SEMINAIRE DE PROBABILITES (STRASBOURG)

LILIANA FORZANI
ROBERTO SCOTTO

WILFREDO URBINA

A simple proof of the L” continuity of the higher order Riesz
transforms with respect to the gaussian measure vy,

Séminaire de probabilités (Strasbourg), tome 35 (2001), p. 162-166
<http://www.numdam.org/item?id=SPS_2001__35__ 162_0>

© Springer-Verlag, Berlin Heidelberg New York, 2001, tous droits réservés.

L’acces aux archives du séminaire de probabilités (Strasbourg) (http:/portail.
mathdoc.fr/'SemProba/) implique 1’accord avec les conditions générales d’utili-
sation (http://www.numdam.org/conditions). Toute utilisation commerciale ou im-
pression systématique est constitutive d’une infraction pénale. Toute copie ou im-
pression de ce fichier doit contenir la présente mention de copyright.

‘NuMDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=SPS_2001__35__162_0
http://portail.mathdoc.fr/SemProba/
http://portail.mathdoc.fr/SemProba/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

A simple proof of the LP continuity of the
higher order Riesz Transforms with respect to
the Gaussian measure 4

Liliana Forzani!, Roberto Scotto?, and Wilfredo Urbina3

! IMAL - Facultad de Ingenierfa Quimica, U. N. del Litoral - CONICET -
Giiemes 3450 Santa Fe 3000 Argentina. Email: Iforzani@intec.unl.edu.ar

2 Facultad de Ingenierfa Quimica, U. N. del Litoral, Santiago del Estero 2829,
3000 Santa Fe Argentina. Email: scotto@math.unl.edu.ar

3 Escuela de Matematica, Facultad de Ciencias UCV, Apt.47195 Los
Chaguaramos, Caracas 1041-A Venezuela. Email: wurbina@euler.ciens.ucv.ve. |

Abstract. In this paper we will give a simple proof of the LP(va) continuity of
the higher order Riesz transforms with respect to the Gaussian measure v4, with
constant independent of the dimension, by means of a multiplier theorem of P. A.
Meyer.

Résumé. Dans cet article nous donnons une démonstration simple de la continuité
LP(v4) des transformations de Riesz d’ordre supérieur par rapport a la mesure
gaussienne avec constante indépendante de la dimension. La méthode de preuve est
basée sur un théoréme de multiplicateur de P. A. Meyer.

1 Introduction

Let us consider the Gaussian measure vy4(dz) = Rwl;e“m?dx in R?, and the
Ornstein-Uhlenbeck differential operator

1
L= §A —(z, V).
The higher order Riesz transforms associated with this operator are de-
fined as

Re = Dg(-L)71e1/2, (1)

The study of the L?(v4) boundedness of R, with constant independent of
the dimension goes back to the work of P. A. Meyer [4] whose proof is based on
probabilistic methods. R. Gundy gave another probabilistic proof in [1]. On
the other hand, G. Pisier in [5], proved these inequalities analytically by using
the transference method due to A. P. Calderén. By using pointwise estimates
of the kernel, W. Urbina in [6] proved the result with constant depending on
the dimension. Lately, C. Gutiérrez, C. Segovia and J. L. Torrea in [3], proved
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the LP(-y4) boundedness of R, as a consequence of the L?(-y4) boundedness
with constant independent of dimension of the Euclidean norm of the vector

k¥ = {Ra}jaj=k- To prove this last result they use an extension of the
Littlewood-Paley-Stein theory of g functions of higher order to the vector-
valued case, and inequalities previously proved by C. Gutiérrez [2] in the
context of the Riesz transforms of order one.

In this paper we will give a simple proof of the L?(y4) boundedness of
Ra, with constant independent of the dimension, by means of a multiplier
theorem of P. A. Meyer. More explicitly the main result of this paper is the
following;:

Theorem 1 The higher order Riesz transforms R, with respect to the Gaus-
stan measure are bounded on LP(4), 1 < p < 400, with constant indepen-
dent of the dimension, that is, for each o there exists a positive constant Cq p,
depending on o and p, such that

IIRafllpva < Capllfllp,va- (2)
for all f € LP(va).

Before proving this theorem let us introduce some notations which will
be used in the multiplier theorem of P. A. Meyer as well as in the proof of
this result.

Let Hy(t) = (=1)"et’ i—",‘e'tz be the one-dimensional Hermite polynomial
of order n with n € IN U {0}. These verify the following differential equation

— S Hy(0) + tH(0) = nHa(0) 3)
Besides ,
H,(t) = 2nH,_1(t) (4)
and
|Hnll3 4, = V7 n! 27 (3)
Letting 8 = (B4, - - ., B4) be a multi-index with non-negative integer entries,

the d-dimensional Hermite polynomial of order 8 is defined as
d
Hp(2) = [] Hp.(=:),
i=1

with z = (21, ...,24) € R®. Then

4
|[Hpl[3, = =38! 2141,
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where 8! = $1!...04' and |B] = B1 + - - - + Ba . Now we define the normalized
d-dimensional Hermite polynomial of order 3 as

z hg, (i),
( ) IHp”2*/a H .

i=1

which is the product of one-dimensional normalized Hermite polynomials.
These polynomials are the eigenvectors of —L, that is

(=L)hs = |6lhg-
(-L)~ % is the Riesz Potential of order k which is defined on every d-dimensional
Hermite polynomial by (—=L)~%hs = iﬁ—}-%—hp with |3] > 0 and extended by

linearity on every polynomial f(x) such that [, f(z)dy(z) = 0. From (1),
the higher order Riesz transform of order a is

Raoh —-——1 DZh 1 ol h (6)
allg = o] Pz 8 = = T} aq B
B | e e

and by linearity is extended to every polynomial on R°.
Theorem 1 is a consequence of the following Theorem due to P. A. Meyer

(see [4])

Theorem 2 (P. A. Meyer) Let ¢ be a real function analytic around the
origin and let us consider a multiplier operator

Tw(z Cﬁ"ﬁ) (&) = 3" p(18l)csh(z), )
B B8

where p(n) = ¢(%) for n > no and ng large enough. Then T, admits a
bounded extension to LP(vg), 1 < p < 0o, that is, for any f € L?(v4)

1T fllpva < CollF1lp va- (8)

Its proof is basically based on the hypercontractivity property of the
Ornstein-Uhlenbeck semigroup and it holds with constant independent of
dimension. Moreover it is true in infinite dimensions, for more details see [4].

2 Proof of the main result

P. A. Meyer proved this result in [4] by using probabilistic methods and
his multiplier theorem. Indeed, let the vector V¥ = (DZ)|q|=k, then Bi =

V"(-—L)"%; he proved the following inequality by means of Khintchine’s in-
equality

N Ref] llpve < (=LY EVFY(=L)" 5] || g
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and then he says that if (—L)z and V*~1 could be interchanged then the
result would follow by induction on k. This is not true but there is a multiplier
that relates both operators, i.e. (~L)3V*~! = T, V¥~1(~L)7 and therefore

IRk f) lpra < W TeV*H=L)""TF| llps
= | I T Re1f] llpr,
S Cp,k” I-R)k—lfl “pmn

thus the result follows by induction on k and by taking into account that the
Riesz transforms of order one are bounded operators on L?(vy4) with constant
independent of the dimension.

Here, we write the higher order Riesz transform R, as the composition of
powers of Riesz transforms of order one together with a multiplier operator
which by Theorem 2 is a bounded operator on L?(-y4) with constant indepen-
dent of the dimension. Then the theorem follows from de LP(v4) continuity
of the Riesz transforms of order one and that of the multiplier operator.

Let us consider a multi-index a = (ay,...,aq4) fixed. The action of R,
on the Hermite polynomials hg is as follows

glal \ /2] d 1/2
Rahp() = (W) [Hm —1) - (Bi-ei+ )| hpalz), (9)
i=1

with 8; > a; foralli=1,.--,d.
Now, for the same multi-index «, let us consider the operator

RRE? ... RS, (10)

that is, the iteration of powers of Riesz transforms of order one. Then

a1pas ad « ﬂg(ﬂz — 1) (,Hz —a; + 1) 1/2
R]_ R R hﬁ(l‘)—2| '/2H [lﬁl(lﬂl_l) (Iﬂl_az‘l‘l):l hﬁ_a(x).
(11)

Comparing (9) and (11) let us consider the multiplier operator Ty, defined
on the Hermite polynomials as

T, 181081 = 1) . (181 — e + 1)] mhﬁ(z)

Tah’ﬁ(x) = I: |ﬁl|a|

1/2
_(@—1)
-0 )} hole)-

[y 1
1 S
Hm



166

Then, T, satisfies the conditions of the multiplier theorem of P. A. Meyer
with
d 1/2
¢x) = |[[(1-2)...0 = (@i = 1)2)|
i=1

and clearly, by definition,
Ra=(RY'R3*...RJ%) o Ty (12)

Therefore LP(v4)-continuity of R, can be obtained immediately from the
LP(yq)-boundedness with constant independent of the dimension of the Riesz
transforms R; and Meyer’s result, and the constant depends only on a and

p.
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