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A Stochastic Differential Equation with a Unique
(up to Indistinguishability) but not Strong Solution

Jan Kallsen

Abstract

Fix a filtered probability space (Q,F, (Ft)e>0, P) and a Brownian motion B on
that space and consider any solution process X (on £) to a stochastic differential equa-
tion (SDE) dX; = f(t,X)dB; + g(t,X)dt (1). A well-known theorem states that
pathwise uniqueness implies that the solution X to SDE (1) is strong, i.e., it is adapted
to the P-completed filtration generated by B. Pathwise uniqueness means that, on any
filtered probability space carrying a Brownian motion and for any initial value, SDE
(1) has at most one (weak) solution. We present an example that if we only assume
that, for any initial value, there is at most one solution process on the given space
(22, F, (Ft)t0, P)), we can no longer conclude that the solution X is strong.

1 Introduction

Consider the following stochastic differential equation (SDE)

t t
Xt=X0+/ f(s,X)dB,+/ g(s, X) ds, (1.1)
0 0

where f, g : Rt x C(R*) — R are predictable mappings and B denotes Brownian motion
(C(R*) := {f : R* = R : f continuous} denotes Wiener space and predictability is
defined as in Revuz & Yor (1994), IX,§1). There are at least two fundamentally different
concepts of approaching SDE (1.1).

Firstly, one can start with a filtered probability space (2, F, (F:):>0, P) and a Brownian
motion B on that space. SDE (1.1) is then interpreted as an equation only for processes
defined on 2 and by B one always refers to the same Brownian motion on 2. Existence
and uniqueness of a solution means in this context that, for any initial value X, there is (up
to indistinguishability) exactly one solution process on 2 satisfying Equation (1.1). This
concept is applied e.g. by Protter (1992) and it easily extends to arbitrary semimartingales
as driving processes.

Alternatively, one may regard SDE (1.1) independently of a fixed underlying probabil-
ity space and a fixed Brownian motion. In this context, SDE (1.1) has a (weak) solution
whenever there is a probability space and two processes X and B on that space such that B
is a Brownian motion and Equation (1.1) holds for this particular choice. Here, the space
(82, F, (Ft)t20, P) and the Brownian motion are part of the solution. Pathwise uniqueness
holds if, for any two solutions (Q, F, (F;)e>e, P, (X, B)) and @, F, (F)e»0, P, (X, B))
with (Q, F, (Ft)ex0, P) = (@, F, (F1)ez0, P), B = B, and X, = X, the solutions X and
X are indistinguishable. The concept of weak solutions is discussed in many books (see
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e.g. Revuz & Yor (1994), Karatzas & Shreve (1991)). Clearly, a solution on a fixed space
is always a weak solution. Also, pathwise uniqueness implies uniqueness on a fixed space.
For a thorough account of both viewpoints see Jacod (1979).

Following Revuz & Yor (1994) we call a (weak) solution (2, F, (F;)i>0, P, (X, B))
strong if X is adapted to the P-completed filtration generated by the driving Brownian mo-
tion B. A well-known theorem due to Yamada & Watanabe (cf. Revuz & Yor (1994), The-
orem IX.1.7; for a generalization to SDE's involving random measures see Jacod (1979),
Théoréme 14.94) states that pathwise uniqueness implies that any (weak) solution to SDE
(1.1) is strong.

Now, consider the following situation. Starting from a fixed probability space (£, F,
(Ft)t>0, P) and a fixed Brownian motion B, we are given a solution X to SDE (1.1) and
we know that X is (up to indistinguishability) the only solution on that space starting in
Xo. Is it, in general, true that X is a strong solution? (Note that we do not assume pathwise
uniqueness, as pathwise uniqueness involves weak solutions on other spaces as well.) We
give an example that the answer is no. More precisely, we present a SDE having no strong
solution, having exactly one solution (for a fixed initial value) on some probabilty space
and more than one solution on others. The example will be closely related to Tsirel'son's
SDE (cf. Revuz & Yor (1994), p. 373).

We use the following notation: [-] denotes the integer part of a real number, X is
Lebesgue measure. For random variables U, V' we write PY, PUIV, PUIV=Y for the dis-
tribution (under P) of U, the conditional distribution of U given V/, the factorisation of
the conditional distribution of U given V/, respectively. m; and 75 : R2 — R denote the
projection on the first and the second coordinate.

2 The example

Consider the SDE .
Xi=Xo+ B+ / 7(s,X) ds, 2.1)
0

where B stands for standard Brownian motion and 7 : R* x C(R*) — R is defined by

w!t !—w!t - )
T(t7 UJ) = @ ({ :k_tk-kl ; ) forty <t < Tet1,
fort=0o0rt>1,

where {z} denotes z modulo 1, the function « is defined by a(z) := zlp,1/2)(z) + (z +
1/4)111/2,3/4)(x) + (z — 1/4)1[3/4,1)(z), and (tk)ke-n is a strictly increasing sequence of
numbers such that o = 1 and limy_,_o t; = 0.

As for Tsirel'son's example (where we have the identity instead of o) 7 is predictable
and bounded and a weak solution (Q, F, (F)t>0, P, (X, B)) to SDE (2.1) with X, = 0
exists (see e.g. Revuz & Yor (1994), Theorem IX.1.11).

By (F2)t50 and (FX)i>0 we denote the P-completed natural filtrations of B resp. X.
Let (X, t)t>0 be another weak solution defined on the same filtered probability space, with
respect to the same Brownian motion B, and with X, = X, = 0. If we setfort < ¢t < tet1

e Xt - th ~ X.t - th Bt - Btk

t = ) t =y &=

t—t t—t, Tot—ty
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we have that for ¢, < t < t;y,

Xi= B, + Z a({me_ Dt = tim1) + a({ne, }) (¢ - 1) 2.2)

1<k

and hence
M =&+ o{m,}), (2.3)

and accordingly for X and 7.
Now the following statements hold:

L. Forany 0 <s <t <1 wehave FX = o({n,}) v FB.

2. Forany k € ~N there is a probability measure p on [0,1/4) and constants c,c >0
with ¢; + ¢; = 1 (independent of k) such that the distribution of {6} B = ma.})
is

1
Ao,y ® (P‘(o,l/-t) * Z(Go + €174 + €172 + €3/4)

1
+ c1plqoy + c2pl{oy * 5(51/4 +ey+ 63/4)),

where the asterisk denotes convolution and €, is the Dirac measure in a.
3. Forany k € —N the random vector ({7}, {7, }) is independent of FB.
4. X is not strong.

Since (Q, F, (F)e>0, P, (X, B)) is a weak solution of SDE (2.1), let us assume (Feso =
(F)ez0 for the following. Then we have in addition:

5. For any k € —N there is a measureable mapping 8 : R — R such that {7, } =
B({ne}) P-as.

6. (X:)e>0 and (X:)cgo are indistinguishable.

7. On (Q, F, (F¥)ez0, P) and for any a € R, the process X := X + a is (up to
indistinguishability) the unique solution to SDE (2.1) starting at @ in ¢ = 0, but it is
not strong.

Remark. Statement 7 can be strengthened in that, for any T’ > 0 (and for any fixed initial
value), there is no other process on that space solving SDE (2.1) on [0, 7).

3 Proofs

Proof of Statement 1.

The D-inclusion follows from the definitions and from Equation (2.2). Since (2.3) implies
{m.} = a({n - ge}) forty < t < tk+1, the inclusion “C” follows easily from Equation
(2.2).
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Proof of Statement 2.
We will proceed in four steps.

Step 1: Definition of several Markov kernels
We start by defining mappings

5¥:[0,4) = [0,4), z— a({z}) + [¢{a({y + [s]/4 + 2}) - a({z})}]
forany y € [0,1/4). Fork =0,...,15 we set
A= {(z,y):y €[0,1/4),z € [k/4,(k + 1)/4 - )},
By :={(z,9):y€[0,1/4),z € [(k+1)/4 ~y, (k+1)/4)}.

With this notation, we have the following simple graphical representation of the mapping
(0,4) x [0,1/4) — [0,4,0,1/4), (z,y) — (S¥(z), y). The image of

NI

Bo N\B1[\B2\83|\B1 [\Bs [\Bs \B7 \Bs N\Bs N\B1o[\B11\B12\B13]\B14\B13
AN AN 42N 43N] AN\ A5\ A6\ | AT\ As\| Ao\ A1\ JAINJAIN AN AN 413
% 1 2 3 4

under this mapping is
1

4 1NBo | \B5 | \B11[\Bs [ \Bs \B1 | \B83 \B1o] \B4 [\Bo \B7 \B2 N\B12\B13\B15\B14
0 Ao\ A\| As\| Ao\ AN\ AgN\JA1\ A 1N AN AN\ AT\ A1\ AN\ A 1N A1\ | 46\
0 1 2 3 4

Consider, for example, (z,y) € Bz, i.e., z € [2 — y, 2). It follows

S'(z) = o({z}) + [H{a({y +[z]/4+2}) - a({z})}]
r—-1-1/4+4{a({y+1/4+z}) - (z - 1-1/4)}]
= z-5/4+[4{y+1/4+z-2— (z—-5/4)}]

= r-5/4+2=2+3/4.

Hence, By is shifted in z-direction by 3/4 on B,.
Now, we define Markov kernels K¥, L¥** (for any fixed y € [0,1/4), b € R) from [0, 4)
to [0, 4) as follows:

Ly’b(z, A) = f{b—a({z})}+[sv(z)](A) forz € [0,4), A € B([0,4))

and

K¥(z, A) = /A K (e, ') da’ for 7 € [0,4), A € B(0, 4))

with .
K(z,7) =) ¢({z'} +n - o({z})) 110} ([S¥(2)] - [=']),
nez
where ¢ denotes the density of the standard normal distribution.

Lemma 3.1 Forz € [0,1), we have K°(z,[1,4)) = 0. Forz € [1,4), we have K°(z, [0,1))
=0.
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Proof. Since [$°(z)] = 0 for z € [0, 1), we have £°(z, ') = O for z € [0,1), 2" € [L,4),
hence K%(z,[1,4)) = f[m) k%(z,z')dz’ = 0 for z € [0,1). From the graphical represen-
tation of S¥ one observes [S°(z)] # O for z € [1,4), hence x%(z,2') = 0 for z € [1,4),
7' € [0,1). It follows K°(z,[0,1)) = f[o,l) k%(z,z')dz’' =0forz € [1,4). 0O

Therefore, we can define Markov kernels K from [0, 1) to [0, 1) and K from [1,4) to
[1,4) by

Ky(z, A) := K°(z,A) forz € [0,1), A € B([0,1));
Ko(z, A) := K%z, A) forz € [1,4),A € B([1,4)).

Step 2: Fixed points of the Markov kernels defined in Step 1

Notation. Let I be an interval.

1. For any Markov kernel K from I to I, we denote the corresponding Markov operator
MM(I) = MY(I) againby K (ie., KQ : A [ K(z, A)Q(dz) for @ € M'(]) :=
{Q : Q probability measure on I}, A € B(I)).

2. Weset Dy := {g € L'(I) : g > 0, [, gd) = 1}. If a Markov kernel K from [ to [
has a transition density x : I x I = R* (ie., K(z,A) = [, x(z, ') dz’), then we
denote the mapping L!(I) — L'(I), g — kg with

(ke)(&") = / w(z,2')9(z) da,

also by . Observe that &|p, C Dy.

3. Powers of a transition density £ : I x I — R* shall be defined recursively by
KNz, ) == &(z,2’) and £ (z, @) := [, (2", 2')"(z,2") dz".

Lemma32 I Foranyy € [0,1/4), b € R, the distribution }\|p,4) € M'([0,4)) isa
fixed point of the Markov operators K¥ and LV*.

2. M,y € M*([0,1)) is a fixed point of the Markov operator K.
3. 3Mpa) € M'([1,4)) is a fixed point of the Markov operator Ko.

4. For any b € R and any c¢1,c; > 0 with ¢, + ¢ = 1, the distribution aAlp) +
c23 M |4y € M*([0,4)) is a fixed point of the Markov operator Lo,

Proof.
1. Fixy € [0,1/4),b € R Forany A € B([0,4)), we have

l/ /n”(z,x’) dz' dz
4 Jpo4)Ja

1 / ,
4 /A -[S')“([[r'],(d]+1)) > #({a}+n - ol{z}) dodz

nezZ

K (7p) ()
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= i) L e +n- oSy i ar

[='L=1+1) ez

1
=1 / —{z"V) dz" dx’
4/"Afl.[f]+1)z¢({x}+n {z"}) dz" dz

nez
1., 1
- Z/A &' = TN(4),

where the third equation follows from the fact that ) is invariant under S¥ = (Sv)!
(because S is a permutation of the intervals AY, BY, k = 0,...,15), and the fourth
equation follows from {S¥(z")} = a({z"}) for any z" € [0,4). Similarly, we obtain
for any A € B([0,4))

Ly"’(i,\l[m))(A) = %A(A).

2.,3., and 4. follow along the same lines (Observe that 5°(z) € [0, 1) for z € [0, 1)
and S%(z) € (1,4) for z € [1,4)). a

Step 3: Convergence of iterates of the Markov kernels defined in Step 1

Lemma 3.3 Let I be an interval, K a Markov kernel from I to I defined by a transition
density £ : I x I = R, and suppose that there are j € N, s > 0 such that K’ (z,z') > s for
any z,z' € I. Further assume that § is a fixed point of k|p,. Then we have

sup ||&"g = gllz1 sy = 0 forn — co.
9€D;

Proof. Since kg — § = kg - ) and [ (g — §)l1sy = k(6™ - §)) Iy <
ls™(g — §)llzr(r) for g € Dy, n € N (cf. Lasota & Mackey (1985), Prop. 3.1.1), it suffices
to show that ||7A|| L1y < (1 = A(I)s)||hl|s(ry for any h € L(I) with Jihdr=0.

Let h € L'(I)\ {0} with [, hd) = 0, and denote ¢ := ||h*|| () = [|~~ || £1(r). For any
9 € Dy, 2’ € I, we have sig(z') = [, w%(z,2')g(z) dz > s, hence (kg — s)~ = 0. By
h*/c € Dy, h™c € Dy, it follows k7 (h* /c) > s, k7 (h~/c) > s. Therefore,

1K (h*/0) = sllon = [ (/0@ - do =1 XD
and accordingly ||x?(h~/c) — |17y = 1 — A(I)s. Together, we obtain
lle(s? (h* /) = ) = e(&? (h™ /e) = &) | aqay

(I8 (* /<) = sllzagy + I (™€) — sllzagn)
2c(1 ~ A(I)s) = (1= XDl |hllzs o

&7 Bl ry

han

In order to apply the preceding lemma to the kemels K¥, K, K, we state

Lemma34 I Lety € (0,1/4). Thereis a s > 0 such that, for any z,z' € [0,4), we
have (k¥)3(z,z') > s.
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2. Thereisa s > 0 such that, for any z,z' € [0,1), we have k°(z,z') > s and, for any
z,7' € [1,4), we have (k°)%(z,z') > s.

Proof. Since the mapping [0,1] X [0,1] = R, (u,v) = ez #(u + n — v), is positive
and continuous, it has a lower bound m > 0. Hence, we have «¥(z,2') > m for any
y € [0,1/4) and any z,z’ € [0,4) with [S¥(z)] = [z'].
Fory € [0,1/4), k =0, ..., 15 define the sets
AV = {z: (z,y) € Ax}, BY == {z: (z,y) € Bx}.

In the following cases (among others), we have «¥(z,z') > m:

z € (Sv)Y(0,1) ,ze€B! |zeB! ,re(,2)|zeB; ,7'€[0,1)
ze(SV)1([1,2) .o €A |[z€A] ,del,2)|z€d] ,7€[L,2)
z€(SV)Y2,3) ,Fed |zeA) ,2e(,2)|z€Al T €23
z€(SY)([3,4) .2 €Al|zeAl 7 e[l,2)|zedy ,2'€[3,4).

1. Fixy € [0,1/4). There is aé > 0 such that A(A}) >, \(B}) > 6 fork =0,...,15.
Define s := m3§? and observe that, for 2’ € [0,1),

/ K(v,z)dv> [ mdv>mg,
(12) By

and accordingly for = € [1,2), [2,3), [3,4) (with A}, A¥, A} instead of BY). It
follows for z € (§¥)71([0,1)), z' € [0,4):

Ly

(K)(z,2) =/ / Y (z, u)kY (u, v)K¥ (v, ') du dv
[0,4) J[0,4)

> / mrY(u,v)k¥ (v, 2') dudv
[0,4)

> / du m?kY(v, ') dv
BY (1,2)

> m's?,

and accordingly for z € (S¥)7'([1,2)), z € (S¥)71([2,3)), z € (5¥)7'([3,4)) (with
AY, A, AY; instead of BY).

2. Obviously, A\(A}) = 1/4 for k = 0,...,15. Define s := min{m,m3/16}. For
z € [0,1), we have S°(z) = a({z}), hence [Sy(x)] = 0. Therefore, k%(z,z') =

> ez ({2} + n — a({z})) > m for any z,z’ € [0,1). The second statement fol-
lows as in 1. (but this time with BY = ) = BY). O

Corollary 3.5 If we denote the transition densities of K1, K, by k1, K3 (i.e, k1 : [0,1) x
[0,1) 9 R ki(z, &) = k(z, =), K2 : [1,4) x [1,4) = R ky(z,3') = x(z,2")), we obtain

1. supgep,,, l(¥)"g — 1/4||L1(f0,49) — O for n — oo, forany y € (0,1/4),

2. SuPgepy, ) I1(%1)"g = LlLro,1y) = 0forn — oo,
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3. supgep, ,, (%2)*g — 1/3]| 221,49 = 0 for n = .
Proof. Lemma 3.2, Lemma 3.3, Lemma 3.4. a
Step 4: The joint distribution of ({ny, }, {7, — s, })
Define the mapping ¢ : [0,1) x [0, 1) — [0,4) x [0, 1/4) by (', ¢/) + (2’ + [4¥'], {4¥/'}/4).
¥ is a bijection with converse %! : [0,4) x [0,1/4) — [0,1) x [0, 1), (z, y) ~— ({z}, vy +

(z]/4). Further we define, for any Pprobability measure Q on [0,4) x [0, 1/4), the Markov
kernels K (Q) and, for any b € R, L*(Q) from [0, 1/4) to [0, 4) by

K@ 4) = (0@ =) (4) = [ K¥(z, 4) @uir=y(am)

L@ 4) = (1@ m=)(4) = [ 194(z, 4) Q= ar)

foranyy € [0,1/4), A € B([0,4)). One easily checks that K (Q), L*(Q) are indeed Markov
kernels. For any k € —N, we denote by 1 the distribution of ({n,, }, {7ie — m 1)

Lemma 3.6 Forany k € —N, we have pu, = K () ® pf2 .
Proof. Fork € —Nlet (Uy, Vi) := ¥({ne, }, {fi, — ne. }). Then we have

(U, Vi) Y({nee b (e — M })

b({ew + a({m_, D} {a{fie_, }) — a({m,, D}

({en + a({Ue-1 D} + (4{a({Us-1 + Vior + [Uk-1]/4}) — «({Uk-1 Y,
{H{o{A-,}) — a({m_, })}}/4)

({en + a({Ue-1 )} + S (Ue-1)), {4{Fitr, — M1, }}/4)

({een + a({Uk-1 1)} + [S¥*1 (Uk-1)], Vi) (3.1

Since ¢, is independent of F;, | and N(0, 1)-distributed, we have for any A € B([0,4) x
(0,1/4))

p(A) = // La({w + o({u})} + [S"(u)], v) pr-1(d(u, v))$(w) dw
= // lA({’IU’} + [S"(u)],v)(p(w' — a({u})) uk—l(d(uv ’U)) dw'
- / A L+ (S 90+ (1)) s (0 0)

o

nez

- |/ - Law”, 0)8({w} + 1~ a({u})) du” pe-s(d(u, )

[[S*(@)[S*(@)]+1) nez

=[] a0 3 bt} + ot () (5700 i s ()

neZ

/ / / 1a(w", v)K" (u, w") dw" u:‘_"lmz"(du) p2 1 (dv)
[0.4)
(K (k1) ® pg2 ) (A).
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Lemma 3.7 Fixk € —N. Then we have:

1. 172 does not depend on k. We denote this distribution by p.

2. p:‘I"F" = o, p-as. fory € (0,1/4). There are constants c;,c; 2 0 with
¢1 + ¢ = 1 and such that ,u:'l"’:o = c1A|jo,1) + 23 Al[1,4) p-a.5. In addition, ¢y, c;
are independent of k.

3.y does not depend on k. We write p := p.
Proof.
1. This follows by induction from Lemma 3.6.

2. Since, by Lemma 3.6, u7™=¥(4) = [, [#¥(z, ) urm™=Y(dz) dz’ for p-almost
all y € [0,1/4), A € B([0,4)), we conclude that ™=V has a Lebesgue density
g’,:, € D[OA) for any K € -N.

1t suffices to show:
”gz - 1/4“L1([0,4)) =0 for p-a.a.y € (0, 1/4)

and, if p({0}) > O, then there are ¢, c; > 0 with ¢; + ¢z = 1 such that

1 =0
0 +co
— (el 1 “ ’
”gk. (c1 (o.1) T €23 [1'4)) Li({0.4)

By Lemma 3.6 and induction, one has that for any [ € N:
9! = (k¥)'g¥_, M-as. for p-aa. y € (0,1/4)
and
g2() = (&)'gps = (k) gb-tlon L () + (k) Gh-lpolus () Aas.,
hence
2oy = (81)'g0_iliony A-as., gh()lne = (%2)'gh-ilne A-as. (3.2)

Let & > 0 and choose [ € N big enough to ensure

sup [|(k¥)'g — 1/4||z1(oy < € fory € (0,1/4)
9€Do,4)

and

sup [|(k1)'9 — Ulerqony <& sup [I(k2)'g — 1/3llLrue <&
9€D(o,1) 9€D1,4)

Then we obtain

gt — 1/4llo.0p = N(K¥)'g¥_; — 1/4llL2o,ay) < € for p-a.a. y € (0,1/4).
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We define real numbers ¢, := p_,([0,1)) = f[o,x) gi_(z)drandc, == ud_,([1,4)) =
f[L " 9¢—(z) dz. By Equation (3.2), ¢,, ¢, are independent of . Since =9l €
D[O,l) and ;l;g,‘c’_ll[l,‘;) € D[1,4), we obtain

1
”92 - (611[0,1) + 6251[1,4)) “

0
- C
“g" ‘“ LY([1,4))

1 1 1
() oler )
cll(k _ 1 + -

1“( 1) clgk ! L (o.) ca||(k2) ng,‘ Y 3l
< e +coe =¢.

LY([0,4))

I

+ot - eag]
Loy 1% T 423

3. This follows immediately from 1. and 2. O

Corollary 3.8 p, ci, ¢, satisfy Statement 2 in Section 2.

Proof. Fix k € —N. By v we denote the distribution of ({ns, }, {#is, — m,}), i.e., v =
¥~!(u). Then we have for any A € B([0,1) x [0, 1)):

v(4) = p((4)
= w(AN([0,1) x [0,1/4))) + u((AN ([0, 1) x [1/4,1/2))) + (1, -1/4))
+u((AN((0,1) x [1/2,3/4))) + (2,-1/2))
+p((ANn([0,1) x [3/4,1))) + (3,-3/4))

1
= (Z)‘llo,l) ® Ii"’|(o,1/4))(A) + (c“\ho,l) ® #"’l{o}) (4)
1 1
+ (Z/\I[o.l) ® (1™ |(0,1/4) * 61/4)) (4) + (62‘3')‘“0,1) ® (™0 * 61/4)) (4)
1 1 n
+ (Z’\|[°’1) ® (1™ (0,1/4) * 61/2))(A) + (ngf\llo,x) ® (b (0 * 61/2)) (4)
1 1
+ (Z)‘I[O,l) ® (1™ (0,1/4) * 63/4))(A) + (02§>\|[o,1) ® (u™|(0} * 63/4)) (4)
1
= Aoy ® (P|(0,1/4) * Z(fo + €174 + €172 + €3/4)

1
+aploy + caplioy * 5leya + e + 53/4)) (4).

O

Proof of Statement 3.

Fix k € —N. It suffices to show that ¢({n,}, {f;, — 7, }) is independent of (B, —
By, _)t._i<t<1 for any ! € N. This follows from

Lemma 3.9 Foranyl € N, p is a version of PY{"sh{ee = DI(Be=Bey_)ey_1<ecr,

Proof. 'We prove the lemma by induction on . For ! = 0 this holds, because (B —
B, )ty <t<1 is independent of F;,. Assume that the lemma holds for [ — 1 € N (regardless
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of k). By Equation (3.1), by assumption, and by Lemmas 3.7.2 and 3.2, we have for any
A € B([0,4) x [0,1/4)):

pyUne b {ie, =Nt DI(Be=Bey_ )e,_ <t<1 (A)

Il

/1,4({6:,, + a({u})} + [S"(u)],v) Pw({mk_l},{ﬁck_.—nck_l))I(Bt—Bek_,)e,‘_,«gx(d(u, v))

/ La({ee, +a({u})} + (5 ()],v) u(d(u, )

/ / / L4(0 1) €ges +attupy+tsv(u () 5= (du) ™ (dv)

(Lo () @ u™)(A)
= p(A)

I

O

Proof of Statement 4.
This follows easily from 3. and the fact that the distribution of {n;, } is Alj,1) and hence not
degenerate.

Proof of Statement S.
We have

{fhk} = E({ﬁlk}l}-lx) = E({ﬁtk}lo({ﬂtk}) \ -7:13) = E({fhkﬂa({ﬂtk})) P-a.s.,

where the third equality follows from Statement 3 (cf. Bauer (1991), Satz 15.5).

Proof of Statement 6.
Observe that

Eptim -ty = PN
— p{ﬁek—mk}ﬂmk)

1
<P|(o.1/4) * Z(Go + €174 + €172 + €3/4)
1
+ c10|{0} + c2plf0} * 5(61/4 + €12 + 63/4)) .

This is only possible if pl(0,1/4) = 0,c2 = 0 and hence {7} = B({ns,}) = {m.} P-as.
By Equations (2.3), (2.2), and according equations for X, we conclude that {7, } = {n}
P-as. forany | € —N and therefore X; = X, P-as. forany ¢t > 0.

Proof of Statement 7.
X is obviously a solution to SDE (2.1). By 4., it is not strong. For any solution X start-

ing at g, the process X® — ais a solution starting at 0 and hence indistinguishable from X.
Thus, X is indistinguishable from X°.

Proof of the remark.
The whole proof works analogously if all processes are restricted to [0, T') for any T' > 0.
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