annihilation, creation and number (or
conservation) operators on the symmetric Fock space, cf. [7], [9]. We recall below the
interpretation of these operators in the tensor case, this paper being concerned with
the second part, cf. Sect. 3 and 4, i.e. with the Boolean case which will be shown to
correspond to p uniform on [-1,1].

1. Tensor independence. In this case the symmetric Fock space has at least two
probabilistic interpretations.
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- Wiener interpretation. This corresponds to the choice p(z) = \/%e‘iz . In
this case, a;, = a;, and af =&, and

+

~ +
al[o,z] + al[o,c 10,¢)

, = alm] +a

is identified to the classical Brownian motion, and
- Poisson interpretation. The classical Poisson process is constructed as t +
0y, T aﬁoit] +aj, - Here, pis the exponential density p(z) = e *1p,eo(z) and
a, +af +ay =a; +a;,

hence the Poisson process is also given by &1—[0,:] + a;r[o,q'

2. Boolean independence. In this case we will use a strict subspace T',(L*(Ry))
of the symmetric Fock space I'(L?(Ry)). The Boolean Brownian and Poisson
processes are still given by a;  + af'[o't] and tp +ay,, +af , + a3, ,» where ¢

is the vacuum state, but they have no classical interpretation, cf. Prop. 3.3 in
Sect. 3. However, with p the uniform density p(z) = 11;_1,1j(x),

- + o
a(l[o,e]—l) + a(l[o,zrt) + A(119,4-t) t € Ry,
can be identified to a classical Bernoulli process, cf. Prop. 4.1 of Sect. 4.

The following properties 1-4 hold for p Gaussian, and from [10] for p exponential.
Their proof in the uniform case is the other goal of this paper, cf. Sects. 4 and 5.

~+ ~—
1. The sum (alml + allo't])tER

ian, compensated Poisson or Bernoulli) associated to the sequence (7;)ken, see

can be identified to the classical process (Brown-
+

Cor. 5.1. In the uniform case we obtain in particular the identity
~ + o _ - =+
Ao -t) T Ao - T Appa-t) = o T H t€Ry.

2. The sum &Lk)—l-&i_(ek) equals the classical random variable 7(6) of Eq. 1.1, which
has respectively a Gaussian, exponential or uniform distribution, cf. Relation
(5.4).

3. Let i = v/~1. The operator ag,,, + is&:Eek) —isa;

iter) T 5°0(0k), s € R\ {0}, has
a discrete probability law u, namely a Poisson or geometric law, respectively for
p Gaussian and exponential. If p is the uniform density, we show in Sect. 5 that

this distribution p is given as

2n+1

plintn+ 1) = =2

J, being the Bessel function of the first kind, v € R, cf. Prop. 5.2 of Sect. 5.

71—(\771+1/2(5))27 ne ]N7 (12)
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4. The commutator [d;tek),&;(ek)] equals (the multiplication operator by) the ran-
dom variable o () of (1.1), cf. Lemma 5.2.

In Sect. 2 we recall the definitions of Boolean independence and convolution according
to [3], [13], [15]. In Sect. 3 we construct the Boolean Brownian motion and Poisson
process. In Sect. 4 we show that a classical Bernoulli process can be also construct-
ed by combining the annihilation and creation operators. In this interpretation, the
Boolean Fock space is identified to the L? space of a countable product of copies of
the uniform density. In Sect. 5 we introduce the operators a;, @y, a;, defined by
infinitesimal perturbations of jump times, and we link the uniform density to the
discrete distribution of Relation (1.2). In Sect. 6, we study the corresponding contin-
uous time construction of quantum stochastic calculus, in which iterated integrals of
adapted integrands turn out to be anticipating.

2 Boolean independence and convolution

In this section we recall the basic definitions of Fock space and Boolean independence.
Let L?(R;) = L*(Ry;C), let (-,-)2 and | - | denote the Hermitian product and
norm on L?*(R;), while || denote the modulus of z € C. Let I'(L?*(R,)) denote
the symmetric Fock space over L%(R. ), with its gradient and divergence operators
V- :T(L*(R4)) — I'(L*(R4)) ® L*(R+) and

vV T(L*(Ry)) ® L*(R4) — [(L*(Ry4))

defined by linearity and polarization and density as

k=n
V*(hlo...ohn):Z(hlo---oizko'uohn)®hk,

k=1

where “izk” denotes the omission of hy in the product, and
VH(fio- 0 fa®g)=fio---0faog,

fi,--oy fnrg € LA(RY).

Definition 2.1 Let S denote the linear space, dense in I'(L*(R,)), generated by
vectors of the form hyo---ohy, hy,... h, € L*(Ry), n € N.

The annihilation, creation and conservation operators a;, a;, and a;, u € L2(Ry), on
['(L*(R;)) are defined as

a;F = (V" Fu);, afF=VY(F®u), ooF =V*'(uV~F), FecS&.
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Definition 2.2 Let A denote the set of closable operators X that leave S invariant,
and admit an adjoint denoted by X* on S.

Let {-,-) denote the Hermitian product on T'(L?(R,)), and let € denotes the unit
vector in I'(L?(R4)). We consider the non-commutative probability space (A, ),
where A is the algebra of operators on I'(L?(Ry)) and ¢ : A — C is the linear
functional defined as

e(X)=(XQ,Q0), XeA

Self-adjoint elements of A are called non-commutative random variables. We recall
the following definition, cf. [15].

Definition 2.3 Two non-commutative random variables X,Y are said to be Boolean
independent if

p(XFryR xksyka. ) = o(XF)p(Y*)p(XE)p(YH) - - -,
and
o(YR XYk XKe L) = (VR (X)) (VR ) p(XR9) - - -
forany ki 21, ke 21, kg 21, kg 21,....
The distribution px of X € A is the linear functional P — ¢(P(X)) defined on the

algebra C[X] of complex polynomials in one variable.

Definition 2.4 Let X and Y be Boolean independent, of distributions px and py.
The Boolean convolution of pux and wy is defined to be the distribution of X +Y, and
is denoted as pux W py.

The Boolean Gauss law with variance ¢? and the Boolean Poisson distribution with
intensity A > 0 are the probability measures

1 1 1
55_5; + 5(50 and /\—+1 (50 + )\6)‘+1) y

cf. [15)].

3 Boolean Fock space, Brownian motion and Pois-
son process

We now introduce a Boolean Fock space I',(L?(Ry)) with parameter v > 0 as a
subspace of the symmetric Fock space I'(L?(R,)). To this end we define a Boolean
symmetric tensor product. Let
7 = {(tl,...,tn)e]Ri : H ” [ﬁ] , i;éj},
Y Y ’

where [z] denotes the integral part of z € R,.
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Definition 3.1 For fi,..., f, € L*(R,), let

(fl 07- . '°7fn)(t11~ . .,tn) = 1Z.,'!(t17' . .,tn)fl O0+-+0 fn(tl,' . .,tn).

We denote by L?(R4)°™ the subspace of L?(R,)®" which is the completion of the
vector space generated by

{fl 07"'07fn : fl,...,fn € LZ(R+)},

with respect to the norm

Il ”iZ(R+)°""= nl |l [Zemyens n €N,
and denote by I',(L*(R.)) the Boolean Fock space defined as

H(LP(Ry)) = @D L*(Ry)°™

neN

For u € L?(R,), the exponential vector £7(u) is defined as

E'(u) = Z El!-uw".

neN
Let S, =T, (L?(R4)) NS, and let U denote the set of processes of the form

k=n
u= ZFk@)hk, Fi,...,F, €8, hy,....,h € L*(Ry).
k=1
Let 77 : T(L*(R4)) — I, (L?(R4)) denote the orthogonal projection on I', (L?(R, ),
which can be viewed as a conditional expectation.

Definition 3.2 We define the operators V=, o)™, aJ*, al°, resp. V' on S, resp.
U, as
V'~ =V o7n, \vaas :7(70V+,

and

Y+

Y~ — a” o +
a,” =a,or’, a}

— 7 — 27 6a° o
=n"oa,, a, =7'oa,om.

The operator V' : T(L*(Ry)) ® L*(Ry) — ['(L*(Ry)) is closable and adjoint of
~:D(L2(R4)) = T(L(R4)) ® L*(R4):

(V" Fu)remperz®y) = (B, V" (u)r@eryy), FES, uwel.

The operators V7?7~ and V* satisfy

o
Il

V' (hy o7 67hy) = (h1 o7 0Ty o7 -~<>"’hn) oThy,

1

x>
1]
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VI (fro? " fu®g) = fr o7+ 07 fr 07y,
fiseooy farg € L*(Ry), and a]~, a2° and a)*, u € L*(R,) satisfy
ay F = (V" Fur@emerimy): @ F =V (F®u), a’F=V"uV'"F),
F € S,. The next proposition shows in particular that @]~ + aJ* has the Boolean
Gaussian distribution 30_, + 300wl
Proposition 3.1 Let h,u € L*([0,7]) and o € C with
lulp=1 and |a|*+ |hf2=1.

The law of a]~ + al* in the state o + h has support {—1,0,1}, with respective
probabilities

o= G Wl VI = 1 B, Sl a, B

Proof. We determine the action of the Weyl operator exp(zi(al* + a~)), by showing
that

exp(zi(aj” + a]7))(aQ + h)
= h—u(y, h)s + (a2 +u(u, h)2) cos(z) +1i(au + (u, h)oQ)sin(z), 2 € R.

For this we compute by induction:

h, n =0,
(a7t +al")"h=2 u(u,h)y, n=2k>0,
(4, h)eQ, n=2k+1>1,

and

Q, n=2k>0,

7+ 1=\ () =
(@ +a7)" 0 {u n=2%+1>1, keN.

Hence the Fourier transform of aJ* + al™ in the pure state a2 + h is given by
(exp(iz(alt + al™))(aQ + k), aQ + h)
= |Rl3 = 1(u, )al* + (lof® + |(u, h)af?) cos(2) +i((h, u)oex + (u, h)2@) sin(2),

z € R. O

The operators 77, al”~, al*, a}°, acting on the two-dimensional space span (€2, ) can

be respectively represented by the matrices

ool o) [1e] [09]

Hence a]"+a] ", i(a]* —a]™) and [a]~, a2™] give a representation of the Pauli matrices

Oz, Oy, 0.
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Proposition 3.2 Letu € L*([0,]) be the indicator function of a Borel set of Lebesgue
measure o > 0. Then
ar” +al” +ayt +al°

has the Boolean Poisson distribution with parameter a, i.e. Ei? (00 + adpt1)-
Proof. Let X, = an” +al”™ + al* + a}°. We have X, = u+ af) and X,h =
hu + a(h, 1), hence (X,)EQ = (a+ 1)k (u+ af), (Xu)fu = (o + 1) (u + af),

k > 1, which implies

leu i Zl) ( k ai (Z1)k(a_|__1)k—1 _ G eiz(cz+1)
— pard k! T a+1 ’

which is the characteristic function of —5 1 7 (60 + @dat1)-

+
We define the processes (a{ )ier,, (af )t€R+, (a{°)ter, by
Y= _ T+ _ ot 7o
az a1[0t17 Gy = Ay at allovtl’ teR,.

The following result, combined to Props. 3.1 and 3.2, shows that (a]™ + a;’+)te[0,7] is
the Boolean analog of Brownian motion, and that (t77 + a]~ + a]* + a]°)wepo, Is a

realization of the Boolean Poisson process.
Proposition 3.3 let u,v € L?([0,7]).
i) If u,v are orthogonal, then al~ + alt is Boolean independent of a]~ + aJ*.

i) If u,v are indicator functions with disjoint supports, then ar” + al™ + alt + a°
and ar” +a)” +a)t +al°, with a = [~ u(s)ds and = [;° v(s)ds, are Boolean

v )

independent.

Proof. 1) This property follows from the facts that

Q, k,l even
U k odd, [ even
u,v)ou  k even, | odd

(al” +alM) ay” + a2 = ¢
(u,v)2Q k odd, [ odd,

and
( ,h)z(U,'U)QU, kvl even
y— YNk y— T\l (U,h)g(U,’U)QQ k Odd, [ even
(ai” +ag") (@™ + o)) h = (v, h)2Q k even, [ odd
(v, h)2u k odd, ! odd,
which imply that
- - _ _ 1 ki,ko,... even
¥ YHYk1 (Y y+\k2 (Y Y+\k3 (Y YHVka L) — 15 N2, )
Pl +a3 )@+ el e g = { g Bk e

ii) The relation uv = 0 implies in the notation of the proof of Prop. 3.2:

ala+ 17188+ D ta(a + 1)kB18(8 + 1)kt ...
PXEP(XEp(XE)o(XE) -, k> 1k 21,

PXE XXX )

Il

hence the Boolean independence of X, and X,.
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1.1
Remark 1 The sequence (at" +a[‘+) converges to a; + af pointwise on S,,
n>1
hence in distribution, as n goes to co. Similarly, the sequence

1 1_ 1, 1,
(t7rn +af +af +af )
n>1

converges to tI;+a; +ai +af, pointwise on S, as n goes to co. Hence the Brownian

motion and Poisson process are limits of their Boolean counterparts in the sense of
pointwise convergence on S,.

Due to the non-commutativity of the Boolean independence property, the Boolean
Brownian Poisson processes obtained in this way do not have classical realizations.
Nevertheless, we show in the next section (Prop. 4.1) that a° + a}* + a~ can be
identified to a multiplication operator by a classical random variable.

4 Probabilistic interpretation of T'j(L%(IR,))

In the remaining of this paper we set v = 1 and write “o” instead of “o!”. In this sec-
tion we construct a probabilistic interpretation for the Boolean subspace I'; (L?(R, ))
of T'(L*(R4)). We show that in this interpretation, a classical Bernoulli process can
be constructed from al~ + al™ + al°. Consider the space B = RN with the metric
d(z,y) = sup |zn — yal,
neN
and the probability measure defined on cylinder sets as

1

P({o : (onroion) €BY) =g [ diioeedta ki £ R dEN.
EN[-1,1]¢

The coordinate functionals
6r:B—-R, k€N,
are independent, uniformly distributed random variables on [—1,1]. Let
Te=k+(1+6)/2, keN,

be the kth jump time of the point process (Y (¢))icr, defined as

Y(t) =Y lgea(t), t€Ry. (4.1)

keN

For bounded A € B(R,), let

Fi=o0 (i 10(Tx) : OCA, O¢€ B(R+)) )

k=1
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and F; = Foq, t € Ry. We define the filtration (ft)teR+ as F, = Fogp t € Ry,
where [t] denotes the integral part of ¢ € R. The compensator (v4)icr, of (Y (t))ier,
with respect to its natural filtration (F;)scr, is

1
> lkmi(t)dt,
o k+1-—t

cf. [6], and (Y (t) —t)s>0 is not a (F;)-martingale. For f, € L*(R4)"", denote by L(f»)
the (F;)-adapted iterated stochastic integral with respect to the compensated process
(Y'(t) = ther,:

) o fla)  plta]
L) = n!/o /0 /0 Fults o t)d(Y = 11) - d(Yi, = tn).

Let
k+1

K:{feLQ(R+) : f(t)dt =0, keN},

let K°* = L*(R)°" N K®" equipped with the L?(R.)°® norm, and let ®(K) be the
subspace of I';(L%(R..)) defined as

o(K) =P K™

n>0

For f, € K°" we have

in(fn) = Z fn(Tklv"'aTkn) :n! Z fn(TkU"'kan)v

k1#-#kn k1< <kn
and -
E [in(fn)im(gm)] = 1{n:m}n!(fnagm)L2(R+)®"7 fn € K, gm € K.
Consequently, the mapping
U ®(K) — L*B)
Fu = In(fn)

is bijective since the set of multiple stochastic integrals is total in L?(B). The expo-
nential vector £!(u), u € K, is here identified to

1. on
§(u) = Z;{,In(u J=14> Y wTh)-u(T) = [[ (1 +w(Th).
neN n>1  ki1<--<kn neN
Under this identification, any square-integrable (F,)-adapted process u € L?*(B) ®
L%(R,) belongs to Dom(V'*), and

Vi (u) = / " w(dy (t) - 1), (4.2)
0 .
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cf. Corollary 1 of [11]. Let mg : L*(Ry) — K denote the orthogonal projection on K.
The following proposition shows that the process (a,lr}_dm’t] + a,lr“;l[o‘t] + a}ril[o,,})tém is
identified to the classical compensated process (Y (t) —t)icr,. This result corresponds
to the fact that the linear combination zo, + yo, + zo, + ¢t can yield all Bernoulli
1—

vy i(alt —al7) and [al™, al*] are

probability laws for z,y, 2,¢t € R4, when alt + a

identified with the Pauli matrices o, 0, 0,, acting on span(Q, u).

Proposition 4.1 Let u € K. The operator al™ + al* +al° is identified to the multi-
plication operator on ®(K) NS, by the single stochastic integral I, (u).

Proof. The proof follows by application of the following Lemma. o

Lemma 4.1 Let u, f € K such that uf € L*(Ry). The multiplication formula for
the multiple stochastic integral I,(f°*) and I(u) can be stated forn > 1 as

L(f L (W) = L (f" o u) + nlp((uf) o f070) 4 nlya (£ (5,0), u(-))a).

Proof. We have

LUMEw = S f(T) - f(Te)u(T)
kl#"'¢kn>kn+l
- Z f(Tk:1) e f(Tkn)u(Tkn+1)
k1#:Fkny1
kn+1
n 30 A ) (FTu) - [ feyutey)
k17 #kn n
kn+1
0 3T i) [ St
k17 #kn kn

5 Quantum stochastic processes in discrete time

In this section we link the uniform distribution to a discrete law (Prop. 5.2) by addition
of a number operator defined via a discrete-time quantum stochastic calculus. We start
by considering a different approach to non-commutative stochastic calculus, allowing
to write the multiplication operator fooo u(t)d(Y (t) —t) as a sum of a gradient operator

and its adjoint.

Definition 5.1 Let P be the set of functionals of the form f(6y,...,0,_1), f polyno-

mial, n > 1, and let V be the set of processes u of the form

k=n
u=Y Fe®u. F,... F,€P, w,...,u,€L*Ry), neN.
k=1 .
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The sets P and V are respectively dense in L?(B) and in L?(B) ® L?*(R.). We now
define a gradient operator by perturbation of the jump times of (Y (t)):ery., cf. (4.1),
i.e. by differentiation with respect to the coordinate functionals (6x)ken. Define

D:L*B) — L*(B)® L*(R;)

with
Df(e()', ce 79n) = ((ak - 1)]‘]k,Tk](t) + (916 + 1)1]Tk,k+1](t)) 0kf(007 .. 'ven)‘ te ]R‘-i-v

k=1

cf. Def. 2 and Def. 3 of [11]. The operator D is closable and admits an adjoint
§:L*B)® L*R,) — L*(B).

Proposition 5.1 We have the identity
o(v) = / v(s)d(Y(s) —s) — / Dyv(s)ds, veEV. (5.1)
0 0

Proof. cf. Prop. 5 of [11]. |

Consequently. if v € L*(B) ® L*(R.) is (F)-adapted, then v € Dom(6) N Dom(V'*)
and 6(v), V'*(v) both coincide with the stochastic integral of v with respect to
(Y (t))ser, . compensated with dt:

5v) = V' (v) = /Ooo o(t)d( (8) — 1),
We can now state the definition of the three basic operators.
Definition 5.2 For h € L*(R.), define the closable operators a, , a;, a; on P as
a; F = (DF.h),. aF =4 (h(-)D.F) . @G F=64heF), FeP.

The operator @, is adjoint of @, on P and aj, is self-adjoint on P. Let ai = af

tER+75:_,OV+-

[0,e°

Corollary 5.1 The operator a; +a; is the multiplication operator by Y (t)—t, t € Ry,

and (a; + &f)teRJr is identified to the classical process (Y (t) — t)ier. -

Proof. This follows from Prop. 5.1. O

We define the mapping i : L?(B) ® [>(N) — L?(B) ® L*(R4) as

iﬂ:u) = Zuk ((Gk — 1)1}vakJ(t) -+ (ek T l)lTkk-HJ(t)) . te R.@.. (52)
k=1
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With this notation we have D = i o D, where D : L*(B) — L*(B) ® L*(N) is the
discrete-time gradient densely defined as

Df(o,...,6n) = (Dxf(6o;s---,0n))ken = (Ocf(fo,...,0n))pen,> tE Ry
The definitions of @;, @, a; can be extended by letting h equal the random process
i(ex) == (O — Dy + Ok + 1)l k41) , k€N,
where (ex)ren denotes the canonical basis of I2(N).
Proposition 5.2 Let s € R\ {0}. The non-commutative random variable
l(ek) + 1sa1(e ) —isa;

)y T s*(1—-62)

i(ek

has a discrete distribution p carried by {n(n+1) : n € N} and given by

n +1/2
plintn+ ) =727 (62 nen, 5.3
Here J,, p > 0, denotes the Bessel function of the first kind, defined as
2/4
( )Zk'Fp-i-k-f-l) veR.

For the proof of Prop. 5.2 we will need the following Lemmas.

Lemma 5.1 The operators di_(ek), i, d;ek) satisfy

Gy f(O6) = (1 = 60)OF (Bk), @5,y = —(1 — 63)0° F(6&) + 2640f (6k),

and

at = —(1—62)8F(6k) + 20k f (6k).

%ier)

Proof. The relation a;,,f(0) = (1 - 62)9f(8;,) follows easily from the definition of
D as D =i o D. Using the duality between D and §, a one-dimensional integration
by parts on [—1,1] gives a( o = —(1=02)0%f(6k) + 26x0f (0k). The last relation is
Dy, k> 0. O

obtained from @}, , = )= z(e

Consequently, a l(e ) T Gifey) 18 identified to a multiplication operator:
l(ek) +a;,, =20, keN, (5.4)
and g, + az( ¢,) 1as a uniform distribution on [-2,2]. Defining the Hermitian oper-

ators Qy = a; +a;, Py =1i(a, —af), P, = Py, Qe = Q140 t € Ry, we have

Qicer) f(Ok) = 20k f (Ok),  Pigesy f(0k) = —i(=2(1 — 63)0 (&) + 20f (6x)).



41

Lemma 5.2 For s€ R,
.S ~0 .S . __ ~o _ient fam— 21_02
exp 1§Qi(ek) @;(e,) EXP —1§Q,(ek) = Gj(,) — 1805,y + 18G5, + 5 ( 5),

and the following commutation relations hold:

[a'i_(ek)’a:(-el)] = —2(1 — 69) 1 k=1, (5.5)
[Pier)s Qiten] = 2i(1 = 63), (5.6)
(361> Qiten)] = 1Piter)s k,l e N. (5.7)

Proof. We omit the index k and use Lemma 5.1. We have
@ exp (—ish) f(8) = (—(1 — 6*); + 200y) (f(6) exp(—ish))

= —(1 —6%)(—2isf"(9) exp(—ish) + f"(6) exp(—ish) — s*f(6) exp(—ish))
+2(—isOf(0) + 0f'(6)) exp(—ish),

hence

(—(1 — 6%)32 + 2005) f(0) +is((1 — 6°)0 — 20) f(6)
+is((1 - 6%)9) f(6) + s*(1 — 6%) f(6)
= a°f(0) —isat f(0) +isa” f(0) + s*(1 — %) f(6).

exp (is6) a° exp (—isf)

On the other hand,

[@,at] = (1-6%3(—(1—6%0)+20(1—6%8+ (1 —6%)d((1—6%)0 — 20)
= —(1-6%2%0%+20(1—6%90+20(1—6%)0 + (1 - 6%
—20(1 — 6%)0 — 20(1 — 6%)0 — 2(1 — 6%) = —2(1 — 6°),

hence (5.5) and (5.6). Concerning (5.7) we have

(—(1 = 6%)05 +260,)(0£(0)) — 6(— (1 — 6%)35 + 2005) f (6)
= —(1-6*)(2f'(6) +01"(0)) + 20(f(8) + 05" (6)) + 6((1 — 6°)9; — 200p) f (6)
— —2(1—6))f'(6) + 20f(6) =iPf(8). D

Proof of Prop. 5.2. Let R,, n > 0, be the Legendre polynomial of degree n, which
satisfies the differential equation

(1 — z*)Rl(z) — 2zR,(z) + n(n + 1)R,(z) = 0, (5.8)

and the orthogonality relation

1
/ Ro(z) Ron(z)dz/2 = Linemys mym € N.
-1

2n+1
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We have
@50, Rn(0k) = 0DR,(0k) = n(n + 1)Ra(6x), k,m € N. (5.9)

From Lemma 5.2, the law of a5, ) +isa;, ) — isay,,) + s*(1 — 67) in the vacuum state
§2 is the same as the law of ag,, in the state exp (12Qi(er)) ©, cf. [1]. From (5.9), the
spectrum of @° is {n(n+1) : n € N} and the Legendre polynomial R, is eigenvector
for a° of even eigenvalue n(n+1) € IN. In order to determine the law of @° in the state
exp(isz), it is sufficient to decompose exp(isz) into a series of Legendre polynomials.

From [12], p. 194, we have

! m dz m!
/_1$ Rn(x)? S (m=-n){(m+n+ 1)

if m — n is even and m > n, with

pll = H (2k), p even, and p!! = H (2k + 1), p odd.

0<2k<p 0<2k+1<p

For other values of m, n, the integral is equal to zero. Using Legendre’s duplication
formula (cf. [4], p. 64):

M@l(a+1/2) _ V7
T'(2a) 921’

a€R+,

where T" is the Gamma function, it follows:

. dy (is)2t (is)%*(k + n)!
15Y — = is)" "
[ eV Ry (y) 9 (is) Z (2k)1(2k 4+ 2n + 1)1 = (i25) Z K!'(2n + 2k + 1)!

1 k>0
. (o) (iS)Qk
= 2 n
Vm(i2s) kZ:; 2 +2k+H1EIT (n + k + 3/2)!

. [T s\ & (—s2/4)*
- %(5) Zk'r(n+k+3/z V" % 251125

The expansion

e 5 (T [ o)

n=0

gives (5.3), since

p({n(n+1)}) = }\/m 1 /— 1 eiszn(y)‘;—y
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6 Quantum stochastic calculus by time changes
In this section, ®(K) = @D,y K°" is identified to L?(B) and we use the decomposition
a7 + a7 = g1 T Grxipg T Grxipg = (V(8) = Diery

of (Y(t) — t)ier, in annihilation parts to construct a non-commutative It6 calculus.
For f € [?(N) with finite support, define the exponential functional

¢M(f) = exp (Z fkak) :

keEN

and denote by Z the vector space generated by such random variables, which is dense
in L?(B, P). Let A € B(R). Denote by ¥4 the set of operators in A with P|JZ C
Dom(X), that can be written as X ® I on I'(L*(A)) ® I'(L?(A®)).

Definition 6.1 A process (X (t))icr, of operators is said to be (F;)-adapted if X (t) €
Yo, t € R,.

We start by defining quantum stochastic integrals of simple adapted processes.

Definition 6.2 If (X (t)):er, is a simple adapted process of operators of the form
X(t) = ZXil[i,i+l{(t)7 teR;, neN,
i=0

where X; € Yoy, 1 =0,...,n, let

t i=n
/(] X(S)dd;: = ZXidi[iAt,(iH)/\t[’ €=—,0,+. (61)
1=0

The following proposition extends this definition to non-adapted processes, provided
smoothness conditions are satisfied, see also [5].

Proposition 6.1 If (X(t))icr, is a process of operators in A, let

/ ” X(s)daF = / " X(s)D,Fds, / Y X(s)daF = 5(X()DF),  (62)

/000 dat X (s)F = §(X()F), /Ow =X (s)F = /000 DoX(s)Fds,  (6.3)

provided XF = (X (t)F)icr, satisfies respectively XDF € L*(B) ® L*(R,), XDF ¢
Dom(8), XF = (X(t)F)icr, € Dom(3), DXF € L*(B)®L*(R,), F € L*(B). These
definitions coincide with Def. 6.2 on simple adapted processes.
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Proof. We have D; = D; ® I on T'(L*([0,1])) ® T'(L*([i,0])), hence X(s) commutes
with D; for s € [i,1+1[, 7 € N, and

X(s)DsF = is(X(s)DF) = DyX(s)F, a.s., F€E, s€Ry, (6.4)

hence X DF satisfies the conditions of Def. 6.1, and (6.1) is equivalent to (6.2) and
(6.3) on simple (F;)-adapted processes, from Def. 5.2. o

The integral [;° X (t)da; is defined by duality from [, d&; X (z)*. Conditions for the
existence of the stochastic integral of adapted operator processes as an unbounded
operator on the vector space = of exponential vectors can be obtained from the next

proposition:

Proposition 6.2 Let (X(t)).cr, be a simple adapted process in A. We have

(€(9), /0 x (s)dasc(f)) = (C(g), /0 ) he(s)X (s)C(f)ds),
C(f),¢(9) €E, e = —,0,+, with
hy =1i(g), h-=i(f), ho=1i(f9). (6.5)
This shows that if (X (t))wer, is an (F;)-adapted process of operators such that
(X()C(f))eery € L*(B) ® L*(R4), ¥V ((f) €5,

then f0°° X (s)day is uniquely densely defined. We have

. [ " X(s)dasc(f)) = ¢ / " X(9)darc(o), ¢ C(F), Clg) €5,

if (X(t))ier, and its adjoint (X (t)*)cr, are simple adapted processes that satisfy the

above conditions, with x¢ = +, 0, — respectively if e = —, o, +.

Proof. The proof is an application of Relation (6.4) and the fact that DC(f) =
i(f)¢(f). The last relation is a consequence of the duality relations between a} and

and of the self-adjointness of a2, cf. [1], [10] for the analog statements for p
O

a-

u )

respectively Gaussian and exponential.

Proposition 6.3 Let X, Z be simple (F,)-adapted processes in A such that = C
Dom(X(s)Z(s)), s € R;. We have the equality

/0 X (s)das /0 " Z(s)dar = /0 Cda X (s) ( /O sZ(u)d&Z) + /0 t ( /0 quda,i> Z(s)da?
+/0‘ X(s)Z(s)da; - da?, (6.6)

where the composition of operators holds in the weak sense and the product das - da?

is given by the multiplication table
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- | daf |da;
daf | 0 0
da; [dY(t)]| 0

Proof. The statement of (6.6) in the weak sense means the following identities, which
will be proved using the duality between $ and D:

(/t (s) da+G/X(s “da F)
/(/ da+GX(s)DFds+/(Z GD/Xu)daF)d
(/ s)da; G/X(s )*da} F)
/ (D,G, / u)*da} X (s)*F)ds + / t(Ds /0 ’ X,da; Z(s)G, F)ds
(/0 Z(s)da} G, / X(s)*da} F)
/ (DsX (s) / Z(u)dalG, F)ds + /0 t(Z(s)G, /0 | D, X (u)*da} F)ds,
+( / X (s)Z(s)GdX (s), F),
</ §)das G, / X(s)"da; F)

/(/ u)da; G, X (s)*D F)ds+/Ot(Z(s)DSG,/OSX(u)*d&;F)ds,

for F,G € P. By linearity and adaptedness of X, Z it suffices to prove these relations
for X = Z = 1)g3. We have

(a;G,a; F) = /0 t D,Gdu, /0 t D,Fds)
/0 t /0 S(DuG, D F)duds + /0 t /0 u(DuG, D,F)duds
G (1[0“(-) / | Dquu) JF)+(G,§ (1[0‘”(.) /0 ' D,,qu>)

(/ data; GF)+(G/da TF)

t
(G, (/ atda; +/ daja;) F), F,GeP,
0 0

t . t ¢
(@ F,a-G) = / (@ F, D,G)ds + (F, / G- Gd(Y(s) - 8)) — [ (DyF,a-G)ds
0 0 0

Il

Il

and

Il

t t
/ (@+F,D,G)ds + (F, / difa; G)
0 0
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t t
(F, / diza-G) — / (DF, a-G)ds
0 0

t t
/ (atF, D,G)ds + (F, / da;a; G)
0 0

t t

(F,/ a;da;G)+<F,/ da;a,G), F,GeP.
0 0

Finally,

(@ F,a,G)

/ G FA(Y(5) ), G) - / G F.D.G)ds

0 t ° t

+(F, / arGd(Y (s) —s)) — / (D,F,a7G)ds + (Y (t)F,G)

= </t dafa F,G) + (/t da;al F,G) — /t(ajF, D,G)ds
0 0 0

+(F, / CdataG) + (F, / it G) - / (DJF.a-G)ds + (Y (1) F, G)
0 0 0

= (/tda;ajF,G) +(F,/tda;ajG)+ (Y(t)F,G)
0 0

t 1
= (/ da;ajF,G>+</ G datF,G)+ (Y()F.G). F.GeP. O
0 0
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