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Abstract

For a random walk on a tree, we give analogues of Wiener’s test relatively
to Dirichlet’s problem for the endpoints of the tree.
Résumé
Etant donnée une marche aléatoire sur un arbre, nous établissons pour les
points de la frontiére des critéres de régularité analogues & des critéres classiques
relatifs au probléme de Dirichlet pour le mouvement brownien dans R™, dont
celui de Wiener pour n = 2.

Keywords Dirichlet problem, resistance, regularity criteria.

1 Introduction

Let A = (A,U,0) be a non oriented infinite tree with a root : A is the set of vertices
z,y,a etc., U the set of edges (z,y) or [z,y], and 0 a fixed point in A. We denote by
z ~ y the symmetric relation (z,y) € Y and d(z) the cardinality of {y € A: z ~ y}.
We suppose
2 < inf d(z) < supd(z) < 00
z€A z€EA

verified ; in particular A is countably infinite. A geodesic ray (starting at 0) of A is
any one to one sequence 7 = (z,) of vertices such that zo = 0 and x,, ~ 41 for all
n € N, and the end of A is the set of all geodesic rays.

We consider a resistance R on A, i.e. a function from U to R, such that R[z,y] =
Rly,z] for all [z,y] € U and we associate to R a random walk X = (X,)a>o0 with
Rz,y]™!
Z{z:y~z} R[y7 z]-l
otherwise, where p,, = 1/d(y) if z ~ y in the simple random walk (R = 1). We
denote by P, the law of Xo = z, Ty = inf{n > 0 : X,, = y} the first hitting time of
y € A, and Sg = inf{n > 0: X,, € B} the first return time to the subset B of A. We

assume in all this article that X is transient, i.e. P;[S(;3 = oo] > 0 for all z € A.
Following [1] we say that a geodesic ray 7 = (z,)nen is regular for the Dirichlet

problem if lim, e Pr,[To < 00] = 0; this is analogous to classical definition of a

regular point of a Dirichlet problem. In [4] and [11], Wiener’s test in the continuous

transition P(Xpp1 = 2/Xp = y) = poy = ifx ~yand =0
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case is presented. In [12], [6] the description of the Dirichlet problem on graph and
conditions to obtain a regular problem are given. In [2] another description is given.

In §2 we establish a criterion of regularity, for geodesic ray for random walk on a
tree, analogue in the simple case to Wiener’s test [11], [4] for the brownian motion in
R?, and we give the analogue of Frostman criterion.

In §3 we give a characterization of the regularity of a geodesic ray, analogous in
the simple case to Wiener’s test which we find in [5] for brownian motion in R™,
n > 2. This characterization is based on the behaviour of the potential kernel in the
neighbourhood of geodesic ray.

2 Electrical network and Wiener’s test

To each a € A we associate a partial order (orientation) <, on A as : for ¢ # y we
have z <, y if and only if = belongs to a geodesic ray between y and a. We call a flow
started at o any function I* from U to R such that

L Yyany I*([ey]) =1 and 50, I%([8,y]) = 0 for all B # o
2. I*([z,y]) = —=I*([y, z]) for all [z,y] €U and I*([z,y]) > 0if z <4 y.

The energy of the flow I* is the number E(I*) = 1 ¥,.., Rz, y]I*([z,y])*. Since the
random walk X is transient, there exists a flow I starting at o with finite minimal
energy (see [8] and [10]) E~ which we call the resistance of A at a and we denote
it by Ra(a). We think of R4(a) as the inverse of the ordinary capacity. If B is a
subtree of A rooted at o, we define in the same way the resistance Rg(a) of B at «
if B is transient, and we put Rg(a) = oo if B is recurrent. Finally, if = (z,)nen is a
geodesic ray we denote by A,(z,) the subtree of A which has

{zn} U {x € A, Tn <gpp T, Tn <o 1)},
as vertices and we denote by R, (k) the resistance R4, (s,)(zx) of Ay(zx) at k.

We now give the analogue of Wiener’s test for the tree [11]

Theorem 1 Suppose that R[z,y] > 1 for all [x,y] € U. Then a geodesic ray n = ()
s non regular if and only if

(o] 1 n

> 3" Rlz, Tk-1] < o0;

it By(n) k=1

in particular, if we have R[zk,zk41] = 1 for all k € N, the geodesic ray n = (zn)n is
non regular if and only if

L Ry <

We give an example before proving our theorem.
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figure 1

Let us consider the simple random walk X in the tree A depending on the param-
eter r. Using the symmetry of A,(n) we obtain

Ry(n) = [n'] + 1.

According to Theorem 1 5 = (k)ken is non regular if and only if 3°,cyn/Ry(n) < oo,
which is equivalent to r > 2. Furthermore if @ < 2 then limy, o Py[To < 00] = 0 but
if > 2 then limy, o Pr[To < 00] > 0.

We prove Theorem 1 in several steps.

First, if R, (k) is infinite for all k£ then the ray 5 is non regular because R > 1. Hence
we can suppose that there exists k such that R, (k) is finite and then we can change
zx to 0. For simplification we suppose R, (0) is finite, which implies [**([zx, z4-1]) > 0
foralln > k> 1.

Proposition 1 Let n = (z,)nen be a geodesic ray.

1) For all k > 0 the quantity

_ I ((zk, 2aa))
In([2h41, 24])
is independent of n > k.
2) A geodesic ray n is non regular if and only if Tl.encn > 0.

Proof of proposition 1 Part 1) is trivial. To prove 2) note that the flow starting at
a defined by

I%[z,y] = ZPa[Xk =z, X1 = y| Py[Te = 0] if £ <4 9,
k€N
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is the flow of minimal energy E®". This means that
jz"([.’l,‘l,IEo]) < Pzn[TQ < OO]
Combining this inequality and the transience of X we easily deduce 2).

Proof of Theorem 1 Suppose R, (k) < oo and R,(k+1) < co. Using the minimality
of the energy I°*+2, we obtain the equation of equilibrium

Rlzigr, sl 142 [z, Thopa]) + Rn(k){iz“i([kawk])—fr"*’([fk’ ze-1])}
= Ry(k+ 1){I™*([zr42, Thy1]) — I+ ([2hs1, 24]) )

Dividing each term by [ #x42([Tgy2, Tk41]) We obtain

(1 = ce41) Ry(k + 1) = crs1 Rlzrer, @r] + crpa (1 — cx) Ry (k).

Multiplying by [T}, ¢i for n > k + 1, we obtain

Ry(k+1)(1 = cx41) ﬁ ¢ = Rlzesr, 74 fI ¢+ By (k)(1 - cx) f[ Gi

t=k+42 1=k+1 t=k+1
and finally
(1= ) Boln) = 3 Rlonenras] T1 e+ Bo(0) T s &)
k=0 i=k+1 =1

if Ry(k) < oo for k = 0,...,n. We show easily that (1) is true if we suppose only
Ry(n) is finite and R, (k), for k = 1,...n — 1 are finite or infinite. This implies the
inequality

n

l1—cp> zk-1] [ &)
1=k

=1

and therefore

oo 0o
S-e)23 4
n=1 n=

If n = (z,) is irregular, by Proposition 1 []%, c, is finite, and so the series

i R[.’L‘k, Th- 1] H C;

i=k

Z (Rlzk, Tk 1]116, (2)

n),c

ﬁ[vjs

converges, and by inequality (2), we have

Z R[zk, T-1] < 00.

i3

Rn(n)

If n is regular, by Proposition 1, R[z1,zo] > 1 and (1), we have

(1-ca)

RO < ey 5 Alew i [l ®)
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for all n. Since ¢; €]0,1] and limp—,c0 [Tie; ¢ = 0, Ypen(l — ¢n) diverges, and by using
inequality (3) we obtain

Z R,,( Z(R[mhzk I]Hc')

i=k

This completes the proof because ¢; €]0,1].

The consequence following Theorem 1 has an interesting physical interpretation.
Let us denote by I° and E° the flow and the energy at equilibrium starting at 0 i.e.
the flow with minimal energy starting at. 0.

Proposition 2 Lety = (zn)nen e a geodesic ray and define the equilibrium potential
VO(n) at 7 by

(o]
Vo(n) = Rlzk, k1] [Tk, Thsa].
k=0
The ray 7 is irregular if and only if Vo(n) < E°.
Proof First let us define, for n > 0, the variation potential at equilibrium f/,,o(n) in
Aqy(zn) by o - -
Vo (n) = Ry(n){I°([zn-1,2n]) = I([n, Tnta])}-

Suppose 7 is irregular. Using the equilibrium for n < m at R,(m) and R,(n) we obtain
72 = 3 Blow,ereal lan, il + V5 (m),

if R,(m) < oo and R,(n) < oo. Since I°[zk, Tk41] — 0 if £ — oo we obtain

2 V()

io.’t 1, = N
’7[ k+ ll'k] "=Ek_:‘,1 R,,(l)

For simplification, we put
‘Z]o(pn + k) = f/no(pn+l) for k= 17 *tty Pl — Pn

where R, (pn) < 00, Ry(Pn +1) = 00, +, Ry(pns1 — 1) = 00, Ry(pn41) < 00. Thus we
have

e = 720)
Vo n) = Vo n+1 Rlzy,z X ; 4
o (Pn) o (Pat1) + IZ;;.. le k+l]i=zk;-1 R, (7) “

since 7 is irregular the series of general term

Rlzy, Tr41
onsl 32 7

is convergent by Theorem 1. Therefore we have

IT (1 +”"§f Rlzk, zk41) E n(l)) < 00;

n>1 k=pqn i=k+1
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by applying the inequality (4) and the nonincrease of ¥;2(n), we obtain limy,_,, f/no(n) >
0, which proves the first implication. ~ o
Conversely, V°(n) < E implies inf, V;(r) > E — V°(n) > 0 and equation (3) gives

n inf VO(k o Thy Tkl
V(pa) 2 fV()(1+k§,, Rz +]'§Ll&())

and therefore the result follows.

3 A third criterion of irregularity
In this section we assume that
0< 1nf Y Rly,2]"'<sup > Ry, 2] <o
{z y~z} veA {z:y~z}

and we denote by G the potential kernel of the transient random walk X. Let 5 = (z,,)
be a geodesic ray.

Since n — P, [T, < oo] is nonincreasing for large value of n, and since G(z,,z) =
P, [T; < 00] G(z,z) then Jim G(zn,z) exists. We denote it by G(7, z).

For a subset B of A we define its capacity Cap(B) as in [9] by
Cap(B) = ) _ C(z)P[Sp = ],

z€B

which is equivalent to other classical definitions.

Theorem 2 Let ) = (zn)nen be a geodesic ray and put for all k € N
Ar={zecA:2F< "llglo G(zn,z) < 2841},
If n is irregular we have
liirisogp 2"Cap(A,) > 0.
If n is regular we have G(n,z) =0 for all z € A.

We begin the proof with two lemmas.
Lemma 1 If lim P;,[To < co] > 0 then Jim Po[T, < oo] =

Proof of lemma 1 Suppose the result is not true, i.e. Jim By[T;, < oo] # 0. By
proposition 2.6 of [3] (strong Markov property) we have

P [Ty < 0] = P, [T;,,_, < 00| Py, [To < 0]

n—-1

and
By[T;, < 0] = Ry[T;,_, < 00| Py, _, [Ty, < ).

By this equality we have

Jim Py, [Tz, < 00] = P, [Ty, , <oo] =1
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which gives limy—,c0 Py, [Sz, < 0] =1 and so lim,—, G(2n,2s) = 00. By [3] we have
C(zn)Pe,[To < 00] G(0,0) = C(0)Py[T%, < 00] G(zy, ) (5)

because
C(zn) G(z4,0) = C(0) G(0, z,)

and for all z,y in A we have
G(z,y) = P[T, < o]G(y,y)-

Since the graph is bounded, this gives lim Po[T., < oo] = 0, which contradicts the
hypotheses. Hence the lemma is proven.

Lemma 2 If n is irreqular, then, for all € > 0, the subsets {z € A : P[To < o0] > €}
and {z € A :lim,_ G(2n,) > €} are non recurrent.

Proof of lemma 2 Let us denote by A, . the tree induced by {z € A : P;[Tp < o0] >
€}. If A, is finite, { € A : P;[To < o0] > €} is non recurrent ; if A, . is infinite, every
geodesic ray of A, is irregular, and hence applying Proposition 4.3 of [8], we obtain
that A, ¢ is recurrent, and so {z € A: P;[To < o] > €} is non recurrent.

To prove the non recurrence of the second subset in lemma 1, we apply the first
part to each element of the decomposition of {z € A : limy—o G(2n,z) > €} in the
subgraph A,(z), k£ € N, and so we easily obtain the conclusion.

Proof of theorem 2 Suppose the geodesic ray is irregular ; by Lemma 1 and equality
(6) we have
nlgg) G(n, Tn) = .

Let n € N* such that, in A, we have a vertex zx of 7 and i, the largest k € N such
that x € An. Let u, be the equilibrium measure of A,, i.e. the non negative function
un such that Gu, =1 in A, and vanishes in the complement of A,. In fact A, is non
recurrent by Lemma 1, and we have u,(z) = P,[S4, = oo] for € A,. By definition
we have

2n+lcap (An) =2t Z un(.‘II)C(x);

TE€EAn
since G(n, z) € [2",2"*!] for = € A,, we have

2" Cap (4,) > Z klim G(zk, z)un(z)C(z),

TEAn

and
> klim G(zk, z)uq(z)C(z) > 2"Cap (An)-
TEAn oo
On the other hand, since z;, is in the geodesic ray between z; and z for large values
of k, we have
G(zx,7) = P, [Ts;, < 00] G(zi, ).

This implies

2" Cap (An) > D klim P, [Ts;, < 00] G(zi,, ) un(z) C(z)
z€An "
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and
> klim P, [T, < 00] G(zi,, ) un(z) C(z) > 2"Cap (A,)
L’EA" —+00
so
2"*1Cap (A,) > klim Py [Ty, < 00] Y. G(zi,,2) un(z) C(x)
—00 2€An
therefore

2"*1Cap (A,) > klim P, [Tz, < o).
With the same argument we have

klim P, [T;;, < oo]2> 2"Cap(An)/[m$( C(z)].

which finishes the result and the theorem.

Remark Here we use a geodesic ray for the determination of A,. We have an anal-
ogous result if we replace the geodesic by a vertex : we obtain in the case of a tree
Wiener’s test for Markov chains in [7].

4 Appendix

We give an example in which there are infinitely many non countable irregular points
which are in the support of the harmonic measure starting at the root.

Let I' be the dyadic tree which has vertices, root and edges denoted respectively by
(Zn)nen, zo and (4, 7) if ; ~ z;. Let (n,) be a increasing sequence of N* such that the
series 37,51 p/Np41 is convergent. We construct the tree A (see figure 2) as follows.
We introduce n, —1 vertices, in each edge (i, ) such d(zo, z;) = p and d(zo, z;) =p+1
and we attach at each vertex z; of T a tree I';, where I'y,, is the tree obtained by
attaching at the root of a dyadic tree a geodesic ray formed with n, — 1 edges.

symbolizes the infinite

dyadic tree the pasted tree at zj,

Tjn—1 Nd(o,z;,_,) edges

figure 2
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We show easily by applying theorem 1 that a geodesic ray of A which contains an
infinite mumber of z;’s and passes through =y, is irregular and is in the support of the
harmonic measure p(-) = Py, (+). Then we have an uncountable set of irregular points
in the support of the harmonic measure
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