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THE PRINCIPLE OF VARIATION
FOR
RELATIVISTIC QUANTUM PARTICLES

Masao NAGASAWA! and Hiroshi TANAKA?

Abstract

A multiplicative functional of (time-inhomogeneous) jump Markov processes with
continuous time is constructed to establish the absolute continuity between jump Markov
processes. After renormalizing the multiplicative functional, the principle of variation of
stochastic processes is applied in constructing Schrodinger processes of pure-jumps which
describe the movement of relativistic quantum particles.

1. Introduction

Let {X(0), t € [s, b, P(s, ), (5, x) € [a, b] X Rd} be a conservative diffusion process
determined by a time-dependent elliptic differential operator

S

d aZ
2 (oo7)(s, x) + 2 bi(s, x)— (1.1)

-1
2; oxidx; [y

and set

u(s, x) = P, n[ fAX())],?
for smooth f vanishing at infinity. Then u(s, x) solves the terminal value problem

gu+Asu—0 se [a,b),

with terminal values

u(b, x) = flx).

If we define

w(s, x) = P(s, n[ AX(b))m?]

with the Kac functional
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mf = exp( f c(r, X(r))dr),

where ¢(r, x) may take positive and negative values, then w(s, X) solves the terminal
value problem

ow +(A + c(s, x)Dw =0, s € [a, b),

with terminal values

w(b, x) = f(x).

We define the renormalization nf of the Kac functional m} by

ng = 6. Xo) X( ) - —o——mi&(t, X(0)),

&(s, x) = Ps, n[m?).

where

Then n satisfies the normality condition

l)(s, x)[ n{]l=1.

Therefore, we can define a transformed probability measure by
P(s, x)[F] = P(s, x)[ nfF].

The renormalized process { X (¢), ﬁ(s, x» (8, x) € [a, b] XRd} is a conservative diffusion
process, and can be adopted as a reference process in variational principle of diffusion
processes (cf. Nagasawa (1993)).

The objective of the present paper is to establish the same transformations for pure-
jump Markov processes determined by the fractional power generator

Mg=-4-A,+ 2 + xI,

instead of A, where K is a non-negative constant. Namely, let {Y(?), t € [s, b),

Qs x)» (5, x) € [a, b] X R?} be the Markov process determined by M (cf. Nagasawa-
Tanaka (1998, 1999) for the existence). We will, first of all, construct its multiplicative

functional m(s, £), which is not of Kac type, such that the expectation

u(s, x) = Qs, »[f(Y(D))m(s, b)]



solves the terminal value problem
3—“+ (-V-Af+ K2+ kDu =0, se [a,b),
A

with terminal values

u(b, x) = flx),
where
c_1 d d P
Ag = ) i,jz=1 (66D)ii(s, x) 3% + Z,l bi(s, x) P +c(s, ), (12)

which has a potential function (s, x) taking values in [-00, kK2]. We will then discuss the
principle of variation of pure-jump Markov processes. For applications in relativistic
quantum theory, we refer to Nagasawa (1997, 1996).

2. Pure-Jump Markov Processes

We denote by €2, the space of continuous paths taking values in R? and by W(dw) the
Wiener measure on Q.. For each frozen s € [a, b], we then consider a stochastic
differential equation

t t
S=x+ f o(s, &aw(r) +f b(s, &)dr, 2.1)

0 0

under the condition that the entries of the matrix (s, x) and vector b(s, x) are bounded

and continuous in (s, x) € [a, b] xR? and Lipschitz continuous in x for each fixed s
(the Lipschitz constants are bounded in s). It is well-known that under this condition there
exists a unique solution &,(s, x, w) of equation (2.1), and it is Borel measurable in
(t, s, x, w) (cf., e.g. Skorokhod (1965), Ikeda-Watanabe (1989)). The solution defines
a diffusion process {€,(s, x, w), £ 2> 0, W}. For each s € [a, b] we denote its path-

space realization by {X(¢), £ >0, P$, x € R}, and its transition probability by
ps(t, x, B) = P3[ X(s) € B].

We remark that C (R?) is a core of the generators of the semi-groups of the diffusion
processes.

Let {2, P} be a probability space, and N(dsd@dw, ®), ® € Q, be a Poisson
random measure on (a, b]X (0, o)X Q. with the mean measure U=

drv®(dO)W (dw), where



vd(dg) = L_¢-x26_1 49
N7 03/2

with a non-negative constant K (cf. Sato (1990), Vershik-Yor (1995), Nagasawa (1997,
1996)). We consider a stochastic differential equation of pure-jumps

y@O)=x+ f {Eo(r, y(r-), w) - y(r-) N (drdOaw). (2.2)
(5,81 %(0,00) X Q¢

The existence and uniqueness of solutions of equation (2.2) is shown in Nagasawa-Tanaka
(1998), in which we have written equation (2.2) as

y() =x+ f {Solr,y(r-), w) - y(r-)YM(drd6dw)
(5,01%(0,2) %2

0
+f {f W(b(r, Eu(r,y(r-), )du}drv®(d6), (2.3)
(5,81x©0,%) Jo

where M(drdOdw) = N(drd@dw) - u(drd6dw). We have solved equation (2.3) with
the help of the estimates

W[1E(r,x,-)) - E(r,y,-)) 1] < const.|x - yl2, t<N, 2.4)

and

WIIE(r,y,) - y) 2] < const.(t + t2). (2.5)

Let Y5, () be the unique solution of equation (2.2), and set
Os, 1 f(x) = P[f(ys,x(D)],

for bounded Borel measurable functions f on R Then QOs,1> 8 S t, are the evolution
operators for

U Mu=0, se[a bl
os

where

Mg fix) = f { f ps(6, x, dy)f(y) - f(x)} v(¥(d6)
0

= (-V-A, + 2 + 1}, (2.6)

with A; given in (1.1), that is,



0rsO05t=0rt, as<r<s<t<b,
and

lim L (Q;, . f(x) - fx)) =M, fix),
tist-s
forfe C;(Rd)-
Let {Y(2), t € [s, b], Qu, j-';, Qgs, 0> (5, %) € [a, b] X Rd} be the standard path-
space realization of the pure-jump Markov process {ys x(t), ¢ € [s, b], P}, where y; x(¢)

is the unique solution of equation (2.2). To be precise, £24 is the space of all right-
continuous paths w(¢), t € [a, b], with left-limits; and Y (¢) = Y(¢, - ) is the coordinate

t
function defined by Y (¢, w) = w(¢) for w € Qg ; F is the smallest O-field on Q4 which

b
makes Y () measurable for r € [s, #] ; Qs,x) is a probability measure on {Qg, F5 }
such that {Y(¢), t € [s, b], Q(s,x)) is identical in law to the process {ys,x(2),
t € [s, b], P}. Therefore, we have

Qs, 1 f(x) = Qs n[ AY(1)].

From now on when we shall consider the path space realization, it will be simply denoted

as {Y(t)’ te [S, b]7 Q(s,x)}~
Let c(t, x) be a continuous potential function taking values in [-o0, k2], i.e.,
-00 < ¢(t, x) € K2 < o0, Q7

We then define a kernel p§(t, x, B) by

t
fpsc(t, x, dy) f(y) = Pzl f(X())exp( f c(s, X(u))du)].
0

We notice that the kernel does not satisfy the normality condition, because of the potential
function c(s, x) which may take positive and negative values.

We define the fractional power generator My by
MEf = [ ([ 50,5, ) 0) - o) vt
0

={-Y-Af+ 2 + xI} f, (2.8)



where Ay is given in (1.2). The evolution operators Qs ,5<t, for

O MEu=0, se [a,b],

os

are constructed in Nagasawa-Tanaka (1998, 1999); namely, there exists a system of
operators O  satisfying

Qrc;stc,t=Qrc", aSrSSStSb,
and

}linét_.lE (Q€f(x) - fx)} = {-V-A;+ K2 + xI} f, (2.9)

forfe Cx (Rd). In the next section we will construct a multiplicative functional m(s, £)
of the pure-jump Markov process {Y(#), t € [s, b], Q(s,x)} such that

0O, 1 fx) = Qs n[ LY (D)m(s, B)],
where m(s, t) is not of Kac type.

For later reference we state a lemma on the system of Lévy measures of the Markov

processes { Y (2), t€ [s,b], Qi 0}

Lemma 2.1.* Set

ps(v®, x, B) =f ps(8, x, B)v(x)(d6).
0

Then the family {p (V(®,y,B); re [a, b, x € R?} is the system of Lévy
measures of the Markov process (Y (¢), t € [s, b], Q(s,x)}; more precisely, for any

non-negative Borel measurable function f(y, z) on R R with f,y) =0 and for

t
any non-negative ¥s-predictable process g(t)

Qs X &fw(r-), w(r)]

s<r<b

w(r-) #w(r)
b
- Qe f gdr [ Fw(r-), yIpr (v, wir-), dy)).

4ct. e.g. Ikeda-Watanabe (1962), Watanabe (1964), Dellacherie-Meyer (1987)



3. A Multiplicative Functional

For each s € [a, b], we first prepare a pair of kernels

ps(v®,x,B) = f ps(6, x, B)v(¥)(d6), (3.1)
0

and

p§(v®, x,B) = f p&(0, x, B)v(¥(d6). (3.2)
0

ForU = {y:ly - x| < €}, €> 0, we have, in view of (2.5),
ps(8,x,U°) = W[1&g(s, x,-) - x)1 > €] < £ 2W[1 &els, x, ) - )]
< const. 20+ 6?),

and hence both ps(V(®, x, B) and p§(v(¥), x, B) are finite measures in the set U°.
Moreover, for fixed s and x the measure pg(v("),x, B) is absolutely continuous with
respect to the measure ps(V(X), x, B) and hence there exists the Radon-Nikodym
derivative

)= PV, x,dy)

ne, x, y .
ps(v(x)’ xa d)’ )

(3.3)
We can take a nice version of it such that 7)(s, X, y) is Borel measurable in (s, X, y) €
[a, b]XRdXRd and 0 < N(s, x, y) < oo, forx # y, and put 7(s, x, x) = 1 for
x € R% We then set

m(s,t,w)= [ nr,w@-),w)), we Qq

s<r<t

w(r-) #w(r)

where the absolute convergence of the infinite product is not assumed and hence it is in
general not well-defined. To avoid this ambiguity we will actually define m(s, t, w) as
follows. We first notice that we can represent 1(s, X, y) as

nGs, x, y) = (s, x, y)nV(s, x, y),

where

s, x,y) = n(s, x, )AL, and nV(s, x,y) =n(s, x, y)v 1.



We set
mAs,Lw)y= [ 0@, w-), wr)),

s<r<t
w(r-) #w(r)
mV(s,t,wy= [ nv(r,w@-), w)).
s<r<t

w(r-) #w(r)

Then m”(s, t, w) and mY(s, t, w) are well-defined, the former taking values in [0, 1]
and the latter in [1, oo]. Therefore, we can define m(s, ¢, w) by

m(s,t, w) = mA(s,t, w)mV(s, t,w), (3.4)

with the convention (-00 = (.
We begin with a simple case of a non-negative c(f, x) satisfying
0<c(t, x) < k2. (3.5)
In this case ps(V(®,x, B) < ps(v®, x,B) and 1 < 1n(s, x, y) < oo, Therefore,
m(s, t) in (3.4) is well-defined as a functional taking values in [0, oo] (in fact, we will
show Q(s, x)[ m(s, £)] < co in Lemma 3.1 below), and has the multiplicative property
m(r, s, wym(s, t, w)=m(r,t,w), a<r<s<t<b, we Qg
and
t
m(s, t, w) is F-measurable.

Lemma 3.1. Assume (3.5). Then for fixed s € [a, b] and x € R?

Qi nlm(s,0)]<eqtt-9, a<s<t< b, (3.6)
and

}i{l‘; Q(s,x)[ m(s,0)] =1, 3.7

where

c1= wv(") dO)(ex*0-1)= ex?0_1) L _¢-x26_1 49 < oo,
1 j;) (do)( ) fo( )21/71? o

Proof. For £> 0, we set



me(s,t,w)= [ n@,w@-), wr)).
sSr<t
Iw(r) - w(r-)1> ¢
Then

me(s,t,w) - 1= Y, {me(s,r,w) - me(s, -, w)}
s<r<t

Iw(r) -w(r-)1>¢

= 2 mg(s,r-,w){n(r, W(r-), W(r))- 1}
SSr<t

1w(r) -w(r) | > €

Since me(s, t,w) T m(s, t,w) as €1 0, we have

ms,t,w)-1= Y,  m(s,r-,w){n(r, w(-), w()) - 1}.

w(r) £w(r-)

To avoid infinity we set mg(s, t, w) = m(s,t, W) AR, for R > 1. Then

mp(s,t,w) - 1< Y, mp(s, r-, w){n(r, w(r-), w(r)) - 1},
s<r<t

wr) £ w(r-)

and taking the expectation of both sides, we have
Q(S, X)[ mR(S, t, W) ] = 1

<Quol X mw(s, r-,w){n(r, w(r-), w(r) - 1}1.
SSr<t

wr) w(r-)
Then by Lemma 2.1

Q(s, x)[mR(s: t,w)]

t
S 1T+Q 0l f mg(s, r-)dr | {n(r, w(r-), z) - 1}pAv®, w(r-), dz)]

00

t

<1+ Qq, 0l f mg(s,r)dr| {pf(8, w(r-), R%) - 1} v(d(do)].
s 0

Since
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fw {pF(6, w(r-), R -1}v(9(d6) < fw {ex?6-1}v((dB) = c; < oo,
0 0

we have

t
Qes, nlmr(s, t, w)1<1 + ¢y f Qgs, »[ mr(s, r)ldr,

which implies
Qs nlmr(s, 1)] < et -9),

by Gronwall's lemma. Letting R T o0, we obtain (3.6). The second assertion 3.7
follows from (3.6), since Q(s, [ m(s,£)] 2 1. This completes the proof.

We now discuss the general case that - oo < ¢(t, x) < k2. Then we have

Lemma 3.2. Let {m(s,t,w),a < s < t< b) be defined by (3.4). Thenitisa
multiplicative functional, i.e.,

t
@) m(s, t, w) is Fs-measurable.
(i) Forfixed s € [a, bl andx € R?
m(r, s, wym(s,t, w)=m(r,t,w), as<r<s<t<bh, (3.8)
Qqs, nlm(s, )] < elt-9), 3.9)
Proof. The first assertion and equation (3.8) are obvious by definition. Lemma 3.1
implies
Qe n[mY(s,0)] < ect-9), a<5s<t<b.

Since m(s, t) < mY(s, t) by definition, we have (3.9). This completes the proof.

Because of the negative part of potential functions ¢~(¢, X) = c(t, x) A0, in other
words by the factor m (s, t, w) of m(s, t, w) in (3.4), it is not automatic to have

lim Qs, »[ m(s, )] = 1. (3.10)
tls

We introduce a condition

oo ]
f Pi[1 - exp(f c=(s, X(r))dr)]vi®(d6) < cg < oo. (3.11)
0 0



1

Lemma 3.3. Let {m(s,t,w),a <5 <t< b} be defined by equation (3.4).
Then equation (3.10) holds under the condition in (3.11).

Proof. For £€> 0 we set

mis,,wy= JI  nr@w(r-), wr),
s<r<t
lw(r) - w(r-)I> ¢
mi(s,,w)y= [ 0@, w(r-), wr)),
s<r<t
Iw(r) - w(r-)1> ¢
and
me(s, t,w) = mp(s, t, w)my(s, t, w).
Then
mE(s’ L W) -1=- 2 mE(sa r-, W){l - 77’\(", W(r-), W(r))}

s<r<t
lw(r) -w(r-)I> ¢

+ Y mds, -, w{NV(r, w(r-), wr) - 1,

s<r<t

Iw(r) - w(r-)1> ¢

where, since each term of the first and second sums on the right-hand side is non-negative,
we have

me(s,t,w)-12- 2 me(s, r-, w){1 - n~(r, w(r-), w(r))}.

s<r<t

w(r) #w(r-)
Let us define 1)°(r, x, y) with ¢~(¢, x) = c(t, x) AO. Then N~(r,x,y) < NN (r,x,y),

and hence

me(s,t,w)-12- Y mgs,r-,w){1 - n-(r, w(r-), w(r))}.
s<r<t

w(r) #w(r-)

Taking the expectation of both sides, we have
Q(s, x)[me(s, tv W)] - 1

2-Qeuol 2 mels,r-, W1 - n-(r, w(r-), w(r)}],

s<r<t

w(r) #w(r-)



12
where we apply Lemma 2.1, then in view of (3.1), (3.2), (3.3) and (3.4),

t
=- Qe »nl f me(s, r)dr -1, wir), 2)}p(V®), w(r-), dz)].
s R
Since

f {1 - n-(s’ X, Z)}Ps(V(K),x, dZ)

00 [/}
=f Pi1 - exp(f c=(s, X(r))dr)Iv®(dO) < ¢y < oo,
0 0
by (3.11), we have

t
Qe nlme(s, D] 21 - co| Qqs, nlmels, r)ldr. (3.12)

We notice that (3.9) holds for m.(s, ), that is,

Q(s, x)[mg(s, H]< et -s)
Combining this with (3.12) and making € ! 0, we have

t

ec1tt=9) > Qs ylm(s, )] 21 - coj drecir-9),

s

which implies (3.10). This completes the proof.

Remark. Since

0 0
1- exp(f c (s, X(r))dr) - (e¥6-1)<1 - exp(f c(s, X(r))dr)
0 0

)
<1- exp(f c=(s, X(r))dr),
0

the condition in (3.11) is equivalent to

00 ]
f P3[1 - exp( f (s, X(r))dr)1vi(d6) < o < oo.
0 0
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For this a sufficient condition is the one given in Nagasawa-Tanaka (1998), i.e.,
r
P11 - exp(f c(s, X(u))du)] < const.r®, o> 1/2.
0

Therefore, if the potential c(¢, X) is a continuous function taking values in [- o0, k2]
and satisfying (3.11), then

Mg f(x) = f { f p§(0, x, dy) f(y) - flx)} v¥(d6)
0
00 0
= f Pi[f(X(B){eXP(f c(s, X(r))dr) - 1}1v(®(d6)
0 0

. f PYLAX(6)) - fx)} 1vO¥(d6)
0

is well-defined and bounded in (s, x) for f € Cg(R?).

For any bounded measurable function f we set

05.1f(x) = Qs n [ Y (D)Im(s, D)]. (3.13)

Then we have
Lemma 3.4. Assume (3.11) and let Qsc +f be defined by (3.13). Then

OsrOF i f=051f, fora<s<r<t<b, (3.14)
and

}ilrr; Qs f(x) = f(x), forfe Co(R%), (3.15)
where Co(Rd) denotes the space of continuous functions on R? vanishing at infinity.

Proof. The Markov property of {Y(#), t € [s, b], Q(s,x)} combined with equation
(3.8) for m(s, t, w) yields equation (3.14). By Lemma 3.3

lim Qs f(x) = }lfr; Qs n [ fX (D)m(s, )] = fix).

This completes the proof.
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Lemma 3.5. Let y(t) be the solution of equation (2.2), or equivalently of equation
(2.3), and define y(t), for € > 0, by

Ye() =x+ f {Eo(r,y(r-), w) - y(r-)IN(drd6dw).  (3.16)
(5, 11% (£,20) X Q¢

Then
P[1y(t) - ye()?1 > 0, as €10,

and y¢(t) also converges to Y(t) uniformly in t € [a, b] via some sequence { €;}.

Proof. Rewriting (3.16) in the form of equation (2.3), we have

Y(8) - ye() = {Eo(r,y(r-), w) - y(r-)}M(drd6dw)
(5,81 %(0, €] X Q¢

9
+ f { f Wb(r, &u(r, y(r-), - ))]du}drv(d(d6).
(5.8]1x0,¢] JO
Therefore, applying Itd's formula, we have

P[1y(r) - ye(9) 1?1 < 2P[ |Ee(r, y(r-), w) - (r-) PM(drd 6dw))
(5,81%(0, 1 x Q¢

6
+2I f { f WIb(r, &u(r, y(r-), )1du}drv¥(de) I,
(s,11x(0,¢] JO
where, with the help of the estimate in (2.5), the first integral is bounded by

const.(t - 5) (0+ 6% v¥(do),
©,€

which vanishes as € | 0, and since b(s, x) is bounded by assumption, the second integral
is bounded by

const.(t - s)( Ov((do) )?,
©,€

which also vanishes as € 1 0. This completes the proof.
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Theorem 3.1. Assume (3.11), and let Qsctf be defined by (3.13) and My by

(2.8). Letfe Cg (Rd), and assume that M f(x) is continuous in (s, x). Then it
satisfies

}if‘:;‘f? (Q¢ f(x) - fx)} = M f(x). (3.17)

Proof. Let {7,:n=1,2, ...} be the sequence of jump times of the Poisson
process N ¢(£) = N((s, t]X (€, 00)X€,), and with the solution y(£) of equation (2.2) set

me(s,t) = [] n(r,y(m-), y(Ta)), we Q. (3.18)
T, <t
Then it converges to

ms, )= [ nGyr-).y@), we Q,

s<r<t

yO-) #¥(r)

as € 1 0, P-ass. Let yg(t) be defined by (3.16), and fe€ C;(Rd). Since
Fe(£))me(s, t) is a step function of ¢ with a jump

FO(T))me(s, Tn) - f(ye(Tn-))me(s, Tn-)

at each T, , we have
Fe(®)me(s, 1) - f(x)
= z {me(s, T) fye(Tn)) - me(s, Tn-) fe(Tn-)) }

Tn<t

= 2 me(s, ) {M(Tn, y(Ta), Y(T)f0e()) - fe(Ta-))} by (3.18)

<t

= f me(s,r-)
(s, 1] X (€&, 0) X Q¢

x{N(r, Y(r-), Eolr, y(r-), W) A Eelr, y(r-), w)) = fy(r-)) ) N(drddw),

with

£2) = fee,rwy(2) = fye(r-) - y(r-) + 2),

which converges to f{z), via some sequence & { 0, by Lemma 3.5. Therefore, we have

P[f(ye(£))me(s, 1)] - fx) = F(r, 6, 0)drv(®(d6)P(dw),
(5, ] X (£,0) XQ
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where

F(r, 0,
= 1y e (s, ) fR 0,0, DB, ), ) - fiyr-).
Then,as £ = & 4 0,
Fu(r, 6,0) > m(s,r)| L 0,3, D FDPAO, ) ) - FO (),

almost everywhere with respect to the measure dr V(®(d0)P(d®). Taking it for granted
that there exists a majorant G € L'(drv(9(dO)P(dw)) of F (7, 6, m), i.c.,

| Fe(r, 6, w) < G(r, 6, w),

and
f G(r, 6, @)drv(®)(dO)P(dw) < oo, (3.19)
(5, 11%(0,0) xQ

we have, by the dominated convergence theorem,

P[ fly(®))m(s, £))] - f(x) = lim

f Fdr, 6, 0)drv®(do)P(dw)
€40 Js, 0x (e, 0)x Qe

=P[ m(s,r-)

(5, 1%(0, )

X{f . n(r, y(r-), 2) 2)p(6, y(r-), dz) - f(y(r-)) }drv(¥(d6))
R
t oo
= f drP[m(s, r-) f { f dpr“(e,y(r-),dZ)f(Z)-f(y(r-))}v(")(dﬂ)]
s 0 R

t
= J. drP[m(s, r-)Mf f(y(r-))],

which combined with Lemma 3.3 implies (3.17).
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Let us show that there exists a majorant G € LY(drvi®(d6)P(dw)) of
Fg(r, 0, ). To this end, we define, with c*(¢, x) = c(¢, x) v 0 and ¢ (¢, x) =
c(t, x) A0,

y) = pE(v®, x,dy) y) = pE (v, x,dy)

n*(s, x, , n(s, x,

ps(v®, x,dy) ps(v®, x,dy) ’

and
m*(s,t,wy= [I n(r,y(r),y(r), we Q..
s<r<t
Yr-) #x(r)

Then

nt(s,x, )21, n(s,x,y)<1,

n-(s, x, y) < nis, x, y) < N*(s, x, y),
In(S, X, }’) - 1' -<— (1 - 77—(5, X, Y)) + (77+(S, X, )’) = 1)9
and
me(s, t,w) < m*(s, t,w).

We set

Gr,0,w) =lfllom*(s, r-){f {(1-n-(r,y(r-),2)}pA6, y(r-), dz)
Rd

+ U fllem* (s, r-){ f {n*(r,y(r-),2) - 1}pA(6, y(r-), dz)
Rd
+ m*(s,r-)p(r, 6),
where
p(r,0) = §up |f dpr(e, y,dx)f(z +x) - f(z + y)|
» 2 R
= sup IPLf(z+ Eo(r,y, w)] - fz+y) .

Then
|F(r, 0, w)| < G(r, 8, w).

It remains to show (3.19). Sincefe Cg' (RY), applying It6's formula, we have

[’}
Plg(&(r,y,w)]-g(y) = f P[A,g(&(r,y, w))ldt,
0

where g(y) =f(z+y). Therefore, there exists a constant ¢ depending on f but not on
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(r, 6) such that
p(r, 6) < c20A 2IIfIl).

Therefore,

f m*(s, r-)p(r, 8)drv®(dO)P(dw)
(5, 1% (0, =) XQ

t oo

< czf P(m*(s, r)]drf OAQIfll)V(dB) < oo,
) 0

since

P[m*(s,r)] < ec1(t-9),
by Lemma 3.1. Moreover,

f v((d6) f =170, y(r-), 2)}pi(6, y(r-), dz) < co < oo,
0 R

and

f V(")(de)f A y(r), 2) - 1}pr(6, y(r-), d2) < ¢1 < oo,
0 R

In fact, for (3.22)
f v(¥(d6) f {(1-n(r,y(r-), 2)}pr(6, y(r-), dz)
0 R
= f d{l - 1°(r, (r-), 2)}p (v, y(r-), dz)
R

= f PV, (), d2) - ps (v, 3(r-), d2)
R

= f V) (1-pr (0, (), RY)
0

w 0
= f v(dB)P5;[1 - exp( f c(r, X(0)d1] < co,
0 0

by the condition in (3.11). Thus we have shown (3.22). For (3.23) we have

(3.20)

3.21)

(3.22)

(3.23)
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f V(")(dG)f {n*(r,y(r-), 2) - 1}pA6, y(r-), dz)
0 R?

= f {(n*(r,y(r-), 2) - 1}p(V®, y(r-), dz)
R

= f ) v(dO){ps'(6,y(r-), R - 1}
0

Sf v(dO)(eX?0-1) =y,
0

by Lemma 3.1. Combining (3.20), (3.21), (3.22) and (3.23), we have (3.19). This
completes the proof of Theorem 3.1.

We have thus shown that u(s, x) = Q¢ , () solves the evolution equation

My MEu=0, se [a,b), with u(b, %) = fx).

s
Let .ﬂt =0 {Y(r): s <r<t}. We can then define a measure Qfs,x) on Qg4 by

Q. n[F 1= Qs F m(s, b) . (3.29)

b
for any bounded F§-measurable function F. However, the measure Qﬁv %) is the
"measure with creation and killing", and does not immediately define a stochastic process,

since the multiplicative functional m(s, ¢) does not satisfy the normality condition, i.e.,
Qs, 9l m(s, )] # 1. This point will be discussed in the next section.

4. The Renormalization of Multiplicative Functionals
and Variational Principle

In this section we assume that Ag and A in (1.1) and (1.2), respectively, are given by

d
A+ bis, x) =— (4.1

and
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Af =3 LA+ 2 bi(s, x)a + c(s, )1, 4.2)

i=1 i

where A is the Laplace-Beltrami operator

__,/"_ ey 9
m -(vVo2(x) (o0 (X)) )

with a positive definite diffusion matrix 667(x), where we denote G2(x) = det |oo7(x)l.
To adopt the operators A and Afin . 1) and (4.2), respectively, we need to replace the

drift coefficient b(¢, x) in equation (2.1) by b°(t, x) = b(t, x) + bs(x) with a correction
term

bo(xy = ; 47_“ Vo2(x) (667(x))Y).

If © is independent of x, then the correction is not necessary and b°(¢, x) = b(t, x).

Let {Y(2), t € [s, b], Q(s,x)} be the path space realization of the conservative pure-
jump Markov process determined by M in (2.6). To define a stochastic process
determined by the operator M in (2.8), which contains a potential function c(s, X), we

renormalize (cf. Nagasawa (1993)) the multiplicative functional m(s, f) in (3.4), namely
we set

n(s,t) = ——— &, Y( ) m(s, 1) E(1, Y (1)),

with &(s, x) defined by
g(s’ x) = Q(s,x)[m(s’ b)],

where we assume &(s, x) > 0. Then the renormalized multiplicative functional n(s, £)
satisfies the normality condition

Qs oln(s,)]=1, for a<s<t<b.

We define the renormalization 6(& x) of the measure Qfs x) by

Qe F1= Qs o[ F 1, 4.3)

1
(s, x)

or, what is the same, with the renormalized multiplicative functional n(s, £) and Qs, x)
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Q.0 F 1= Q. n[ F n(s, b)].
Wecall {Y(2), ¢t € [s, b], 6(5, x)} the renormalized process.
Before applying the principle of variation to the renormalized processes, we recall

some definitions and theorems (cf. Chapter V of Nagasawa (1993)). The relative entropy
H(PIP) of P relative to P is defined by

H(PlF):f(log %)dP, if P<<P,

= oo, otherwise,

for P ,F € M 1(Q), where M 1(£2) denotes the space of probability measures on a
measurable space {Q, B}.

If a subset A of M1(Q) is convex and variation closed and contains at least one

element P with H(P| ?) < oo, then there exists the unique Csizar projection Q € A such
that

inf H(PIP) = H(QIP),

where P is not in the set A, and Q is a projection of P on the set A, minimizing the relative
entropy, for a proof cf. e.g. Nagasawa (1993).

For a probability measure k(dx) = k(x)dx such that log ({(a, x)/k(x)) € Ll(ua),
we define the renormalized measure by

P[F]= f k(dx)Qu,»[ F 1,

where Q(g, is the renormalization of Qf;, ) defined by (4.3).

For a pair of prescribed probability measures { L4, Up}, where ,(dx) = u(x)dx
with a density f4,(x), we define a subset A4, 5 of M1(€24) by

Agp={Pe Mi(Qy) :PoX, =, fort=a,b}.

Then the subset Ay p is convex and variation closed. We assume that { g, Up} is
admissible, that is, A 4, p contains at least one element P with H(PIP ) < oo,
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Then there exists a unique Csizar's projection Q € A, p such that

Peiriin(PlP)=H(QlP).

We call {Y(¢), t € [a, b], Q4, Q} the (pure-jump) Schrodinger process with the pair
{Mas Up} as the prescribed marginal distributions. This is the variational principle of
Markov processes, cf. Nagasawa (1993).

Let Qfs x) be the measure on €, given in (3.24), and define a probability measure
P(A xB) on R*xR%by

PAXB) = f dx ’(‘f‘l) 1 O LAE)QE, 1, X BN 15X (BY)],

§

where 1,,(x) is the indicator function of the support of a measure /1. Denote by E; j, the

set of marginal distributions on RIxR%of all p € Ag patt=a,b. Since the set E; pis
convex and variation closed, we have the unique Csiszar projection g(A X B) such that

inf H(plp)=H(qlp),
PEEas
through which we obtain a pair { @,, ¢} of functions such that

d_q - ﬁ(a, X) N
dp - k(x“)_ 0a(X) (),

which implies that the pair { §,, @} satisfies

Ha(A) = f dxPa(0)14(x)Q%, n[@o(Y (b)),

Mp(B) = f dxPa(x)Qf, n[ @p(Y (D)) 15(Y (B))],

for the prescribed marginal distributions L, and Up. The pair { P, @} is the so called
Schrédinger's entrance-exit law. Moreover, we have the fundamental formula of the

Schrédinger process {Y(2), t € [a, b], Q4, Q} such that

Q[F] =f dx@a()QLa,n[F()@p(Y(B))], (4.4)
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which coincides with the Schrodinger representation of the measure Q, where Qfs x) is the
measure on {24 defined in (3.24), cf. Nagasawa (1993, 1997).

We denote the density function of Qfs, »[ Y(¢) € dy] by ¢°(s, x, , y) which obeys
the Chapman-Kolmogorov equation. The formula in (4.4) implies, as a special case,

QLAY()] = f dz94(2)q%(a, z, t, X) f(x)dxq°(t, x, b, Y)dyPs(y). (4.5)

Let us define
at(x) = f dz‘/ﬁa(z)qc(a, z, t’ X),
4.6)
o) = f 4°(t, %, b, )9s)dy.
Then equation (4.5) yields
QLAY(@)] = f dxPd(x)pi(x) f(x), 4.7

that is, the distribution density U,(x) of the Schrédinger process {Y(¢), t € [a, b],
Qg, Q} is given by
1e(x) = Pr(x) Pr(x),

which is Schrédinger's factorization.

We define a transition probability density by

q(s, x, 1, y) = —L—q%(s, x, 1, Y) (). (4.8)
s(x)

£)

It is clear by definition that (s, X, ¢, y) satisfies the normality condition

fq(s, X, t,y)dy =1.

Then, combining equations (4.6), (4.7) and (4.8), we have

QLAY ()] = f dxaa(X)fpa(x)f q9(a, x, t, y) f(y)dy.
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More generally we have the Kolmogorov representation

QLAY (t1), ..., Y(ta-1), Y(2n))]
= f AxPa(x) Pa(x) f q(a, x, t, x1)dx14(t1, x1, t2, X2)dx3 -

q(tn-l,xn-l;tnaxn)d-xnf(xl, we s Xn),

which proves that the Schrodinger process {Y (1), t € [a, b], F ', Q4, Q}, with the

t
filtration ¥ = 6{Y(s) : @ < s < t}, is a Markov process with the transition probability

q(s, x, t, dy) = q(s, x, t, y)dy,

cf. Nagasawa (1993). Let us set

Oy, 1 f(x) = f q(s, x, 1, ) f(y)dy, (4.9)
for any bounded measurable function f. Then we have
Theorem 4.1. Let és, f be defined by (49). Then, forf e Cx (Rd),

lim L {Q ,f(x) - f(x)}
tist-5

= \/ - {%A + b(s, )-V + (667 Viog 95)-V} + (A20)I f+ (Ax@s)f .
4.10)
where

AxQs = L(i'H(')(Ps =L V‘Asc+ K21 Qs ,
?s s Ps
“4.11)
20.= 1 (9 11020 = L (A + k2
AxQs 2 (as +K)”“ Qs (Ps( A + k) e;s .

Proof. In view of (4.8) we have

O;. .fx) = —L_ Q¢ (0. (%),
(Ps()C)

where
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05 f(x) = f qc(s, x, t, y) f(y)dy.

Then
(Qs of - f)-(’% (QEd@if) - osf)
= (,%L (QEL@sf) - osf ) + (,%L Q%191 - 9F).
s t-§ St-§
Therefore,

lim -1 (0 ,f - £}

tist-s
= é} {Qs £osf) - osf} + hm Qs (@ - @) f)
_ 1 me 1 .99
s Ms(f)+ @s os ! w1

where the first term is, in view of equation (4.8),
o L M&(p,f)=-1 o; V-AS + KPL(psf) + KF, 4.13)

with A § given in (4.2). To compute the right-hand side of equation (4.13) we set

K(f)= # V-AS + U (9s).

Then

KXf)= ﬁ (-AS + K2)(@sf),
which yields

K(f)=+vA, f,

where A,p is the s-transformation of -A ; + K'2I, that is,

Agg = 4 CAL+ KDY (gsg).

It is routine to show that
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A‘Pg = ?’}‘; ('Asc + KZI)(‘Psg)
= '{Ji A+ b(s, -)-V + (66T Vlog ¢;)-V}g

+ K2g - %{%Afps +b(s, ) Vs + c(s, 0)@Qs},  (4.14)

(cf. Nagasawa (1993)). Since (s satisfies

%"i- V-Af + K2l @5+ ks = 0,
N

we have

(L x1Vgs- (A + ¥y =0,
S
which implies that the second line on the right-hand side of equation (4.14) is
K2g - & (L Ap, + b(s, ) Vo, + cls, Ds) = (- (2 + D))
s 2 ®s " ds

= (Afoyg,

and that the equations in (4.11) hold. Hence the first term in (4.12) (i.e. (4.13)) is equal to

W/ -{%A + b(s, )V + (66T V log @)V} + (A2@)I f + kf ,

to which adding (@51 d@/ds)f, we have the representation in (4.10). This completes the
proof.

Remark. Let us assume that b(s, x) and c(s, x) do not depend on s, and consider a
stationary state. Then we have dQ5/ds = A@s with a constant A. Therefore, Axs does

not depend on ¢, and hence we have Ax@s = A + K and A2¢s = (A + K)%. Thus the
representation in (4.10) reduces to theorem 29 in Nagasawa (1997).
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