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GENERICITY IN DETERMINISTIC
AND STOCHASTIC DIFFERENTIAL EQUATIONS

J.J. Alibert* and K. Bahlali**

ABSTRACT. We prove that the convergence of the approximation with time delay, as
well as pathwise uniqueness, are generic properties in ordinary differential equations as
well as in stochastic differential equations. This is done in the case where the coefficients
are neither bounded nor time continuous. The approximation with time delay is used
to obtain existence of weak solutions for SDE. We also prove L2-convergence of this
approximation when only pathwise uniqueness is assumed.

KEY WORDS. Approximation with time delay, generic property, pathwise unigness,
strong and weak solution.

Introduction.

Let (E,d) be a complete metric space and F' C E. The subset F is said to be
meager (or of first category of Baire), if it is contained in a countable union of closed
nowhere dense subsets of E. The complement of a meager set is called a residual set
(or a set of second category of Baire). Let (P) be a property which is satisfied by
some elements of E. (P) is said to be generic if the set F := {z € F : z satisfies (P)}
is residual. In this case property (P) is said to hold almost surely in the Baire sense.
For more details about the categories of sets see e.g [Ox]. In many situations it is not
possible to give a complete characterization of the subset F'. Then arises the problem
to find, for instance, the category of F. Is it of first category or of second? This
question is usually studied in the theory of ordinary differential equations (ODE
in short), as well as, in stochastic differential equations (SDE in short), ergodic
theory, spectral theory of operators, fixed point theorems, points of derivability of
continuous functions, etc... (see e.g. [O, H, R, LY, V1, V2, DM1, DM2, DM3, Ku,
S2, Z, He, Si, BMO1, BMO2)).
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In the present paper we discuss genericity of pathwise uniqueness and strong
existence (via approximation) of the solutions of ODE and SDE, as well as the
relations between pathwise uniqueness and convergence of approximation with time
delay. The part of our results which concerns genericity is closely related to those
of [0, Ox, LY, DM1, DM2, DM3, S2, H, BMO1, BMO2], and improves on them.
While the approximation part is related to those of [KN, EO, MB]. The equations
under consideration are the following:

(Ef) Xf(t)=0 (t<0) and Xf(t)z/tf(s,Xf(s))ds (t>0)
0
and

(B°)  X°(t)=0 (t<0) and X°(t)= /0 o(s,X7(s))dB(s) (t>0)

where f and o are measurable in ¢ for all z € IR%, continuous in z for almost all
te R*.

Genericity property (or prevalence) seems to be first studied in [O] for ODE.
This study has been extended in [LY] and in [DM2] to ODE assuming values in an
infinite dimensional Banach space. In SDE, the notion of genericity is used in [S2] to
study the dependance on a parameter of solutions. The probabilistic method given
in [S2] seems not to be related to those of deterministic equations. The genericity of
strong existence and uniqueness of the solution of equation (E7) has been discussed
in [He|] by adapting an idea used in [LY], and, in [BMO1] by adapting the method
used in [DM2]. In [BMO1], the genericity of convergence of Picard’s approximation
as well as of Euler’s approximation are studied also. In all the above papers, it is
assumed that the coefficients f and/or o are continuous with respect to their two
arguments and uniformly bounded. In [He], the continuity of the coefficients is not
assumed, in return the diffusion coefficient 0 must be non degenerate.

Here the continuity in the arguments as well as the uniform boundness of the
coefficients will be dropped. Only measurability with respect to the time variable
and continuity with respect to the space variable will be imposed on the coefficients.
For example, the coefficient f(t,z) = t~'/2z is not allowed in [LY, DM] and the
coefficient o(t,z) = t~/*z is not allowed in [S2, He, BMO1, BMO2]. Our result
covers this example. In our situation, the difficulties stay first in the fact that the
coefficients are neither uniformly bounded nor continuous and next in the choice of
a convenient space of coefficients in which the subset of locally Lipshitz functions is
dense.

In the first part of the paper, we prove that convergence of the approximations
with time delay as well as pathwise uniqueness are generic properties in both ODE
and SDE. In the second part, we deal with existence of (weak) solution as well as
the relation between pathwise uniqueness and L?-approximation of the solutions of
SDE. We show that pathwise uniqueness implies the L2-convergence of the time
delayed processes to the solution of (E?). This is done by using a method closely
related to that introduced in [KN], where similar result on Euler’s approximation
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is stated. Other results about approximation and stability are given in [KY, GK,
BMO2].

The paper is organized as follows. In section 1, we prove that, for an appropriate
metric, the set of functions which are measurable in ¢ and locally Lipschitz in z
is dense in the set of functions which are measurable in ¢ and continuous in z. In
section 2, we prove that for ODE convergence of the approximations with time delay
is generic. A similar result is stated in section 3 for SDE. In section 4, weak existence
for SDE is proved. It is also established that pathwise uniqueness of the solution
of (E?) implies L2?-convergence of the delayed processes to the unique solution of
(E?). As a consequence we give a simple proof of the Yamada-Watanabe theorem
about the relation between pathwise uniqueness and strong existence of solutions.

I. Approximation by Lipschitz functions.

For 1 < g < 0o, we denote by L{, (R¥; C,(IR?)) the set of functions f = f(t,z)
from IR x IR? into IR which are measurable in ¢ for each = € le, continuous in z

for almost every t € R' and such that the function

Nolf1(t) i= sup I£(t,)

z€IR

belongs to the Lebesgue space LY. (IR*). For M > 0 we set,

loc

|f(t,y) — ft,z)|
S Ta el s M s M w#y}

where | . | denotes the Euclidean norm.

KIf, M](#) = sup{

Lemma 1. Let f € L} (]R’L; Cb(]Rd)) with 1 < q < 0o. For each € > 0 there exists

loc

fe € LL (R*; Co(R?)) such that K[f.,M] € L2, (R™) for every M > 0 and

loc loc
[ was - s <

Proof. Without loss of generality, we assume f > 0. Let {¢, : n € IN*} be a locally
finite partition of unity in IR%. Given any k > 0 we set

KO w) = it { enw)f(69) + by — 2] }

Since f is measurable in ¢, continuous in y, the function f,g") is measurable in ¢.
The fact that y — ¢, (y)f(t,y) is bounded continuous implies that f,g") satisfies
a Lipschitz condition in = with constant & and lim 100 fé")(t, z) = p(z)f(t,z) for
every x and almost every t. Since f,g") is nondecreasing in k and ¢,, is compactly

supported, we deduce from the inequality 0 < f,g") < ¢ f and the Dini theorem
that

lim No [‘Pnf - f;ﬁ")] t)=0

for almost every t > 0. Let € > 0 be fixed. Since 0 < Ny[pnf — f,gn)] < Ny|[f] and
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Nolf] € Li,.(R"), it follows from the dominated convergence theorem that for each
p € IN* there exists k(n, p) > 0 such that

14 e q-1
q (n) € _ £
/p_l 2™ N§ [<pnf Fitn, p)] (t)dt < T where  Cj _(2121 a)
n=
and C, =1ifq:1. We define f. on RT x R? by

felt,z) = “g,{p)t@ if (t,z)€[p—1,p) x R%

Let us prove that K[f.,M] € L (R") for every M > 0. Since the partition is

loc

locally finite, for each M > 0 there exists n(M) € IN* (not depending on p) such
that

where B,y is the closed ball in R¢ with radius M. Then we have
n(M)

|fe(t,y) — fe(t, )] S( Z k(n,p))|y—x] if (t,z,y) € [p—1,p) x By x By.
n=1

This implies that K[fe, M](t) < max {Z"(M) k(n,i) : 1 <14 < p} for every p € IN*
and t € [0,p). Hence K[f., M] € L{5,(IR"). The fact that f. € LY (RT; Cy(RY))
follows from the inequality 0 < f. < f. Now we use the Holder inequality to get

/Ooo NSIf = fel(t)dt = 2/: Ng[i (onf — (n p))] (t)dt
< i/_ (Z:No [‘Pnf v p)] (t))th

p=1
[o olNe o) P
<Y [ g [ous - £),,) 0t
p=1n=17P~1
oo o0 €
<C"ZZ C. on+tp =€
p=1n=1 9

Lemma 1 is proved. 0
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For 1 < ¢ < oo we denote by Lloc(m+;Cl(Rd;Rd)) the set of functions f =
f(t,z), defined on R x IR? with values in IR, which are measurable in ¢ for each
z € IR?, continuous in z for almost every t € IR* and such that the function

Nilf)() 1= sup L]

:L'Gle 1+ lml

belongs to the Lebesgue space L (IR"). Endowed with the metric

1/q
o (BNt o)
p1(f;9) Z—; s
=T ( JE gl - f](t)dt)

the space LL_(IR™; C(R% RY)) is a complete metric space. A sequence (f,) con-
verges to some f in L, _(IR™; C;(IR% R?)) if and only if limy 1o J; Nilfn—fl(s)ds =
0 for every bounded interval I of IR*. Our space of locally Lipschitz functions is

defined as follows.

Lipioeq := {f € LL ,(RT; Cy(R%GRY)) : KM, f] € LS, (RT) for every M > 0}.

Corollary 2. If1 < g < oo then Lipoc,q is a dense subset of L}, .(R*; C (R4, IRd)).

Proof. Let f € Lloc(IR+ Ci(R%; IRd)) and g(t,z) = (f(t,z) — f(¢, 0))/(1 + |z]).
By Lemma 1 there exists a sequence (g,) in Lloc(R+;Cb(Bd;IP{d)) such that
Klgn, M) € L2 (IR) for every M > 0 and limpjoo [+ Ni[gn — g](t)dt = 0. Let us
define

falt,z) := F(£,0) + (1 + |z]) (gn(t, 2) — gn(t,0)).
Clearly f, € L], (IR+; Ci(RY; le)) and for almost every t and every x we have

Ifn(ta IL') — f(t3 x)l

1+ |z

Hence Ni[fn — f](t) < 2No[gn — g](t) which implies that f,, converges to f with
respect to the metric p;. For almost every ¢t and every z,y € Bjs we have

|fa(t,y) = fu(t,2)] < (1+|2])lgn(t, ¥) — gu(t, @)+ y] = |2] [lgn(t, y) — gn (2, 0).
Hence K|[fn, M] < (1 + 2M)K|g,, M] which implies that f, € Lipioc,q- O

< |gn(t’m) - g(t’ .’L‘)l + |g‘n(t’ O) - g(t7 0)'

Remark 2. The interest of Lemma 1 and Corollary 2 lies in the fact that the
approximation is uniform in IR? with respect to the space variable and not only
uniform on each compact set of IR%.
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loc

Proposition 3. If 1 < g < co then Lipj,c q is meager in L? (IR"'; Cl(]Rd;IRd)).
Proof. For each integer p we set

L9 = {f cLd (]R*;C’,(]Rd;]Rd)) : K[f,1](t) < pfor ae. t €0, 1]}

4 loc

Clearly L3 is a closed subset of Lj, (IR*; Cl(]Rd;]Rd)) and Lipioe,q C U, £3. De-

fine (t,z) = (1/y/|z])z if © # 0 and ¢(t,0) = 0. For every f € LI the func-
tion f, := f — (1/n)p satisfies f, € L] .(R*; Ci(IR, R?)), fn ¢ L3 and f, con-

loc
verges to f with respect to the metric p;. Hence L] is a nowhere dense subset of
L. (R+; C’l(le; ]Rd)). Proposition 3 is proved. O

I1. Some properties of approximation with delay in ODE.

Given f € L},.(R%; Cl(le;le)) we denote by {X/},>0 the collection defined
by

(Ely XI(t)=0 (t<0) and X,f(t):/tf(s,x,f(s—r))ds (t > 0).

As easily seen, X,f is an absolutely continuous function on every bounded interval of
IR, i.e. X/ belongs to the usual Sobolev space Wlf)cl (IR; le). Therefore, notions such
as " compactness’ and ” convergence” are to be understood in the sense of the strong
topology of Wltcl (R; ]Rd). Recall that this topology is metrizable and a sequence
(X,) converges to some X in W' (IR;IR%) if and only if

lim (st‘é‘f X, (t) — X(t)|) =0 and lm ( /1 X0 (t) - X(t)]dt) — 0,

nToo

for every bounded interval I of IR.

Lemma 4. (compactness) If f € L} (R*; C,(R% RY)) then for every t € Rt

1) 1+ sup |X/(w)] < exp /O Na[f](s)ds,

0<u<t

and {X/ : v > 0} is a relatively compact subset of W2} (IR; IR¢).

loc

Proof. Let t > 0. Since
t
L+ X[ ()] <1+ / Mi[f)(s)(1 + sup |X](w))ds
0 0<u<s

inequality (1) is obtained by using Gronwall’s lemma. We shall prove that the
collection {X/},>0 is relatively compact with respect to the strong topology of
C([0,T);IR?) for every T > 0. Let T > 0 be fixed. Thanks to (1) and Ascoli’s
theorem, we just have to prove that the collection {X/},~¢ is equicontinuous. If
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0<t <ty <T then

t2 t2
1xX{(t) - XI@)I < [ M+ XL - s <€ [ Mlre)ds,

1 t1
where the constant C = C(f,T) is given by C := exp fOT Ni[f](s)ds. Since C does
not depends on ¢;,¢; and N:i[f] € L*[0, T}, equicontinuity follows. We finally prove
that the collection { X}, is relatively compact with respect to the strong topology
of WLI(IR;R?). Let (r,) be a sequence of positive real numbers. Using a diagonal
process, we deduce from the first part of the proof that there exists a subsequence

(r7,) and (r, X) € [0,00] x C(IR;IR%) such that:
limr, =r and lim (sup|X/ (t) - X(t)]) =0
nfoo “ter = 7

nToo

for every bounded interval I in R. If r = oo then (er,) clearly converges in
WEL(IR; R?) to the function X defined by:

X(t)=0 (t<0) and X(t)= /tf(s,O)ds (t>0).
0

If0 < r < 0o then limyqeo f(t,Xf;‘ (t—ry)) = f(t, X (t-—r)) for almost every t € R™.
Therefore inequality (1) and dominated convergence theorem imply together that
(Xf, ) converges in VVﬁ,c1 (R;R?) to X and

¢
X(@t)=0 (t<0) and X(t):/ f(s,X(s—=r))ds (t>0).
0
The proof is complete. O

Part (a) of Proposition 5 is immediately deduced from the above proof.

Proposition 5. Let f € L}, (R*; C,(R% ]Rd)). Then the following two properties
hold

-(a)- for every sequence (r,,) of positive numbers converging to 0, there exists a
subsequence (r},) and X € W2 (IR; IR%) such that (er;) converges in W, (IR; IR)
to some X which is a solution of (E¥).

-(b)- If moreover the solution of (EY) is unique then X/ converges to this solution
in Wh!(R;IR%) as r tends to 0.

Proof. Let (r,) be any sequence of positive real numbers converging to 0. By
Lemma 4, {X/ }nen is a relatively compact subset of W ! (IR;IR%). By (a) every
converging subsequence (Xf, ) converges to the solution of (Ef), which proves (b).

0O
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Some continuity property with respect to f of the set of solutions of (Ef) is
stated in Proposition 6 below. This property will be used in the proof of Theorem
7. We also give a direct proof of some continuity of the mapping f — X[. For
f € LL (R*; Ci(R%R?)) we use the following notation

loc

R[f](t) := exp / N1[f)(s)ds.

Recall that by Lemma 4 we have 1+ sup | X7 (u)| < Ri[f](t) for every t >0
0<u<t

Lemma 6. If g € Lipj,c,1 then Equation (E9) admits a unique solution Xg €
W'ltcl (IR; ]Rd). Moreover, for each t,e > 0, there exists § > 0 satisfying:

sup |X(u) — X§(u)| <e and sup( sup | X (u)— Xﬂ(u)l) <e

0<u<lt >0 \ 0<u<t

for every (f, X) € LL,.(R*;Cy (]Rd;]Rd)) x WE(IR; R?) such that X is solution of

loc loc

(Ef) and [} N1[f — g](s)ds < 8.

Proof. Existence of a solution was stated in Proposition 5 and uniqueness follows
from Gronwall’s Lemma. For f € L} (]R+; C[(le;]Rd)), r>0and t >0, we set

loc

() ¢:/0 |£(s: X1 (s =) = g(s, X[ (s —7))| ds
and

I2(t) = / lg(s, X1 (s = 7)) = g(s, X¥(s =) | ds

Since Ry [f](t) < Ri[g](t)Ra[f — g](t), Lemma 4 implies that
2) I < Rifgl(O)Ralf —gl(t)/o Ni[f — gl(s)ds

Since max{1+ sup |X{(u)|,1+ sup |XZ(u)|} < Ri[g](t)Rs[f —g](t) we also have
0<u<t 0<u<t

® 120 < [ (Klo. ORI - 0)e) smp 1% () - Xe(w))ds
Let t,e > 0 be fixed. Since |X7(u) — X¢(u)| < Iﬁl)(t) + Iﬁz)(t) for every u € [0, 1],

we deduce from (2), (3) and Gronwall’s Lemma that there exists 6; > 0 satisfying:

sup( sup [X! (u) - Xf(u)l) <e
>0 \ 0<u<t

for every f € Llloc(]RJ’;C’l(]Rd;IRd)) such that fot Ni[f — g](s)ds < 6. Replacing
XS by a solution X of (Ef) and X¢ by X§ in the above proof, we deduce that there
exists d, > 0 satisfying:
sup |X(u) - XG(u)| <e
0<u<t

for every (f, X) € LL, (R*; Ci(R%RY)) x W (R;IR%) such that X is a solution

loc
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of (Ef) and fot N1[f — g](s)ds < 2. The proof is complete. O

Remark 6. With minor modifications of the above proof, a stronger result can
be stated, ie. if g € L} (R™;Ci(IR%IR?)) be such that K[g,M] € L}, (RY)
for every M > 0 and (f,) be a sequence in L} (R"; Ci(R% R )) converging to
g with respect to the metric p; then (X/~) converges (uniformly in r) to X¢ in
WEU(R,; IR%). However, we only need the version stated in Lemma 6.

The main result of the present section is the following.

Theorem 7. -(a)- Let Gy be the set of functions f € Lloc(lf{+;C¢(II{d;IF{d))

such that the solution (Xf) of equation (Ef) is unique. Then Gy is residual in
loc(IR’+ CL(IR'd ]Rd))

-(b)- Let Go be the set of functions f € L} (R";Ci(R%;RY)) such that (X[)

converges (to some X satisfying (E7)) in VVI1 1(IR R%) as r tends to 0. Then G is

residual in L}, (R*; Ci(R%RY)).

Proof. By Lemma 6, for each integers n,k > 1 and g € Lipi,1, there
exists d(n,k,g) > O satisfying: |X(¢) — X§(¢t)] < 1/k for every (t,f,X) €
(=o00,n] x LL (RY;Ci(RGRY)) x Wi (IR;IR?) such that X is a solution of

(Ef and fo Ni[f — g](s)ds < d(n,k,g). We consider the following subset of
loc (]R+ Ci (IRd IRd))

g:ﬂ U { /N1 ds<6(nkg)}
n,k g€Lipioc,1
Corollary 2 implies that G is a G5 dense subset of L}, (R*; Ci(R4R?)). If f € G
and X,Y are two solutions of (Ef) then for every positive mtegers n, k, there
exists g, , € Lipioc,1 such that [X(t) — g )+ Y () - Xo" ()] < 2/k where
X§™* denotes the solution of (E9*). ThlS implies that | X (t) — Y (¢)] < 2 for every
integer k > 1 and t € (—oo,n], then X =Y. Thus G C Gy then Gp is re31dual To
prove that Gy is residual, it is enough to show that Gy C Go, which is the statement
of Proposition 5-(b). Theorem 7 is proved. O

Remark 7. The fact that Go is residual can be proved without using the fact that
Go D Go. To do this, redefine the set G with §(n, k, g) > 0 satisfying:

sup (s 1X/(w) - X201 ) < 1

>0 \ 0<u<

for every f € L} . (R"; Ci(R% R?)) such that fot Ni[f — g](s)ds < 6(n, k, g).
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II1. Some properties of approximation with delay in SDE.

Let (Q, F, F:, P) be a probability space endowed with a filtration satisfying the
usual conditions and B be an IR™-valued Brownian motion defined on it. We denote
by IR**™ the space of d x m matrices. For each function o = o(t, ) from R* x R¢
to IR¥*™ we denote by

Nolo](t) := s;ng)d 'lll(t\/T’alc%llz and Roo](t) := exp/0 Ni[o)(s)ds.

We write o € L}, (R";C, (R% R?*™) when o is measurable in t for all z € RY,
continuous in z for almost all t € Rt and such that Na[o] € L2, .(R*). Given some
ocel? (]R+;Cl(1Rd;1Rdxm), we denote by {XZ},>o the family of d-dimensional

loc

continuous processes defined by
t

(B7)  X2(t)=0 (t<0) and XZ(t)= / o(s, X2 (s —r))dB(s) (¢ >0).
0

Thanks to the fact that Ny[o] € L}, (R') and |o(t,z)|* < NZ[o](t)(1 + |x|?), the

loc
family of delayed processes X7, introduced in (E?), is well defined for any t. For

instance, it may be constructed recursively on [0,7], [r, 2r], [2r, 37]...

Lemma 8. -(a)- For any p € 1,00 there exists a positive constant C(p) such that
C(p)
@ 18 s X)) <(RloA0)
0<u<t
for every o € L? (1R+;Cl(1Rd;IRdxm)), r>0andt>0.

loc

-(b)- Assertion (a) remains true when X7 is replaced by any solution of equation
(E?).

Proof. We use Itd’s formula and Fubini theorem to get
B(x o) <B( [ pp = DIXZ O o(s, X (s — s
< pep 1) [ MIoo)B (X7 (P72 + X2 (s = 1)) )
< 2p(op 1) [ NEloI)B (14 sup XTI )as
0 0<u<s

Since E( sup |XZ(u)*") < (2p/2p — 1)?PE(| X7 (t)|* we conclude that there exists
o<u<t
a positive constant C(p) (which doesn’t depend on (o,,t)) such that

1e5( s X2@I) <1+00) | w3to1s) (1 (s (xz ) as

0<u<t

Now, Gronwall’s lemma and Fatou’s lemma give inequality (4). The proof of part
(b) is similar. 0
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Let us specify the metric spaces under consideration in the study of generic
properties. For each t > 0 let 7;® be the o-field generated by {B(s):0<s <
t} completed with the P-null sets of 2. We denote by &, the set of IR%valued
processes X defined on IR™ x Q which are FE-adapted, continuous and such that
E( sup |X(s)[?) < oo for every t > 0. We set

0<s<t

{B( sup | X1(s) = Xy(s) |2)}/*

0<s<n

1+ {E( sup | X1(s) — Xa(s) |2)}'/2

0<s<n

1
da (X1, X2) = Z o
n=1

and
{Ug N3los — o2)(s)ds} >
1+ { fon N2[oy — <72](.9)ds}1/2

=1
,02(01,02) = Z '2*,7
n=1

The space & (resp. L? (IR"'; C’l(]Rd;lexm))) endowed with the metric dy (resp.

loc
p2) is a complete metric space. Our space of locally Lipschitz functions is defined

as follows.

Lipioe,2 == {0 € L}, (RY; C’l(IRd;lexm)) : K[o, M] € Lj5.(RT) for every M > 0}.

loc

where K[o, M] is defined as in section 1. The following result will be used in the
proof of Theorem 11.

Lemma 9. The following properties hold.

-(a)- Let o € L2 (R¥; Ci(IR* : R™™)) and X € &,. If there exists a sequence (Tn)
converging to 0 such that (X7 ) converges to X in (€;,d2) then X is a solution of
(E°).

-(b)- If o € Lipioc,2 then the mappingrT — XZ from (0, 0o) into (€2, dy), is uniformly
continuous and for every sequence () converging to 0 the sequence (X¢_) converges
in (€;,d,) to the unique solution of (E°).

Proof. Assertion (a) is proved by showing that

lim E( /O (s, X2 (s — ra))dB(s) — /0 (s, X(5))dB(s) 2) —o.

By Corollary 2 there exists a sequence (0y,) in Lipyec 2 such that (o,) converges to
o with respect to the metric p2. Let n, M and p be any positive integers. Let

02(t) :=1+ sup E(|X(u)[’) and 6yn(t):=1+ sup E(|XZ (u)?)
0<u<t 0<u<t

04(t) ;=14 sup E(|X(uw)*) and O4n(t):=1+ sup E(1XxZ (w)]*)
0<u<t 0<u<t
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We use Cauchy-Schwarz’ inequality and Chebyshev’s inequality to get,

B )<

< 4E/0 lop(s, X7 (s —1n)) — op(s, X (s = mn))[*ds

/ o (5, X (5 — 7n))dB(s) — /0 o(s, X (s))dB(s)

0

+ 4E'/0 lop(s, X (s —Tn)) — op(s, X(s))|*ds
+ 4E/O lo(s, XZ (s —7n)) = op(s, X7, (s — ™)) |%ds
+48 [ foyle X(3) oo, X(o))'ds

<4 [ Kooy M(5)ds sup 512, - X))

0<u<t

16 [,
+ 10 [ Vol \forn(0) + 020 Bun0) + 1)

4 /0 " Klo,, M|(s)ds sup E(lX(u —r) - X(u)|2>

0<u<t

v /O N2[op)(s)ds /20> (0)/204(%)
+ 4/0 NZ[o — op)(s)ds OSS:I;E<1 + | X7 (u)l2)

+ 4/0t NZ[o — op)(s)ds sup E(l + |X(U)‘2)

0<u<t

Hence, Fatou’s Lemma and Lemma 8(a) imply together that

! )

<4 sup E(Ian(u) - X(u)|2> /Ot K?[o,, M](s)ds

0<u<t

/ o(s, Xy, (s —n))dB(s) —/0 o(s, X(s))dB(s)

0

+4 sup E(|X(u—rn)—X(u)lz> /Oth[ap,M](s)ds

0<u<t
c(1)+c(2)

t

+%(R2[auw) [ Miloleas

n 8(Rz[a1<t>)c(l) / N2lo - op)(s)ds

where C(1) (resp. C(2)) is the constant of lemma 8 corresponding to p = 1 (resp.
p = 2). We now conclude by passing to the limit at co successively on n, M and p.

Let us prove assertion (b). For arbitrarily positive constants r, " and M let
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7 = 7(r,r’, M) be defined by: 7 := inf{u € R : 2 + |X7(u)]? + | X2 (w)|? > M?}.
Let us prove that

CO)+C(2)
2

© B0 - x2eAnP) <4—\C(RZ[0]())

By Cauchy-Schwarz’ inequality and Lemma 8 (a) we have
B(XZ(0) - XgAr)P) <
{E(]X"(t) — X2t AT YA P(r < )}
< —{E( sup ]X” )}1/2{E(2+ sup lX”(u)|2+ sup |X”(u)[ )}1/2

D2 (o) .

IN

<

where C(1) (resp. C(2)) is the constant of lemma 8 corresponding to p = 1 (resp.

p=2).

We now prove that for each M > 0,

(6)  emr,7](t) = E( sup |XZ(uAT)— f,(u/\'r)lz> —0 as |r'—r|—0
0<u<t

Let us denote 6[r,7’](t) := sup{fab N3[o](u)du : a,b € [0,¢], |b—a| < |r—7/|}. By

Doob’s inequality and lemma 8 we have

tAT

emr,7'|(t) < 4E< | K?[o, M](s)|XZ (s —T) — X%(s — r')|2ds>

tAT

< 8E( K20, M)(s)|X9(s — ) = X9(s r'>|2ds)

0

tAT
+ 8E</ K?[o, M](s) sup IXT”(u/\T)—XT”,(u/\T)fzds)
0 0<u<s

< 8(Ralo](£)) M olr, (1) /0 K20, M](s)ds
48 /0 K2[o, M](s)ens[r,7')(s)ds.

Since N3[o] and K*[M, 0] € L}, (IR") the proof of (6) is completed by using Gron-
wall’s lemma. We use Doob’s inequality, and (5) to get

£( sup X200 - X2 < B2 (Rufol ) “*F* + 1260abr, 1),

The fact that the mapping r — X7 is uniformly continuous is then a consequence
of (6). Since the space (€, d2) is complete, there exists X{§ € &, such that for each
sequence (r,,) converging to 0, the sequence (X7 ) converges to Xg in (&, dy). We
deduce from Lemma 9 (a) that X{ is a solution of (E?). The fact that (E°) admits
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at most one solution is an easy consequence of Gronwall’s Lemma. O
We now state a continuity property of the mappings ¢ — X7 .

Lemma 10. Let 0’ € Lipjoc,2 and (o) be a sequence in Ltoc(lfl+;C'¢(lf{d;ll{dxm)).
Assume that (o,,) converges to o’ with respect to the metric pz. Then the following
two properties hold.

-(a)- the sequence (XZ~) converges to X; o' in (Ey,dy) uniformly in T,

-(b)- if X, is an arbltrary solution of equation (E°) and X ' is the unique solution
of equation (E°') then the sequence (X,) converges to X o in (&,ds).

Proof. For positive numbers 7, M and a function 0 € L, (IR+ Ci(R%RY™™)) we
define 7 = 7(r,M,0) by 7 :=inf {fu e R* : 2+ |X”(u)|2+ | X2 (w)|? > M?}. Using

the inequality Ra[o](t) < (Rzlo’](t)R2lo — o ](t)) and arguing as in the proof of
(5), we show that

E(|X7(t) — X7 (¢t A 7)?) < %—%(Rz[a'](t)RQ[o _ 0,](t))c(1)+0(2).

Hence Doob’s inequality implies

4mmww~wM@s
0<u<t

< OV2 (Ralo')t) Ralo — ')) "V + 122wl ()
where
emlo,o’](t) == il;gE(()Zli;;t | X2 (uAT)— X (uA T)|2>.

Therefore Lemma 10(a) will be proved by showing that en(o,0’](t) — 0 as
p2(0,0’) — 0. It follows from Doob’s inequality and lemma 8 that

E( sup | XO(uAT)— XS (wAT) |2) <
0<u<t

<8 [ Bl 1ote, X6 1)~ 0 X506 ) )
+ 8E</0 ’ |o'(s, XZ(s—1)) — o'(s, X% (s — 1)) 12 ds)
< 8(Ral0’)(t) Rl — o')(£)) ™) /O N2[o — o')(s)ds

t
+8/ Kz[a’,M](s)E( sup |X,‘f(u/\7’)——X,‘.”(u/\7')|2>ds
0 0<u<s

The conclusion now follows from Gronwall’s lemma. We omit the proof of Lemma
10(b) which is similar to the proof of Lemma 9(b). O

Remark 10. The conclusion of Lemma 10 is also true when the assumption ¢’ €



234

Lipioc,2 is replaced by o’ € LZ (R*; Cy(IR%; lexm)) and K2[o, M| € L}, _(IR*) for
every M > 0. However we only need Lemma 10 as stated above.

The main result of the present section is the following.

Theorem 11. Let Gy be the set of those functions o in L}, (R*; Cl(]Rd;]Rdxm))
such that (X7) converges (to a solution of equation (E°)) in (£;,d3) as r tends to 0.
Let Gy be the set of those functions ¢ in L, (]R+;Cl(1Rd;]Rdxm)) for which (E?)

has a unique solution in (&;,dz).
-(a)- The set G, is residual in (L% (R, C’l(IRd;]Rdxm)),pz).
-(b)- The set Gy is residual in (L}, .(R™; Cy(R% ]Rdxm)),pz).

Proof. Lemma 10(a) implies that for each positive integers k and each o’ € Lipioe 2,
there exists d(k,0’) > 0 satisfying: da(XZ,X2') < 1/k for every r > 0 and o €
L} (RT; Ci (R R™™)) such that pa(0,0’) < 8(k,0"). Then by Corollary 2 the

set G defined by

= U {a € L}, (RY; CRERY™));  pa(o,0”) < 5(’670')}

k o’€Lipioc,2

is a G5 dense subset of L2 (]R+; C (]Rd;]Rdxm)). If o € G then for each positive

loc
integer k there exists o}, € Lipjoc,2 such that da (X7, Xy ;) < 1/k for each r > 0. We
then have dy(X7, X7) < 2/k + da(X2*, X[ *) for every r, ' > 0. Hence Lemma 9
implies that (X7) converges to some solution of (E,) in (€2,dz) as r | 0. Therefore
G C G, which implies that G, is residual.

Let us prove that G, is residual. Lemma 10(b) implies that, for each positive integer
k and each o’ € Lipioc 2, there exists 6(k,o’) > 0 satisfying: dy(X, X(‘,’/) < 1/k for
every (0,X) € Gz X & such that py(o,0’) < d(k,0’) and X is a solution of (E?)
(where X(‘)" denotes the unique solution of (E"')). We consider the subset G’ of
L2 (R*; Cy(R% R¥™)) defined by

g’=ﬂ U {0 €Ga; pa(o,0') < (k,0")}

k o’€Lipioc,2
Clearly G’ is residual in (leoc(]R“L;Cl(]Rd;]Rdxm)),pz). Let 0 € G’ and X;, X, be
two solutions of equation (E?). For each positive integer k there exists o) € Lipioc,2

such that da (X1, Xg*) + d2(X2, X7*) < 2/k where XJ* denotes the unique solution
of (E°*). Hence X1 = X,.Therefore G’ C G, which implies that G, is residual. O

IV. Weak solution and L?-approximation.

Let us specify the terminology used in the present section. Let ¢ be a function in
L (R*; C/(R% IRY™)). We say that (E°) admits a weak solution if there exists
a filtered space (2, F, F;, P), an F;-Brownian motion B, a continuous Fi-adapted
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process X such that
X(@) = fot o(s,X(s))dB(s) P-almost surely.

for every t € R™. In such a case, (B, X) is called a weak solution of (E”). We say
that pathwise uniqueness holds for (E?) if whenever (B, X) and (B, X) are any two
weak solutions of (E7) defined on the same filtered space then

B(t) =B(t) a.s. forevery t e Rt = X(t) = X(t) a.s. for every t € R*.

Before stating the main result of the present section, let us recall that the approx-
imation with time delay X? depends on the filtered space (2, F,F;, P) and the
F;-Brownian motion B under consideration.

loc

Proposition 12. If o € L} (]R+;Cl(]Rd;]Rdxm)) then (E°) admits a weak solu-
tion.

To prove Proposition 12 we need the following Lemma.

Lemma 13. Let (2, F,F, P) be a filtered space and B be an F¢-Brownian motion
defined on it. If o € L}, (R*; C;(IR% IR**™)) then (X7,) is tight for every sequence

loc
(rn) of positive numbers.

Proof of Lemma 13. Thanks to Lemma 8, it is sufficient to show that the sequence
of quadratic variations processes ((X7 )) is tight, that is for each T' > 0 and € > 0

lim supP{ sup sup (X7 )(t+40)— (X7 )(t) > e} =0.
hl0 n 5€[0,h] te[0,T)

Let 0 < h < 1. We use Lemma 8 to get

B( s sup (X2)(+5) - (xz)0) =

§€(0,h] t€(0,T)

t+4
=E( wwp swp | |a(s,x;z<s—rn))|2ds)
t

5€[0,h] t€[0,T)

5( sup t+6N22[o](s)ds)E(1+ sup IX;’n(u)Iz)

tef0,T) J¢ 0<u<T+1
§€[0,h]
cq) t+e
< (Ro[o)(T + 1)) sup NZ[o](s)ds.

te(0,T] J¢
5€[0,h]

Since N2[o] € L},.(IRT), the proof is completed by using Chebyshev’s inequality. O

loc

Proof of Proposition 12. Let (2, F, F, P) be a filtered space, B an F;-Brownian mo-
tion defined on it and {XZ : r > 0} the corresponding family of approximations with
time delay. Let (r,) be a sequence of positive numbers such that r, | 0. By Lemma
13 {(X2_(t), XZ (t —Tn), B(t)) }n is tight. Hence, Skorokhod’s representation theo-
rem ([F]) shows that there exist a probability space (Q,F, P), a sequence of stochas-
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tic processes (Yn(t),y'n(t),ﬁn(t)) and a stochastic process (Y(t),yl(t),ﬁ(t)) de-
fined on it such that:
(1) (Xa(t), X (t), Bu(t)) = (X, (), XC.(t — 1), B(t)) in law for every n,

-/

(8) there exists a subsequence (n') such that (X, X, Bn/) converges to
X, X, B) uniformly on every finite time interval P-almost surely.

Let F, (resp.F:) be the o-algebra 0(7;(3),§n(s); s < t) (resp. 0(7’(3),5(3); s<
t)) completed with P-null sets. Hence (En(t),f?) and (B(t),F;) are Brownian
motions and the processes (X,), (7;) and (X), (7/) are adapted to F; and Fy
respectively. Let us prove that (X, B) is a weak solution of (E°). We may assume
that (8) holds without extracting a subsequence of (Yn,f;,ﬁn). Property (7)
implies that,

9) Xn(t) = /0 a(s,Y%(s))dﬁn(s) ( P-almost surely).

Since o0 € L2, (IR+; C’l(IRd;IRdxm)), Property (7), Doob’s inequality and Lemma
8 imply that E(|X,(t) — -Xln(t)|2) < (Rz[a](t))c(l) fOtV(t—rn) NZ[o](s)ds. We use
Property (8) and Fatou’s lemma to get E(|X(t) — X (¢)[?) < lim inf, E(|Xn(t) —

-/

X, (t)|?) = 0. Hence
(10) X=X ( P-almost surely).

Taking account (9) and (10), it is sufficient to show that
¢
!

(11)  lim [ o(s, X, (s))dBn(s) = /0 o(s, X

nToo 0

(s))dB(s) (in probability P).

Let (d,) be a sequence of IR**™- valued functions, defined on IR* x IR¢, which
are globally Lipschitz in their two arguments and such that, for each M > 0 and
teRY,
¢ t ¢
lim sup |op(s,z)—o(s,z)|’ds = 0 and lim/ NZ[op)(s)ds :/ NZ[o](s)ds.
pToo Jo |z|<Mm ploo Jo 0

Let t and € be fixed positive numbers. We use triangular inequality to get,

t _, _ t -, _ =3
(12) P /0 (5, X, (5))dBn(s) — /O o(s, X (s))dB(s)| > €} < 3 Li(n.p)

where
> i}
3
>i}
3
> }
3

R RS AT ACEY (PR AR AE

Iz(n,p)=?‘{ /0 0, (5, X (5))dBn(s) - /O 0, (s, X' ())dB(s)

Is(n,p) = F{ /0 (5, X (5))dB(s) - /0 (s, X (s))dB(s)
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Skorohod’s theorem ([S1] page 32) shows that for each p,
(13) lim Iz(n,p)=0
n—oo
Let us prove that
(14) lim (sup I1(n,p)) = 0.
pP—©  n
Let M > 0 and set AM(s) = {1 + sup g<y<s |7:L(u)|2 > M?} and BM(s) =
Q\ AM(s). For a given set F, let Xg denotes the indicator function of E. We suc-

cessively use Chebyshev’s inequality, Doob’s inequality, Cauchy-Schwarz’ inequality,
again Chebyshev’s inequality, Property (7), and Lemma 8(a) to get
s &
3

Ln,p) = ?{ [ vl Xo6)dBa(s) = [ o(6,Tn(0)dBo)

9_ [t — —
< 5 [ lople Tolo) = (s, Ty (o)
< S [ loplo Talo) = (s, To(o)) Ko ds
+ 5 [ 10y( T0(6)) = o5, Rl P Xy ds
< 3 M1e1(0) + Mo e)as B (1 s [Ro))ayco )

9_ qt
+ ”EE/ sup |op(s,z) — o(s,z)|? Xpm (5)ds
0

lz|<M
< B2 (o)) =44 ( / N2[o](s)ds + / N2lo,l(s ds)
+€% ; Islup lop(s,2) — o(s, z)|ds.

Take the supremum over n, then pass to the limit, successively on p and M, to get
(14). The same arguments and Fatou’s lemma allow us to prove that

(15)  lim (sup I3(n,p)) =0
p—0  n

We now use (12), (13), (14) and (15) to get (11). Proposition 12 is proved. O
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Proposition 14. Let o € L, (R*; C/(IR% R**™)) such that pathwise uniqueness
holds for equation (E?). Then for each filtered space (Q,F,F;, P) and each F,-
Brownian motion B defined on it, there exists a continuous F;-adapted process X
such that (B, X) is a weak solution of (E°) and

limE< sup |X7(s)— X(s)|2) =0

710

0<s<t

for every t € R*. Moreover X is F2-adapted.

Proof.  Suppose that the conclusion of Proposition 14 is false. Then there exist
t >0, d > 0 and two sequences r, | 0 and 7, | 0 such that

6)  B( s 17,0 - X5, () 2
0<u<t "
for every n. By Lemma 13, (X7 ) and (X7,) are tight. Then Skorokhod’s rep-
resentation theorem shows that there exists a probability space (Q,F, P), a se-
_— —_ —_ i —_—
quence of stochastic processes (Xn(t),Xn(t),Zn(t),Zn(t),Bn(t)) and a process

=4

(Y(t),yl(t),7(t), Z (t), B(t)) defined on it such that

(17) (Xn (), Xn(t), Zn(t) Z0(8), Ba(®)) = (Xra (6 Xy (6), X (t = 72), Xy (= 73),
B(t)) in the sense of probability law,
(18) there exists a subsequ/ence_n/ sl{(jl that (Yn/(t),—)?;,(t),7n/(t),—Z_;, (), Bn (1))

converges to (X (t), X (t), Z(t), Z (t), B(t)) uniformly on every finite time in-
terval P-a.s.

We argue as in the proof of proposition 12 to show that (B, X) and (B, X ) are two
weak solutions of (E?) then we use inequality (16) and property (17) to get
0< 4 <liminf B( sup |XZ (u) — X% (u)|*) =E( sup [X(u)— Yl(u)|2).
nloo o<u<t " 0<u<t
Since pathwise uniqueness holds, we get a contradiction. Since (X?) is F2-adapted,
so is X. The fact that (X, B) satisfies (E?) is deduced from Lemma 9(a). O

Remark 14. The fact that pathwise uniqueness implies F2-measurability of the
solution was first proved in [YW]. However the proof is rather complicated. A
simpler proof of this mesurability property was given in [KN]. Here, this result is
immediately deduced from the L?-convergence of the approximation with delay.

Remark 15. All the previous results remain true for stochastic differential equa-
tions with an arbitrary drift f € L} (IR*; C;(IR%R?)) and arbitrary initial data
in IR%. Only minor modifications are required in the proofs.
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