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Saturations of Gambling Houses

A. Maitra and W. Sudderth !
School of Statistics, University of Minnesota,
Minneapolis,Minnesota 55455

Abstract

Suppose that X is a Borel subset of a Polish space. Let P(X) be the set of
probability measures on the Borel o-field of X. We equip P(X) with the weak
topology. A gambling house I' on X is a subset of X x P(X) such for each
z € X, the section I'(z) of I at z is nonempty. Assume moreover that I is an
analytic subset of X x P(X). Then we can associate with I' optimal reward
operators Gr, Rr, and Mr as follows:

(Gru)(z) = sup{ [ udy : v € T()}, ceX,
(Rru)(z) = sup / w(z:) dP,, reX,

where u is a bounded, Borel measurable function on X, the sup in the definition
of Ry is over all measurable strategies o available in I at  and Borel measurable
stop rules ¢ (including ¢t = 0), z; is the terminal state and P, the probability
measure on H, the space of infinite histories, induced by o;

(Mrg)(z) = sup / gdPy, zEX,

where g is a bounded, Borel measurable function on H and the sup is over all
measurable strategies o available in I" at z. The aim of this article is to describe
the “largest” houses or ”saturations” for which the associated operators are the
same as the corresponding operators for the original house. Our methods are
constructive and will show that the saturations are again analytic gambling
houses.

1 INTRODUCTION

The point of departure of this article is a beautiful result of Dellacherie and Meyer [5,
38] in gambling theory. We will describe this result in the framework of the Dubins-
Savage ([6]) theory.

Let X be a Borel subset of a Polish space, and let P(X) be the set of probability
measures on the Borel o-field of X. Give P(X) the topology of weak convergence,
so P(X) is again a Borel subset of a Polish space ( see ([10], 17E) for details). A
gambling house on X is a subset I' of X x P(X) such that each section I'(z) of T at
x is nonempty. A strategy o available in T at = is a sequence 0,,0,,... such that
o, € I'(z) and, for n > 1,0, is a universally measurable function on X" into P(X)
such that o,(z1,%2,... ,z,) € I'(z,) for every z;,22,... ,2, € X. Such a o defines a
unique probability measure on the Borel subsets of the history space H = XV, where
N is the set of positive integers and H is given the product topology. We will use
the same symbol o for this probability measure. ( See ([3], 7.45) for the existence of
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this measure.) If o is a strategy available in I" at z and 2’ € X, then the conditional
strategy o[z'] is the strategy defined as follows:

(o[z'])o = 01(2)
and, forn > 1,

(olzDn(@1, 725 - -+, Tn) = Onpa (2, 21, T2, - .+, Tn)

for z;,Zs,...,2, € X. Note that o[z'] is available in I" at z’. The set of strategies
(and also the measures induced on H by these strategies) available in I" at = will be
denoted by Ir(z).

A stop rule is a universally measurable function ¢ on H into w = N U {0} such
that ¢(h) = k and h =, h' imply t(h') = k, where h =; h' means that h and A’
agree through the first k& coordinates. In particular, if ¢(h) = 0 for some h, then ¢t is
identically zero. If ¢ is a stop rule such that ¢ > 1 and z € X, then the conditional
stop rule t[z] is defined by

t[z](h) = t(zh) — 1, h € H,

where zh is the history obtained by catenating x and h. Note that ¢[z] is again a stop
rule. A pair 7 = (0,t) where 0 € Xp(z) and ¢ is a stop rule is said to be a policy
available at z.

In the sequel, none of the results would be affected if we had restricted ourselves
to Borel measurable stop rules.

A measurable leavable gambling problem is a triple (X,T',u), where X is a Borel
subset of a Polish space, I is a gambling house which is an analytic subset of X xP(X),
and u is a bounded, upper analytic function on X, that is, [u > a] is an analytic
subset of X for every real a. Such structures with I' and u both Borel measurable
were introduced by Strauch ([19]); the extension to analytic gambling house and upper
analytic utility functions is due to Meyer and Traki ([17]).

If T is an analytic gambling house on X, then Xr(z) # ¢ for each z, courtesy of the
von-Neumann selection theorem ([10], 29.9). Furthermore the set Xr = (J,.x{z} x
Tr(z) is analytic in X x P(H), as was established by Dellacherie ([4], Theorem 3).

The optimal reward operator for a measurable leavable gambling problem (X, T, u)
is defined by

(Rru)(z) = sup/ u(he) do, z € X, (1.1)

where h; abbreviates hyx) and the sup is taken over all policies 7 = (o, ¢) available
inT at z.

The Fundamental Theorem of Gambling (see([17]) or ([14], Theorem 4.8) provides
another description of Rr as follows. First we need a definition. We say that a
bounded function g on X is ' — ezcessive if it is upper analytic and [ gdy < g(z)
for every v € I'(z) and z € X.

Theorem 1.1. (Fundamental Theorem of Gambling) If T is an analytic gambling
house on X and u is a bounded, upper analytic function on X, then Rru is the least
I-ezcessive function g such that g > u.
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Note that the function Rru can be defined for every house I' for which £r(z) # ¢
for each z and any bounded, universally measurable function « on X by using (1.1).
We associate with each analytic house I on X a house I' as follows:

I“(z) = {oy;" : 0 € Tr(z) and t is a bounded stop rule }, ze X,

where 94(h) = hy, h € H. (For t = 0, oy;’! is defined to be §(z) if o € Zr(z).) In
other words, I'*(z) is the set of distributions of the terminal state induced by policies
m = (o,t) available in T’ at z for which ¢ is bounded. As we will prove in section 3, '
is an analytic subset of X x P(X).

If L, and L, are operators that map bounded functions on X (respectively H) to
bounded functions on X, then we will write L, ~ Ly if L; = Ly on bounded, Borel
measurable functions on X (respectively H); and we will write L; =~ Ly if L;.= Ly on
bounded, upper analytic functions on X (respectively H).

We are now ready to state the result of Dellacherie and Meyer which was mentioned
in the first paragraph.

Theorem 1.2. Suppose that T’ is an analytic gambling house on X. Then the largest
gambling house I such that Ry ~ Ry is defined by

I*(z) = sco I'(z), z € X, (1.2)

where 5¢0 I'°(z) denotes the (total variation) norm closure of the strong convez hull
of T¢(z). In particular, T'* is an analytic gambling house.

Recall that if M C P(X), then the strong convex hull of M,written sco M, is the
set of all v € P(X) such that there is ¢ € P(P(X)) with p*(M) =1 and

v(B)= [ n(B)u(dn)
P(X)
for every Borel subset B of X,where p* is the outer measure induced by p. For
M C P(X), we say that M is strongly convez if M = sco M.

The gambling house I'® is called the saturation of the gambling house I'. Dellacherie
and Meyer [5] define the saturation of I' to be the largest house having the same
excessive functions as I'. It is easy to see that their definition is equivalent to the
one given above. The statement of Theorem 1.2 differs slightly from the formulation
of Dellacherie and Meyer. In place of the gambling house I'® they have a ”house”
consisting of sub-probability measures and they remark ([5], p.192) that their proof
depends critically on allowing sub-probability measures in their construction. They
pay a price for this: they need to perform the operation of hereditary closure on the
strong convex hull before taking the norm-closure and then intersect the result with
P(X). In fairness, we must point out that they are aware, as they remark ([5], p.183),
that they could have worked with I'® but chose not to do so as the proof that I'® is
analytic is laborious. It turns out that proving the analyticity of I'° is not so hard
after all, as we shall see presently.

Given a gambling house I, there are other optimal reward operators of interest.
The aim of this article is to construct ”largest” houses or ”saturations” keeping those
operators invariant in the spirit of Theorem 1.2. We will now define two such opera-
tors.
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Dubins et al. ([8]) define a measurable non-leavable gambling problem to be a triple
(X, T, u*), where X is a Borel subset of a Polish space, I an analytic gambling house
on X, u a bounded, upper analytic function on X and

u*(h) = limsup u(h,), h € H.
n
The optimal reward operator for the nonleavable gambling problem is defined by

(Vru)(z) = sup /u‘ do, z € X.
o€Zp(x)
Note that Vi is defined even when I is not analytic just so long as ¥r(z) is nonempty
for each z € X.
For any set ¥ C X x P(H) such that ¥(z) is nonempty for each = and any
bounded, upper analytic function g on H, we define

(Msg)(z) = sup /gda, z € X.
o€x(z)
We will also write M for Mys in case ¥ = Xr for a gambling house I" on X. In this
case, we will say that X is a global gambling house on X.
Here are the main results of the paper.

Theorem 1.3. Suppose that T is an analytic gambling house on X. Then the largest
gambling house I'" such that Mp ~ My is

I*(z) = sco I'(z), z€X.
In consequence, I'*' is analytic.
In the sequel, we will write sco I for I'*:.

Theorem 1.4. Let I' be an analytic gambling house on X. Then the largest global
gambling house ¥ such that My ~ My, is Yseor.

Theorem 1.5. Suppose that I' is an analytic gambling house on X. Then the largest
set & C X x P(H) such that X(z) is nonempty for each z and My ~ My, is Tswr

Theorem 1.6. For X = {0,1}, there is a Borel gambling house ' on X such that
there is no largest gambling house I such that Vr ~ V.

A word about notation. Throughout the paper, the operations of forming the
strong convex hull and the (variation) norm closure will be performed (vertical) sec-
tionwise on subsets of X x P(X) or X x P(H). Thus if " is a gambling house on X,
then scoT' is the gambling house whose z-section is the strong convex hull of I'(z); or
if ¥ is a subset of X x P(H) then 5¢0 ¥ is the subset of X x P(H) whose z-section is
the norm-closure of the strong convex hull of £(x) and T is the subset of X x P(H)
whose z-section is the norm closure of ¥ (z).

For X countable, there are versions of Theorems 1.2 and 1.4 in Maitra and Sud-
derth ([13], 6.8.16 and 6.8.21). A finitely additive version of Theorem 1.2 is in Arm-
strong ([1]).

The article is organized as follows. Section 2 contains a summary of the properties
of the Mokobodzki capacity and related results. In section 3 we prove that I'® is an
analytic gambling house. Section 4 is devoted to results in gambling theory. The
proofs of the theorems stated in this section are in section 5.
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2 THE MOKOBODZKI CAPACITY

As in the Dellacherie-Meyer proof of Theorem 1.2, the ad hoc capacity of Mokobodzki
will play a crucial role in our proofs. We will also need the effective analogue of the
Mokobodzki capacity as defined by Louveau ([12]). In this section we summarize
the properties of the Mokobodzki capacity and prove some consequences of these
properties and other related results which will be used in the sequel.

Let X be a compact metric space and let A be a probability measure on the Borel
o-field of X. For A C P(X), define

I(A; ) = I(A) = inf{supn(f) + A1 - f) : f € @},
n€EA
where @ is the set of Borel measurable functions on X into [ 0, 1] and we write u(f)
for [ fdyp when f € ® and p € P(X).

Theorem 2.1. ([5], 35) For fized X € P(X),
(a) I(-;A) = I is a capacity on P(X).
(b) If A is an analytic, strongly convez subset of P(X), then

I(A) = sup(n A A)(1),
neA
where 1 is the function that is identically equal to one on X and A is the minimum
operation in the lattice of bounded, signed measures.
Corollary 2.2. ([5], 34). If A is a strongly convez, analytic subset of P(X), then
A € norm — cl(A) < (Vf € ®)(A(f) < supn(f)),
neA

where norm stands for the total variation norm.

Proof. The ’only if’ part is easy. For the ’if’ part, the hypothesis is equivalent to the
statement that J(A) > 1. Hence, for each n, there is n, € A such that 7, AX(1) > 11
by virtue of Theorem 2.1. Now

T AA=A— (0= A)7,

hence ]
A1) = (= N)"(1) > 1 1
so that, since A(1) =1,
_ 1
(=2 < =

Also

M AX= N0 — (A= 1),
from which it follows that, since (9, — \)* = (A —n,)7,

( — V(D) < .

Hence, )
70 = A l1= (= X*(1) + (30 = )~(1) < =,

50 || 7o — A || 0 as n — oco. Consequently, A € norm — cl(A). O
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Lemma 2.3. IfT is an analytic gambling house on X, then scol’ and 5coI' are both
analytic.

Proof. First note that the set
E = {(z,p) € X x P(P(X)) : u(T'(z)) = 1}

is analytic ([10], 29.26). Consequently, the set sco I is analytic, since it is the projec-
tion to the first two coordinates of the analytic set

{(z,v,p) € X x P(X) x P(P(X)) : (z,u) € E
and() = [ n()u @)

The set 5co I is analytic, since it is the projection to the first two coordinates of the
analytic set

{(z,v, (tn)) € X x P(X) x P(X)V : pt, € scol'(z), n=1,2,...
and || pn — v ||= 0asn — oo}.
To see that the above set is analytic, use the fact from ([7]) that the map u —|| u ||

is Borel measurable on the space of bounded signed measures (on X) equipped with
the weak topology. O

Lemma 2.4. Let p,, p € P(X) be such that p, — p in norm. Then, for any
bounded, upper analytic function g on X, [ gdu, — [ gdp.

Proof. Choose v € P(X) such that u,, u are absolutely continuous with respect to v.
Then there is a bounded, Borel measurable function f on X such that f = ga.s(v).

Hence
[ gdin= [ sam
/y@=/fw-

The conclusion now follows from the fact that [ fdu, — f fdu, since p, — p in
norm. a

and

We now turn to the effective analogue of the capacity I. Effective descriptive set
theory takes place in recursively presented Polish spaces (see [18] for details). We will
take X to be the recursively presented compact metric space 2“ and A to be a A}
probability measure. For A C P(X), let

J(A;)) = J(A) = inf{sug n(f) + A1 — f) : fisA] — recursive on X into [0,1]}.
ne

Theorem 2.5. ([12], 2.4, 2.12(a), 2.1{(a)) If A is a T} subset of P(X), then
I(A) = inf{J(C) : C is A} — recursive and A C C}.

An immediate consequence is
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Corollary 2.6. If A is a &} subset of P(X), A € P(X) is a Al measure and I(A) <
1, then there is a Al-recursive function f on X into [0, 1] such that

sup n(f) +A(1 - f) <L
nEA

For the next result, we need a coding of Al(a)-recursive functions on X = 2“ into
[0, 1], that is, a set W and a function U with the following properties:
(i) W is a I} subset of w”,
(ii) U is a IT}-recursive partial function on w* x w x X into [0, 1],
(iii) if (a,n) € W and (Vz)(U(a, n, z) is defined), then U(a, n,.) is a Al(a)-recursive
function on X into [0, 1], and
(iv) if g is a A}(a)-recursive function on X into [0, 1], then there is n such that
(a,n) € W and (Vz)(g(z) = U(a, n, z)).

Such a coding is easy to construct from the coding of Al(a) subsets of X x [0, 1]
(see ([11], p.13)). For the next result, regard 2 as a II} subset of w®.

Theorem 2.7. Let ' be a £} gambling house on X = 2“. Suppose that z — p, is
a Al-recursive function on a Al set E C X into P(X). Assume that I(T'(z); ps) =
I,(T(x)) < 1 for all x € E. Then there is a A}-recursive function f : E x X — [0,1]
such that

sup / f(z,y)n(dy) + / (1= f(z,9)) uz(dy) < 1

ner(z)
for each z € E.

Proof. Let

P(z,n) ¢ z € E &(z,n) € W &(Vy)(U(z,n,y) is defined)
& ( sup /U(a:,n, ~)dn+/(1 = U(z,n, -))dus < 1) .
nelr(z)

It is easy to check that P is II}. It follows by relativizing Corollary 2.6 that (Vz €
E)(3n) P(z,n). So, by Kreisel’s selection theorem ([18], 4B.5), there is a A}-recursive
function ¢ : E — w such that (Vr € E) P(z, ¢(z)). Set

f(z,y) =U(z, ¢(z),y), z€E yeX
It is now easily verified that f satisfies the assertions (/)f the theorem. O

The bold-face version of this theorem is obtained by replacing £} by analytic and
Al-recursive by Borel measurable.

3 THE GAMBLING HOUSE I*

The present section contains the proof that I’ is analytic whenever I is an analytic
gambling house on X. We start with a technical result.

Lemma 3.1. ([14], Lemma 2.2) Suppose that X and Y are Borel subsets of Polish
spaces. Then there is a Borel measurable mapping (z, p) — plz] from X x P(X x Y)
to P(Y') such that p(z] is a version of the p-reqular conditional distribution on'Y given
T.
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For p € P(X x X) or p € P(H), pr;" will denote the p-distribution of the i-th
coordinate, i > 1 ; ulz] is a version of the u-regular conditional distribution of the
remaining coordinates given that the first coordinate is z such that u[z] is jointly
Borel measurable in u and z, as is guaranteed by Lemma 3.1.

Suppose now that I is an analytic gambling house on X. If A C X x P(X), denote
by A* the subset of X x P(X) whose z-section A*(z) is A(z)|J{é(z)}. Define next
an operator x that takes subsets of X x P(X) to subsets of X x P(X) as follows:for
A C X xP(X)and z € X, the z-section of x(A),namely, x(A)(z), is defined as the
set of all v € P(X) such that (3p € P(X x X)) satisfying these three conditions

(i) pri! € D(z),
(ii) pmy! =1+, and
(i) (st (= € X : pfe] € ') }) = 1.

Here (um;')* is the outer measure induced by pnj .

We also define an operator 9 that takes subsets of X x P(X) to subsets of X x
P(X) x P(X x X) by letting the z-section of ¥(A), namely, ¥(A)(z), be the set of
all pairs (v, p) in P(X) x P(X x X) satisfying conditions (i), (ii), and (iii) above.

Lemma 3.2. If A is an analytic subset of X x P(X), then x(A) is an analytic gam-
bling house on X.

Proof. First observe that ¥(A) is the intersection of three sets, the first of which is
clearly analytic and the second Borel. The third is analytic by virtue of the fact that
A* is analytic and ([10], 29.26). So ¥(A) is analytic. Since x(A) is the projection to
the first two coordinates of ¥(A), it follows that x(A) is analytic. To see that x(A) is
a gambling house, note that for each z € X, x(A)(z) 2 x(0) = I'(z) and so x(A)(z)
is nonempty. This completes the proof. 0O

Define by induction on n subsets I, of X x P(X) as follows:
[y = 01 and I-‘n+1 = X(Pn)a n 2> 0.

It is easy to see that I, C I',4; since x is monotone. Also, by Lemma 3.2, the
gambling houses I';, are analytic. Finally, set

T = Ur,..

n>0

Then I'y, is an analytic house on X.
Here is the main result of this section.

Theorem 3.3. If I is an analytic gambling house on X, then
I(z) = Two(z) U {6(2)}

for each x € X. Consequently, T'° is analytic.
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Proof. For a policy # = (o,t) available in T at z, denote by ¥(x) the distribution of
the terminal state h; under o.

To start with, recall that if # = (o,t) is available in I" at z and ¢t = 0 then
F(m) = é(z). So to prove the inclusion C, it will suffice to show that if 7 = (o, ) is
available in I at z and 1 < ¢t < n, then ¥(r) € (). The proof is by induction on
n. For n = 1 the assertion is clear. So suppose the assertion is true for n = m. Let
7 = (0,t) be available in T" at z¢ and suppose that 1 <t < m+ 1. It is easy to verify
that z — ¥(o[z], t[z]) is 0o - measurable. Furthermore, ¥(o[z], t[z]) = 6(z) if t[z] =0
while if ¢[z] # 0, then 1 < t[z] < m, so that §(o[z], t[z]) € I'm(z) by virtue of the
inductive hypothesis. It follows that J(7) € Ly, 41(z0), since g € ['(zy) and

3(n)(B) = / 3(ola), t[z)(B) oo (dz)

for every Borel subset B of X.

For the reverse inclusion D, we will prove, again by induction, that there is a
universally measurable function ¢, : 'y, = P(X) such that ¢,(z,7) € Zr(z) for all
(z,7) € Ty, and a universally measurable function ¢, : I';, x H — N with t,(z,, )
a stop rule on H and t, < n for all (z,y) € I'; such that whenever (z,7) € T'p,
¥ = V(S (z57), ta(T5 7, )

For n > 1, fix a universally measurable function f, from x(I'y) to P(X x X)
such that (z,7, fu(z,7)) € ¥([y) for every (z,7) € x(Ts). The existence of f, is
guaranteed by the von Neumann selection theorem ([10], 29.9). Use the theorem one
more time to fix a universally measurable selector f* for I'. For each z € X, let 0*(z)
be the strategy that uses as initial gamble f*(z) and thereafter uses f*(y) when the
current state is y. Note that o*(z) € Xr(z).

To start the induction, set

($1(z, 7))o =1

and the conditional strategy

($1(z,7))[za] = 07 (z1)
for (z,y) € I'1 =T. (Note that a strategy o is completely determined by the specifi-
cation of o and the collection of conditional strategies o[z],z € X.) Let

ti(z,y,h) =1 for (z,v) e'yandh € H.

Suppose now that ¢,, t, have been defined. Set ¢,,; = ¢, on I';, and ¢, = ¢, on
[, x H. We will next define ¢,41(z,7) and tny1(z,, ) for (z,7) € ny1 — . First
let

(¢n+l(zv 7))0 = fn(xv ’Y)WI_I

and define the conditional strategies by

On(1, (fa(z,7))[21]), i (fa(z,7))[21] € Tn(21),

o*(x,), otherwise.

(¢n+1($v 7))[3:1] = {

Note that ¢,.1(z,v) € Zr(z) for all (z,v) € I'nyy. Define t,11(z,, ) to be the stop
rule whose conditional stop rules are given by

tn(xl’ (fn(x7 7))[1:1])’ ')’ if (fﬂ(xv ’Y))[zl} € Fn(zl)v

0, otherwise.

(tasr(@, 7, )] = {
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It is easy to verify that ¢4, and t,,, are universally measurable and that t,,(z,7, ")
is a stop rule with ¢,,; < n+1 for every (z,7) € I'n41.
Finally, let v € Tny1(z). If v € Tp(z), then

’7(¢n+1($1 ’7)7 tn+1(z’ 7 )) = '7(¢n(x1 ’7)’ t,,(.’L‘, Ys )) =7

by the inductive hypothesis. So suppose that v € I'y11(z) — T'n(z). Let B be a Borel
subset of X and define A = {z; : (fn(z,7))[z1] € Ta(z1)}. Then

’7(¢n+1($7 7)7 tn+1(x7 Y ))(B)
= /7((¢n+1(x, Mz, tas1(z, 7, ) [21)) (B) (Sn41(z, 7))o(dz1)

= [ HGrnte el tuss (a7, DD (B) (e, i) )
= [ #(@nir(a ). a7, DD (B) Gl Vi )
+ [ 30" @) )B) Ul i)
= [ U DD B) e i )
+ [ 8@ B) ()i ) (d)

- f (Fnles )ea]) (B) fa(@ 1) 77 ) (1)

= (falz,7)73")(B)
= v(B),

where t* is the identically zero stop rule and the fourth equality is by virtue of the
fact that t* = 0. Consequently, ¥(dns1(z,7), tns1(z,7,+)) = 7. This completes the
proof. O

4 Gambling

We turn to gambling theory in this section. Let I' be a gambling house on X. We
associate with I" an operator Gr as follows: for any bounded, upper analytic function
fonX

(Grf)(z) = sup /fd'y, reX.
y€l(z)

It is easy to verify that if I' is analytic and f is upper analytic, then Grf is upper

analytic.

Lemma 4.1. IfT is an analytic gambling house on X, then Rr ~ Gre. Consequently,
Rrf is upper analytic if f is a bounded, upper analytic function on X.(Recall that
Rp =~ Gpc means that Rr and Gre agree on bounded, upper analytic functions on X.)
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Proof. Let f be a bounded, upper analytic function on X. Then, by the change of
variable theorem, for any z € X,

(Gref)(z) = sup {/f(h,) do : 0 € ¥(z) &t a bounded stop rule} < (Rrf)(z).

For the reverse inequality, let 7 = (o, t) be a policy available in I at . Then, by the
Dominated Convergence Theorem,

lizn/f(hum) d0=/f(ht) do

where (t A n)(h) = min{t(h), n}, h € H. It follows that

[ 1ty do < @repi@
Now take the sup over all policies 7 available at z to get
(Rrf)(z) < (Gr<f)(z).
The second assertion is now a consequence of Theorem 3.3. O

Lemma 4.2. Let T be an analytic gambling house on X . If g is a bounded I'-excessive
function on X, then g is I'*-excessive.

Proof. We first prove that g is '-excesssive. Fix zo € X and vy € I'°(zg). Choose a
policy m = (o, t) available in T at = with ¢ bounded such that y = o¢;!. Since g is
I-excessive, it follows that, under o, g(zo), g(h1), g(h2), ... is a supermartingale. So,
by the optional sampling theorem ([6], 2.12.2),

/ o(he) do < g(z0)

Hence, by the change of variable theorem,

/ gdy < g(zo)

This shows that g is '“-excessive. It is now easy to verify first that g is scol*-
excessive and then that g is 5¢o ['*-excessive by using Lemma 2.4. So, by (1.2), g is
I'*-excessive. O

Lemma 4.3. IfT' is an analytic gambling house on X, then Rr = Rrs .

Proof. Let f be a bounded, upper analytic function on X. Note that I'* is analytic
by Theorem 3.3 and Lemma 2.3. Moreover, I' C I'® C I'*, so Rrf < Rr:f. For
the reverse inequality, recall that Rrf is I'-excessive by virtue of the Fundamental
Theorem applied to I'. Hence, by Lemma 4.2, Rrf is I'*-excessive. Also Rprf > f.
So, by the Fundamental Theorem applied to I'*, Rrf > Rr.f. 0O

The next theorem states that the operator Mr is determined by Gr for analytic
gambling houses. The proof is based on a number of results proved elsewhere. We
will now summarize these results.
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Lemma 4.4. If T and I are analytic gambling houses on X and Gr = Gr, then
RF ~ Rl"l

Proof. Since Gr = G, it follows that the class of I'-excessive functions is exactly the
same as the class of ["-excessive functions. Now use the Fundamental Theorem to see
that Rp ~ R[v. (]

With each analytic gambling house I' on X, we associate the operator Tt as follows:

(Tru)(z) = sup/u(ht) do, z € X,

where u is a bounded, upper analytic function on X and the sup is taken over all
policies m = (o, t) available in I" at x such that ¢t > 1.
The next lemma shows that Tt is closely related to Rp.

Lemma 4.5. IfT' is an analytic gambling house on X, then Tr ~ Gr o Ry.

Proof. Let g be a bounded, upper analytic function on X. Fix zo € X. Let 7 = (o, t)
be a policy available in T" at =y with ¢ > 1. Then

[ oty do = / [ stigpolal(@on(ds) < / (Rrg)(z) 0o(dz) < (Gr(Rrg))(x0),

where the last inequality is by virtue of the fact that oy € I'(zy). Now take the sup
of the left side over all 7 = (o, t) available in T' at zo with ¢ > 1 to get

(Trg)(z0) < (Gr(Rrg))(zo)-

For the reverse inequality, fix € > 0. Choose yy € I'(zo) such that

/ (Rrg) dyo > (Gr(Rrg))(zo) — /2.

Next use a selection theorem (see, for example, [15], Lemma 2.1) to choose vy, € I'*(x)
such that £ — ~, is universally measurable and

/ gdve > (Reg)(z) - /2

for each z € X.
Now define a policy m = (o, t) available in I" atzy as follows:
J0 =Y

and
0[17] — ¢n(.’L', ’)’z)» lf(IL', 71) € Fn - Fn—hn Z ly
o*(z), otherwise,

where ¢,,0"(z) are defined in the proof of Theorem 3.3 and T, is defined just before
the statement of Theorem 3.3; t is defined so that

tn(.'L', Yz ')a lf({L‘, 71) el -T;,n>1
tlz] = :
0, otherwise,
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where ¢, is defined in the proof of Theorem 3.3. Note that ¢t > 1. Consequently,
(Trg)(zo) 2 /g(h,) do
= [ st otelanonan)
= / [ / 9(y) v=(dy)] vo(dz)

> / (Rrg)(z) v0(dz) — ¢/2
> (Gr(Rr))(zo) — ¢,

where the second equality holds because ¥(¢n(z, ¥z), tn(Z, V2, ) = Yo if 72 € [n =Ty
for some n > 1 and t[z] = O otherwise. Since e is arbitrary, we have: (Trg)(zo) >
(Gr(Rrg))(zo). This completes the proof.

O

The next result is a characterization of Vru for bounded, upper analytic u.

Lemma 4.6. ([8], Theorem 7.1) If T is an analytic gambling house on X and u is a
bounded, upper analytic function on X, then Vru is the largest bounded, upper analytic
function v on X such that Tr(u A v) = v, where u A v is the pointwise minimum of u
and v.

An immediate consequence of Lemmas 4.4-4.6 is

Lemma 4.7. IfT" andI" are analytic gambling houses on X such that Gr =~ G}, then
Ve = V.

We now define a class F of relatively simple functions on H, which will be used to
approximate bounded, upper analytic functions. Let F be the set of all f : H — [0, 1]
such that f takes on finitely many values and [f > ] is a countable intersection of
Borel, open sets for each ¢ € [0, 1], where "open” refers to the product topology on H
when X is given the discrete topology.

Let X* = U,5o X" and H* = (X*)N. For h € H, we will write p,(h) for
(h1,ho, -+ ,hy). Let ¢ : H— H* be defined by setting

Set H' = ¢(H). The next lemma gives a representation for elements of F.

Lemma 4.8. If f € F, then there is a Borel measurable function u : X* — [0,1]
such that

f(h) = limsupu(pn(h))
n
for every h € H; that is, f = u* o ¢.

Proof. Suppose that f assumes the values a;,a9,-- ,a, With ¢; < a3 < -+ < ap,.
By Lemma 6.6 in ([15]), we can choose, for each i = 1,2,--- ,m, a Borel subset S; of
X* such that

[f > ail ={h € H : p,(h) € S; for infinitely manyn}, (4.1)
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and X*=5,2S5,2:--2 5,
Write [S;4.0.] for the set on the right side of (4.1) and e for the empty sequence in
X*. Define u on X* as follows:
u(e) =0

and, for p € X* — {e},
'U,(p):ai ifpeSi—Si+1,i=1’2’...’m,

where Sp,41 = 0.

To complete the proof, suppose that f(h) = a;. Then h € [S; t.0] and h ¢
[Siv1i.0.). It follows that h € [S; — S;414.0.], so that u*((h)) > a;. But u*(¢(k)) < a;
because h ¢ [Siy1i.0.]. Hence u*(¢(h)) = a;. O

The next result implies that the operator M is determined by its values on the
class F.

Lemma 4.9. ([16], Theorem 10.1) IfT' is an analytic house on X and g : H — [0,1]
s upper analytic, then

(Mg)(z) = inf {(Mf)(z) : f € Fandf > g}
for everyz € X.

Theorem 4.10. IfT' and I' are analytic gambling houses on X such that Gr ~ Gr,
then Mr ~ M[V.

Proof. By virtue of Lemma 4.9, it suffices to prove that My = Mp on the class F.
So fix zp € X and f € F. By Lemma 4.8, choose a Borel measurable function
u: X* —[0,1] such that f = u* o .

Now consider the nonleavable gambling problems (X*, I'*, u*) and (X*, T'*, u*),
where

I*(p) = {re;" : v € T(Up))}, p € X,
pp(z) =pz,z€ X, pe X*,

and {(p) is the last coordinate of p if p # e, while I(e) = z,.
Similarly, define I'* from I'". Observe that, if o is a strategy available in I'* or I'* at
e, then o(H') = 1. It is then easy to verify that

(Mr f)(z0) = (Vr-u)(e)
and
(Mr f)(zo) = (Vv ) (e).-
Consequently, the proof will be complete as soon as we establish that Voo = V..

This in turn will be proved, courtesy of Lemma 4.7, if we can show that Gr+ = Gp..
So let g be a bounded, upper analytic function on X*. Then, for any p € X*,

(Gr-9)(p) = (Grgy)(I(p))
and
(Gr.9)(p) = (Grg,)(U(p))

where g,(z) = g(pz), z € X. It follows that Gr-g = Gp.g. This completes the
proof. O
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The converse of Theorem 4.10 holds in a very strong sense.

Lemma 4.11. Suppose that ', I are gambling houses on X such that Lr(,) and
Yr(z) are nonempty for each x € X (so My and My are defined on bounded, uni-
versally measurable functions on H). If Mr ~ M , then Gr ~ Gpv.

Proof. Suppose that g is a bounded, Borel measurable function on X. Define § on H
by
g(h) = g(h).
Then, for any z € X,
(Grg)(z) = (Mr§)(z) = (Mrg)(z) = (Grg)().
O

For the next theorem, recall that ® is the set of Borel measurable functions from
X into [0,1].

Theorem 4.12. Suppose that T is an analytic gambling house on X. If f is an upper
analytic function on X into [0, 1], then

(Grf)(z) = inf{(Grg)(z) : g €  andg > f}
for each x € X.
Proof. Fix g € X and € > 0. Let
E ={(z,a) € X x[0,1] : f(z) > a}.

Then F is analytic. By Corollary 4.4 in ([15]), there is a Borel subset B of X x [0, 1]
such that B D E and

sup (yx A)(B) < sup (yx A)(E) +¢, (4.2)
Y€l (x0) €T (z0)

where ) is Lebesgue measure on [0, 1]. Define g on X into [0, 1] by
9(z) = A(B).
Then g is Borel measurable and g > f. It follows from (4.2) that
(Gg)(xo) < (Gf)(mo) +e.
This completes the proof. 0
An immediate consequence of the previous result is:

Corollary 4.13. Suppose that T',I" are analytic gambling houses on X such that
Gr ~ Gr. Then Gr =~ Gp.

We conclude this section with a result on the randomization of strategies. First
we introduce some notation.

For p € P(H) and n > 0, (u)" will denote the p-probability distribution of.
the first (n + 1) coordinates and u(zy,zs,...,Z,) will denote a version of the u-
conditional distribution of z,;, given x,, Z, ... , T, which is jointly Borel measurable
in u,x;,Z3,...,%Zn, as guaranteed by Lemma 3.1.
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Theorem 4.14. Let I’ be an analytic gambling house on X. Then
scoXr C Ygeor-

Proof. Fix o € X and v € scoXr(zo). So there is a probability measure m on the
Borel subsets of Xr(zg) such that

v(E) = /E . HEIma)

for Borel subsets E of H. We have to define a strategy o available in scoT" at z, such
that v = 0.
Let

o0(B) = / B ma

for Borel subsets B of X. Plainly, oo € scol'(z) and oo = (v)°.

Suppose that og, 01, ..., on—; have been defined so that o;(z),z,... ,Zi) €
sco['(z;) for all 7y, z3, ..., 7; € X and (0)' = the o-distribution of the first (i + 1)
coordinates = (v),1=0, 1,2, ..., n— 1. We will now define o,. By von Neumann’s
selection theorem ([10], 29.9), fix an analytically measurable selector v for I'. Let

W(Zr, T, - .. ) if p € Bp(zo) & p(z1, 22, - - ., T4) € T(zy)
Y(zn) if u € Xp(xo) & (1, 22, - .. ,z0) € [(zy).

Then ¢ is universally measurable. Next define a probability measure P on the Borel
subsets of ¥(zp) x X™ such that

P(S x B) = /S ()™ (B) m(dy),

for Borel subsets S of £(zo) and B of X™. Fix a version P(- | z,2,,... ,Zn) of the
P-regular conditional probability on the Borel subsets of $(z,) given x,,z,, ... , Z,.
Finally set

on(1,Z2,... ,2,)(B) = /( o, 1, T2, ... ,2o)(B) P(du | 1, o, . .. s Tn)
210)

for Borel subsets B of X and z;,73,...,2, € X. Then o, is universally measurable
and 0,(21, 22, .. ,Z,) € scol'(x,).

Now let A be a Borel subset of X™ and B be a Borel subset of X. Abbreviate
(z1,%2,... ,2,) by Z in the following calculation:

rxs)= [ (4 x By mid)

Z(z

(p(lll,.’l?],.’l,'g,... ,.’L’n) = {

-/ y [ etwa®) (@) )
- /2 P DB AP
-/ [ / s D(B) Pl f)] (v)"1(d)

- / ou(#)(B) (0)""\(d)
= (0)"(A x B),
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where the fourth equality is by virtue of the fact that the marginal of P on X" is
(v)*! and the penultimate equality is by the inductive hypothesis. It follows that
(v)® = (o)™ and the induction is complete. So v = o, hence v € Zgeor(Z0). O

The reverse inclusion £, C scoLr is also true. See Aumann ([2]) and especially,
Feinberg ([9], Theorem 5.2), who proved the inclusion in the context of dynamic
programming. But we will have no use for the result in this article.

5 Proofs of Theorems in Section 1

Lemma 5.1. Suppose that T is an analytic gambling house on X. Then the largest
gambling house I such that Gr ~ G is scol'.

Proof. It is easy to verify that Grf = Gyeorf for f € ®. Now scol is analytic by
Lemma 2.3 and, obviously, scol'(z) is strongly convex for each z € X. So it follows
from the ’only if’ part of Corollary 2.2 that Gseor f = Gseor f for f € @. Consequently,
Gr ~ Gswr - Suppose next that IV is a gambling house on X such that Gr ~ Gr
. Then Gr = Gseor on ®. It nows follows from the ‘if’ part of Corollary 2.2 that
I C 3col. O

Proof of Theorem 1.2. The final assertion of Theorem 1.2 follows from Theorem 3.3
and Lemma 2.3. By Lemma 4.3, Rr ~ Rrs. Suppose then that I is a gambling house
on X such that R ~ Rp . Let 2o € X and v € I'(zo). Then, for any g € ®,

[ 915 (Rog)(ao) = (Bro)(a0) = Grea)(zo)
where the last equality is by virtue of Lemma 4.1. Consequently,

(Vg € ®)(v(g) < sup n(g) = sup n(9)),
nere(zo) nescol*(zo)

from which it follows by Corollary 2.2 that v € 566 '°(zo) = I'*(zo). Since v € I"(zo)
and z, were arbitrary, we have : I' C I'*. This completes the proof. O

Proof of Theorem 1.3. It follows from Lemma 5.1 and Corollary 4.13 that Gr ~ Gsr
since both " and 5coI' are analytic gambling houses. Hence, by Theorem 4.10, My ~
Mgsr. Suppose next that I is a gambling house on X such that M ~ Mr. Then,
by Lemma 4.11, G ~ Gr, , so I' C 3¢ol’ by Lemma 5.1. O

Proof of Theorem 1.4. By Theorem 1.3, My, ~ Mg, .. Suppose then that ¥ is a
global gambling house on X such that My ~ Ms, Choose a gambling house I on
X such that ¥ = . Then My ~ Mp , so I C 5¢c6T" by Theorem 1.3. Hence,
E - E[‘l g Es—cﬁ[‘. D

Proof of Theorem 1.5. As observed above, My, ~ Mz, Suppose now that ¥ C
X x P(H) such that M5, ~ My.. By arguing as in the proof of Lemma 5.1, it is
easy to show that ¥ C 3coXr. To complete the proof, it will suffice to show that
50 Sr C Tsor. By Theorem 4.14, scoXr C Escor C Esr- So we will be done as
soon as we show that Zsmr(z) is norm-closed for each z € X.
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Fix 2o € X and let yx € Zsor(xo), k > 1, and assume that pp — g in norm. In
order to show that y € Ygsr(zo), we must prove that (u)° € scol'(x,) and for each
n > 1, u(x1, T, ... ,T,) € 35¢ol'(z,) almost surely ((u)"?).

To see that (u)° € 5¢ol'(xo), note that (ux)? € 3col'(zo) and (p¥)° — (k)° in
norm. Suppose next that for some n > 1 there is a Borel set E C X™ such that
()™ Y(E) > 0 and p(z1,%2,... ,2s) ¢ Scol'(z,) for all (z1,22,...,2,) € E. Write T
for (z,%2,...,Z,) and, using the notation of sections 2 and 4, define

Iz(A) = I(A; w(7))

for A C P(X). Since u(Z) ¢ scol'(z,) for Z € E, it follows that Iz(scol'(z,)) < 1 for
all £ € E by virtue of Corollary 2.2. Hence, by the bold-face version of Theorem 2.7,
there is a Borel measurable function g : E x X — [0,1] such that

sup / 0@ y)1(dy) < / o(&,y)u(@)(dy),

~y€scol(zn)

for T € E. Hence
[ st = [[| [ szou@e)] dur> [ Guored @y, 6

where g; is the Z-section of g.
On the other hand, for £ > 1,

[ sdtuy = [ | [ sz ] dmr < [ Georgledomr,
ExX E E

(5.2)
since px (%) € sco(z,,) almost surely ((ux)""!) and Gseor ~ Gsor- Now, as is easily
verified, the function Z — (Georgz)(z») is bounded and upper analytic. Since (ux)! —

(4)! in norm for each i > 0, by letting kK — oo in (5.2), we get, by virtue of Lemma
24,

/ gd(u)" < / (G reor92) (@) ()",
ExX E

which contradicts (5.1). It follows that u(Z) € seol'(z,) almost surely ((x)"!) This
completes the proof. O

Corollary 5.2. IfT" is an analytic gambling house on X, then
50 or = Sseor = Sscol-
In particular, 5co Xr and Sscor are global gambling houses on X.

Proof. The first equality is implicit in the proof of Theorem 1.5. The other equality
is proved by observing that sco Xr C Eeor (Theorem 4.14), so 5¢6 X C Tgeor. On
the other hand, Zsor C Zseor and hence Tgor € Lswor, since Tgor(x) is norm-closed
for each x € X, as was observed in the course of proving Theorem 1.5. O
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Proof of Theorem 1.6. Let X = {0,1} and define a gambling house I" on X as follows:
I(0) = {6(0)} =T(1)
Then, for any real-valued function u on X,
(Vru)(0) = u(0) = (Vru)(1).
For each a € (0, 1), define a gambling house I'* thus:
%(0) = {6(0)}; T*(1) = {(1 - b)8(0) +b5(1) : 0 < b < a}.

It is easy to check that Vr« = V for every a € (0, 1). Towards a contradiction, assume
that there is a largest house I'*. Then I'* D I'* for each a € (0, 1). In particular,

T*(1) 2 {(1 - 6)6(0) + b6(1) : 0 < b < 1}.

Now consider the following strategy o available in ™ at 1 :
1 1
o = 538(0) + (1= :)5(1)

and, forn > 1,

on(z1,Za, . ..

) 4(0) ifz, =0
3 Tn) = .
it O + (1= k) 6(1) iz = 1.

Then

o{heH:h,=1foralln>1}) = H(l— m) = p(say) > 0.

n=0

Hence, for any u: X — R,
[ = 0= pyu) + puta).

Consequently,
(Vr-u)(1) > (1 - p)u(0) + pu(1),

s0 Vr« % Vr, as can be seen by a suitable choice of u. This yields the desired contra-
diction. O

The following result is a close analogue of Theorem 1.2.

Theorem 5.3. If I' is an analytic gambling house on X, then the largest gambling
house I on X such that Ty» ~ Ty is 5c0 .

We omit the proof.



237

References

[1] T.E. Armstrong, Full houses and cones of excessive functions, Indiana Univ.
Math. J. 29(1980), 737-746.

[2] R.J. Aumann, Mixed and behavior strategies in infinite extensive games, Ann.
Math. Studies 53(1964), 627-650.

[3] D.P. Bertsekas and S.E. Shreve, Stochastic Optimal Control : The Discrete Time
Case, Academic Press, New York, 1978.

[4] C. Dellacherie, Quelques résultats sur les maisons de jeux analytiques, Séminaire
de Probabilités XIX, Strasbourg 1983-84, Lecture Notes in Math., vol. 1123,
Springer-Verlag, Berlin and New York, 1985, pp. 222-229.

[5] C. Dellacherie and P. A. Meyer, Probabilitiés et Potentiel, Hermann, Paris, Chap-
ter X1, 1983.

[6] L.E. Dubins and L.J. Savage, Inequalities for Stochastic Processes, Dover, New
York, 1976.

[7] L.E. Dubins and D.A. Freedman, Measurable sets of measures, Pacific J. Math.
14(1964), 1211-1222.

[8] L. Dubins, A.Maitra, R. Purves and W. Sudderth, Measurable, nonleavable gam-
bling problems, Israel J. Math. 67(1989), 257-271.

[9] E. A. Feinberg, On measurability and representation of strategic measures in
Markov decision processes, in : T. S. Ferguson, L. S. Shapley and J. B. MacQueen
(editors), Statistics, Probability and Game Theory, Lecture Notes-Monograph
Series, vol. 30, Institute of Math. Statist., Hayward, CA, 1996, pp. 29-43.

[10] A.S. Kechris, Classical Descriptive Set Theory, Springer-Verlag, Berlin and New
York, 1995.

[11] A. Louveau, Ensembles analytiques et boreliens dans les espaces produits,
Astérisque 78(1980), 1-84.

[12] A. Louveau, Recursivity and capacity theory, Proc. Sympos. Pure Math., vol. 42,
Amer. Math. Soc., Providence, R.I., 1985, pp. 285-301.

[13] A. P. Maitra and W.D. Sudderth, Discrete Gambling and Stochastic Games,
Springer, New York, 1996.

[14] A. Maitra, R. Purves and W. Sudderth, Leavable gambling problems with un-
bounded utilities, Trans. Amer. Math. Soc. 320(1990), 543-567.

[15] A. Maitra, R. Purves and W. Sudderth, A Borel measurable version of Konig’s
Lemma for random paths, Ann. Probab. 19(1991), 423-451.

[16] A. Maitra, R. Purves and W. Sudderth, A capacitability theorem in measurable
gambling theory, Trans. Amer. Math. Soc. 333(1992), 221-249.



238

(17] P.A. Meyer and M. Traki, Reduites et jeux de hasard, Séminaire de Probabilitiés
VII Strasbourg 1971-72, Lecture Notes in Math., vol. 321, Springer-Verlag, Berlin
and New York, 1973, pp. 155-171.

[18] Y.N. Moschovakis, Descriptive Set Theory, North-Holland, Amsterdam, 1980.

(19] R.E. Strauch, Measurable gambling houses, Trans. Amer. Math. Soc. 126(1967),
64-72. (correction, 130(1968), 184.)

School of Statistics, University of Minnesota, Minneapolis, Minnesota 55455.



