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Abstract

We consider a one-dimensional Branching Brownian Motion. We present a large devi-
ations result concerning the almost sure number of particles along any given path. We
then observe the implications of this result by studying Branching Integrated Brownian
Motion.

Key Words: Strassen Law, Large Deviations, Branching Diffusion Processes, Reac-
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1 Introduction

Branching Diffusion Processes (BDPs) have been studied extensively over the last
decades. The behaviour in expectation is well understood, but to study the almost
sure behaviour of a BDP, one must study the associated Reaction-Diffusion equation
using martingales theory. We refer the reader to [Neveu] for an excellent exposition on
the subject.

We analyse the almost-sure behaviour using large deviations techniques while concen-
trating on the study of a dyadic Branching Brownian Motion (BBM). We formulate
a large deviations principle for the almost sure rate of growth of particles along any
given path.

This work is divided into two sections.

e The derivation of the almost sure rate of growth function, measuring the number
of BBM-particles along any path.

o An example of how this derivation can be utilised.

We begin by studying the rate of growth of the ezpected number of particles along any
path of a BBM. The result follows directly from work by [Schilder] who first described
the large-deviation principle associated with the paths of a single particle. We com-
bine his result with a simple many-to-one picture to deduce the rate function for each
BBM-path. This provides the upper bound for the almost sure rate function. We then
pull together results by [Uchiyama] and [Chauvin] to prove the lower bound.

In the second section, we consider a system of breeding particles, whose velocity is
given by a Brownian Motion. We arrive at a two dimensional point-process on the

plane (B,-(t), fot B,-(s)ds). We study the phase plane to discover that the behaviour
almost surely and in expectation is extremely different.
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The remainder of this introduction sets up the background with some definitions.

1.1 Constructing The Branching Brownian Motion Model

Let each Brownian particle wait an exponential time of rate 1 before dying while
giving birth to 1 + C offspring. We excluded the possibility of death so that 1 + C
is a Z*—valued random variable. We also impose that E(C'logC) < oco. At birth,
the parent particle and its offspring share the same spatial position, but from then on,
each offspring follows an independent Brownian path. We follow Neveu’s construction.
A finite sequence 7 of numbers will label each particle, starting with the first particle
labelled @. Each particle i has 1 + C; descendants 0,41 ...iC;. Let I = UnEA/Z+" be
the space of labels. Let 7; be the lifetime of particle ¢ (z € I). Particle ¢ will thus be
born at time

k=n-—1

Ti= ) Tiqs Hi=j1. ja
k=0

The 7; are assumed to be strictly positive random variables satisfying the non-explosion
condition: {3 : T; < t} is finite for all ¢. The trajectories of particles are continuous
maps B; of the time intervals [T}, T; + 7;] into R such that B;.(Ti.) = B;(T; + 7;) for
every 1 € I and ¢ < C;.

A point w € Q is a collection {r;, B;,C; : i € I} satisfying the above conditions. Let
Niy(w) = {i : T; <t < T; + 7;} be the set of particles alive at time ¢. The filtration
{F::t € R*} on Q is generated by {N,, (B;(t),i € N)} R+ There exists a unique
probability measure P on (2, F) such that {B; : i € I} is an independent family of
Brownian-motion processes with each B; started at B;(T;), stopped after an exponential
time 7; of mean 1, and giving birth to C; offspring at its time of death.

Although C' need only satisfy E(C'log C) < oo, we will restrict ourselves to the simple
dyadic Branching Brownian Motion where C' = 2 almost surely. Our results fail if
E(ClogC) = 0o because result 3 is no longer valid.

1.2 Scaling The Branching Brownian Motion

At time T (now a fixed time), let us scale the BBM by a factor of T' in both the space
and time coordinates. We get a branching process on the time-parameter set [0, 1].
Specifically, for every i € Nr, let zI € C°([0, 1], R) - the space of continuous functions
from [0,1] to R — be the T-scaled path of particle %, defined as

x;r(t) = %BatT(i) (tT)

Here, a,r(¢) denotes the unique ancestor of particle ¢ at time ¢7". Clearly all T-scaled
paths satisfy z7(0) = 0. We let Cy be the space of continuous paths started at 0
with the supremum norm ||z — 2|| = supyc.<, |£(t) — 2(t)|. Let C; be the space of
paths which are also absolutely continuous with fol i%dt < co. If D C C,, then let
Mp(T) denote the set of particles at time T whose T-scaled path is in D. Also if
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Dlp :={z € C°([0,6),R) : 3z € D, z(t) = 2(t) Vt € [0,0]}, let Mp(T,0) denote set
of particles whose T-scaled path is in D|s up to time 8 < 1.

Mp(T) = {i € Ny : 2T € D},
Mp(T,8) := {i € Nor : zT|s € D|o}.

The function z|y € C°([0,6],R) is z truncated at time 6.

2 Rate of Growth in Expectation

We denote the law of a standard Brownian Motion run until time 1 as P;,. We also
denote the law of an individual T-scaled path z7 path by Py/r which is the same in
law as P, defined in [Varadhan, Section 5]. The large deviation principle associated
with {Pyr : T € R} was first proved by [Schilder] with a rate function

1.0, -
- L[y #%dt ifz € Cy,
Ia): { &) otherwise.

Of course, nothing stops us running the process only until time §7 where 6 € [0,1].
We get a slightly modified rate function I(z,6) = 1 foo i2dt.

Let D be a subset of Cy. By conditioning on the first birth, we arrive at a many-
to-one picture:

E(|Mp(T,6)|) = E(INer|)P(z" o € Dlo),

whence

T 'log E(|Mp(T,8)|) = T~ log { E(|Ner|)P(z"|s € Dls) } ,
=0+ T 'log P(z¥|y € D}y),
~ 60— I(z,0).

In fact, combining [Varadhan) and the many-to-one particle picture, the following result
is immediate:

Result 1. Let J(x,0) := 0 — I(z,0). If A and D are an open subset and a closed
subset of Cole respectively, then

lim inf 7" log E(|M4(T, 6)|) > sup J(z,6),
T—o0 z€A

limsup T~ log E(|Mp(T, 6)|) < sup J(z,90).
T—o00 zeD
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As a matter of convenience, for all 8 and for all sets B, we let

I(B,0) := ilelgl(z, 6),
J(B,0) := sup J(z,6).

T€EB

We note that I is lower-semicontinuous while J is upper-semicontinuous in the sense
that lim,,; I(z) > I(z) and lim,,, J(z) < J(z).

3 Rate of Growth Almost-Surely

We wish to transform the result in probability to an almost sure result, so that for
some function K'(z) to be determined later (which we might hope looks like J(z)), we
have almost surely;

lim T 'log |Ma(T)| > sup K(z),
T—o0 zEA
lim T~'log |Mp(T)| < sup K (z).
T—o0 z€eD
We certainly expect K (z) < J(z) for all z € C;. We can improve this upper bound by

considering the following: Suppose that for some 8 € [0, 1] we have J(D, ) < 0. Then,
using result 1 and Chebychev inequality, we deduce that as T' tends to infinity,

P(|Mp(T,0)| > 0) < exp{TJ(D, 6)} - 0.

Intuitively, this implies that limr_,o, | Mp (T, 8)| = 0, and consequently also limr_,o |Mp(T)| = 0
almost surely. This is a better indication as to how J “controls” K. It turns out that
this upper bound is actually tight and distinguishes exactly between the different rates
of growth. We now begin the rigorous study.

3.1 Upper Bound

Lemma 1. Let D be a closed subset of Cy. Then for every 6 € [0,1], we have almost
surely:

lim sup T~ log |Mp(T, 0)| < J(D, 6).
T—o00

Proof. Suppose that the result is false. Then there exists a # and an event W with
P(W) > 0 such that, for every w € W, limsupy_,o, T~ log |Mp(T,6)| > J(D,6).
Hence if

Wy = {w € Q: limsupT~'log |Mp(T,8)| > J(D,8) + n1},
T—o0

then P(W,) > 0 for some n. It is now clear that
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limsup T~ log E(|Mp(T, 9)|) > J(D,6) +n!

contradicting result 1.
O

In particular, we see that if for some § < 1 we have J(D,8) < 0, then, almost
surely, limr_,oo |Mp(T,0)| = 0. Since zI € D implies that z7|, € D|s we must also
have that limr_, |Mp(T)| = 0 almost surely. This leads us to the following definition
and the upper bound result:

Definition (The Almost Sure Rate Function). Let 6, € [0,1] U {co} be the last
time at which J(z,0) is non-negative, 8, := inf{6 € [0,1] : J(z,0) < 0}. Define K(z,8)
as:

J(Z7 0) Zfa S 007
—00 otherwise

K(z,0) := {

Result 2. Let 6 € [0,1] and let D C-Cy be closed. Then

limsup T~ log |Mp(T)| < sup K ().

T—o0 z€D

3.2 Lower Bound

We shall prove the lower bound in stages. We first consider open sets around linear
functions, then open sets around piecewise-linear functions, and finally arbitrary open
sets. We use the following definition of an open e-neighbourhood:

Az, e) :={2€Cy:||z—z||<e} ={z€Cy: Sl:p |z(t) — 2(2)| < €}

Lemma 2. Let z(t) = Mt be a linear function with 0 < A\ < /2. For every e > 0, we
have almost surely,

liminf T~ log |[Maz,¢(T)| > 1 — 1A%
T—o0

Our proof relies on work by [Uchiyama] with slight modifications using change of
measure by [Warren]. Their result involves the convergence of expressions of the the
form e/t Y en, 9(Bi(t) — M)e*B:®-3*". We consider a special case of their result,
when g(z) = 1jp,j¢** to deduce the following:

Result 3. Let |)\| < \/§ Let N[)\T,AT+1](T) = {’L € NT VA S B,(T) _<_ AT + 1}
represent the particles at time T with spacial position between AT and AT + 1. Then,
almost surely,

Tlgrgo \/Te_(l‘%’\2)T|N[,\T,,\T+1](T)| — constant X Z)(00),

where Z)(00) is a strictly positive random variable.
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Before we prove lemma 2, please note that this result is true for an arbitrary birth
process C as long as E(ClogC) < oco. It is for this reason that we imposed this
condition on the birth process.

Proof of Lemma 2. Consider the total number of particles at time T > 1/§ in the
interval [AT, (A + 6)T]. Result 3 clearly implies that almost surely

Jim T~ log |[Npxroaym| > 1= $2%

Next, define the closed sets

D; :={z € Cy\ A(z,¢) : 2(0) =0,2(1) € [\, A+ 4]}

If § = 0 then I(Do) is minimised by the piecewise-linear path 2(0) = 0,2(}) =
1A+¢€,2(1) = A and so I(D) = 1A\2+2¢2. By definition, a lower semicontinuous function
satisfies lim,_,, I(2) > I(z). Since I is lower-semicontinuous limso I(D;) > I(Dy), so
that for a sufficiently small §, we can ensure that I(D;) > 1\2.

We now use the upper-bound (result 2) with the knowledge that D; is closed to deduce
that, almost surely,

limsupT ' log |Mp,(T)| < 1 — 1A%

T—o0

Since Nxr,(a+6)7)(T') C M g(z,)(T) U Mp,(T) the lemma is complete.

We now wish to glue together several linear functions.

Definition. Let = be a piece-wise linear function. We say x satisfies the lower bound
condition until time 0; > 0, if for all € > 0, almost surely

s e ~1
llq{r_l)lgng log |Mp@,e)(T, 61)| > J(z,064).

Suppose z satisfies the lower bound condition until 6;. If from 6; until 6,, z is a
linear function satisfying £ = A, then we wish to show that z satisfies the lower bound
condition until f,. We first assume |A\| < v/2. We will run the process until time
6,T, arriving at M (T, 61) particles. We will then run My ¢ (T, 6;) independent
copies from time 6,7 to time 6,7, and add them all together. We require the following
two definitions. The first simply introduces the change in the rate function over the
interval [6;,0;]. The second defines a random variable, very much like M. Azye)(T), for
each i € N(6,T) which simply counts the offspring of i whose T-scaled paths follow =
closely over the interval [8;,6,]. Formally,

02
J(@,61,05) = 6 — 0y — 1 / #(t)dt,
01

Mz(z,e) (T7 01, 02) =
{7 € N(6:T) : a(j) = i,|(z] (t) = =T (61)) — (z(t) — z(61))| < e for all t € [6,65]} .
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It is a simple matter to verify that since all particles are independent, M* all share the
same law and that

Mago(T:0)2 ), Mg y(T,61,0).

leﬂlA(== 1 z)(T 01)

Also apparent is the additivity of the rate function:

J(.’L‘, 02) = J(.’E, 01) + J(.’L’, 01,02),

Lemma 3. Let x € C, be piecewise-linear satisfying the lower bound condition up until
time 0;. Let & = )\ on [6;,0,], with |\| < v/2. Then, for every e > 0,

lim inf 7" 10g | Mage,9 (T, 62)] > J (3, 65).

Proof. Let § > 0 be arbitrary. We use the Strong Law of Large Numbers. From
previous discussion, we have

eI o (T,6)| 2 VEIDT S M (T 6,,0)
EGM( 1 (T01)

> e"("(x’ol)~6)T|MA(z,le) (T ol)l e

X lﬁ_ﬂ Z —(J(z fu.62)= 6)T| A(z e)(T’ 01,92)'

Az}
lGM (= %z (T,6:1)

The iid. random variables e~(/(=0.02)=8T| pfi 3o

tend almost surely to infinity as T tends to mﬁmty (using lemma 2). We average over
an independent random number |M, 1,1(T, 01)| of particles, but this random variable
tends to infinity almost surely as T’ tends to infinity, so that the SLLN still holds. By
the induction hypothesis, z satisfies the lower bound condition until time 6, and thus
the random variable e~(#)=OTM, ., \(T,6;) also tends almost surely to infinity.
We conclude that the RHS (and hence the LHS) tends to infinity almost surely as T
tends to infinity, and hence, almost surely,

(T, 6,,6,)| inside the summation

lim inf T log | Ma(z,) (T, 62)| > J(z, 65) — 26.
T—o0

Letting 6 | 0 concludes the proof.
O

We turn our attention to the case where z satisfies the lower bound condition until
time 6, , while between 6, and 0,, the gradient £ = A > V2. We of course insist on
J (JJ 5 02) > 0.

Heuristics: The following proof is in principle the same as that of lemma 3 above. We
run the process until time 6; arriving (using lemma 2) at an almost sure M4(; (T, 61)
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particles. We then run independent copies on [6,T, 6>7).

We replace the almost sure number of particles Mj“z,E)(T, 61, 0,) produced by an in-
dependent copy, with P;;(I’E)(T, 601,6;), the probability of an independent copy with
zT(6,) = z(6,), still remaining close to z by time 6,T. Formally, we define

Pjﬂ(z,e)(T) 01, 02) =P (IM,:(z,e)(T7 01, 02)' > 0)

These probabilities are identical for all 4, and are equal to the probability of finding a
particle started at 0, at an e-neighbourhood of y = At at time (6, — 6;)T. [Chauvin]
showed that the probability of the right-most particle starting at 0 ascending to level
AT at time T decays at the rate 1 — 1A2. We will need to modify her result slightly to
prove that liminfr_, Pf‘(z,e) (T, 6,,6,) > J(z,0,,6;). This will be done by a method
analogous to the one used in lemma 2.

We think of e’®)7 copies, each performing an independent trial, with probability
of success P! ~ e’(®192)T We see that since J(z,60;) + J(z,6,,0,) = J(x,602) > 0, the
expected number of particles succeeding, increases exponentially. Using an estimate
on the Binomial distribution, we show that the probability that the growth rate is less
than J(z,8,) — ¢, decays exponentially for all § > 0. Finally, this result is true only
in probability. To get an almost sure result, we have to use some sort of Borel-Cantelli
Lemma. Basically, we show that if we had a particle inside A(z,) at time ¢, for some
r < €. Then the particle was inside A(z,¢) for some interval before ¢. This allows us
to divide time into countably many intervals, and use BCL.

We state and prove the three supporting lemmas.

Lemma 4. Let z € C, be a piece-wise linear function. We claim that for every e > 0,
there exists r > 0, such that, for all sufficiently large T, if z7 € A(z,r), then z7 €
A(z,€) for all T € [T —1,T).

Proof. We define the look-back transformation for all 7 < T

LT2(t) == Za(tz).

LT : A(z,r) - A(LTz,Zr) and imr_08upp_y o e ||[LT2 — 7|| = 0. We let 7 = le.
Pick T sufficiently large such that supy_; ., . [|[LTy — y|| < r and ;Z; < 2. We deduce
that for such T sufficiently large,

LTA(z,r) C A(z,3r) C A(z,¢) forallT e [T —1,T).
O

Result 4 (Right-Most Particle At The Subcritical Region - Chauvin). Let A >
V2 and let Ry be the position of the right-most particle of a dyadic Branching Brownian
Motion at time T. Then

.. -1 —1_1 2
lgr_lg}fT logP(Rr > AT)=1- 1\
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Corollary 1. Let y(t) = M where A > /2. Then for allr > 0

lim inf 7~ log P (|Ma(,r)(T)| > 0) > 1~ 4%

It follows that if £ = A on [0y,0,)], then for allT > 0

lim ior.}fT‘l 10g Pjy(z.»)(T,61,6) > J(z,61,6,).

Proof. Define the closed set D := {z € Cp \ A(y,7) : 2(1) > A2}. It is easy to show
that J(D) < 1 — 1)? and hence

limsup T~ log P(|Mp(T)| > 0) < 1 — 1%

T—o0
Since P(Rr > AT) < P(|Mp(T)| > 0) + P(|Mag,(T)| > 0), the result follows. O
Finally, an estimate on the binomial distribution B(n, p).
Lemma 5. Let & < 1. Then P (B(n,p) < pna) < e,

Proof. For z € [0,1] we know that E(z5™P)) = (¢ + pz)". Since B(n,p) < npa if and
only if 8P > gnPe we deduce that

P (B(n,p) < pna) < z7"7*(q + pz)"

Picking £ = a(1 — p)/(1 — pa) which minimises the above expression we deduce that

log P (B(n,p) < pna) < —n {paloga + (1 — pa)log(l — pa) — (1 — pa)log(1 — p)},
~ —n{paloga — (1 - pa)pa + (1 — pa)p},
~ —np{aloga+ (1 — a)(1 - pa)},
~ —np,
< —npa.

Let us now state and prove the main lemma.

Lemma 6. Let z € C; be piece-wise linear satisfying the lower bound condition until
time 0,. Let & = X on [01,0,], with X > /2, but with J(z,0,) > 0. Then, for every
e>0,

liTI‘n inf T log |Ma(z,e)(T, 02)| > J(,60).
—00
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Proof. Pick r < € as in lemma 4. At integer times T,,, := m define the following events:

Um = {(4) € Q: IMA(I,%T)(va 01)| < e(J(I,al)-J)Tm}’
Vin 1= {w € Q\ U : [Mazr)(Ton, 02)] < eV @02)=30Tm},

Since z satisfies the lower bound condition until time 6;, we know that almost surely,
U, will not occur. To work out the probability of V;, we use lemma 5 with the values
n > eJ@0)=0Tn o > eJ(@6182)-0)Tm and o = e %Tm. We take n to represent the
number of particles which stayed within A(z, ir) up to time 6,7;,. Since we are not
in Uy, we know that n is large (ie. n > e/@8)-9T)  We take p to represent the
probability for each of these particles that we could find a descendent in A(z,r) by
time 6,T;,. This probability is greater than P;(x,_;_r) (T, 6:1,0,) which was evaluated in
corollary 1.

We deduce that P(V;,) decays exponentially, and using BCL, V;;, does not occur almost
surely. Thus, almost surely,

linri)inf'T,;1 log |[Ma@r)(Tw)| > J(z,02) — 36.

We now use lemma 4 to deduce that for all m and for all 7 € [T},—1, T1]

lim inf 77! log | Maz ()| > J(z,62) — 36.
T—00
O

Corollary 2. Let x € C; be a piecewise-linear function such that K(z) > 0. Then,
for every e > 0,

lim inf T 'log |Magz,e(T)| > K(z).
00

Proof. Clearly, (0) < /2. Since A(z,€) is open, there is no problem of finding a
piecewise-linear function in A(z,€) with 2(0) < v/2. Now, proceed to piece together
each linear segment of z using the previous lemmas. Please note that we avoided the
case where K(z) = 0.

O

We now have the lower bound result for the almost sure rate function. We ignored the
case where K (z) = 0 because if A is any open set, and z € A satisfies K(z) = 0, then
for some 0 < @ < 1 we have oz € A and K(az) > 0.

Theorem 1. Let A be an open subset in Cy. Then, almost surely,
lim inf 7~ log | M4(T)| > sup K (z).
T—o0 T€EA

Proof. Since the piecewise-linear functions are dense in Cp and [ (z) is lower-semicontinuous
in the supremum topology, the result follows directly from the above corollary. O



118

'To conclude, we state and sketch-prove a more general result.
Consider a BBM with a birth process C satisfying E(C) = u. We assume that
E(ClogC) < oco. Let each particle die at an exponential rate  (B;(t)/t). The breeding
rate r > 0 is assumed to be a continuous function. For every z € Cj, the adjusted
expectation rate function is defined as:

o
J(z,0) := / pr(z) — 1i%dt.
0

As before, let 6 := inf{6 : J(z,0) < 0}. Also let the almost sure rate function K be
defined as

J(z,0) if 0 <6y,
—00 otherwise.

R(z,0) = {

Theorem 2. Let A, D be open and closed sets in Cy. Then

limsup T~ log E(|Mp(T)|) < J(D),
T—o0
lim inf T~ log E(|Ma(T)|) > J(A).

Also, almost surely,

limsup T~ log |Mp(T)| < K(D),
T—o0

liq{ninfT‘l log |M4(T)| > K(A).
—00

Proof: Almost-sure lower bound. We prove the lower bound for an open neighbourhood
of a piece-wise linear function x. Take D, a partition of [0,1]. D:={0=1t; <t ... <
t, = 1}. Over the interval [t;,;1,], along the path {z(t) : ¢; < ¢t < t;;;} the process
“observes” breeding at a rate greater or equal to inf{r(z(t)) : t; < ¢t < t;4;}. Thus,
using the lower bound lemmas 2, 3 and 5, almost surely,

1
. -1 > R _ 15241,
lim inf T~ log |[M(T)| u;(t,“ t;) o r(z(t)) /0 132dt
i<n
Since z is piece-wise continuous, by taking the supremum over all partitions we get the
result. We cheated slightly, as we are only allowed to consider partitions which satisfy
for all j < n,

ti+1 9
o y
Y (b =), ot r(a() > /0 1524t

i<j

Since K (x,6) > 0 for all , it can be shown that this constraint does not matter.
: O
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4 Application: Branching Integrated Brownian Mo-
tion

4.1 An Integrated Brownian Motion

We take a Brownian path and use it to describe the velocity of a particle. The position
is then defined as

Y(t) =Y(0) + /ot B(s)ds.

We assume Y'(0) = 0 for simplicity. Y'(¢) is an integral with respect to a continuous
path and is therefore a differentiable finite-variation process. It is also Gaussian and
its variance is given by

t t t pt 1
2E ( / B.dr / B,ds) =2 / / rdsdr = -t°
0 r 0 Jr 3

We will proceed to show using current methods that there must be a difference between
the behaviour in expectation and almost surely. We will do so by considering the wave-
front speeds. We will then give the full phase-plane picture using the new techniques
which we have developed.

4.2 The Expectation Wavefront

If we let Niz,0)(t) = {i € Ny : Y;(t) > z} by conditioning on the first birth we find the
following many-to-one picture holds:

3
B(|Nuwuoo) &) = E(NIIP(Y: > w) ~ et exp(—5zu),
and we deduce the expectation wavefront travels at the speed #21/2/3 in the sense that

U

tl_lglo =+/2/3. (1)

4.3 The Almost-Sure Wavefront

[Neveu] observed that almost surely Ry, the rightmost particle of a branching Brownian
Motion satisfies limsup, ,,, R, — tv/2 = —oco. Because sup;ey, Yi(t) < fot R.ds by
integrating the bound on R, we get an instant upper bound on v;, the almost-sure
wavefront speed.

lim supv—; <1/V2. (2)
t—o0 t

Before proving that equality holds in equation 2 we want to point out that the almost-
sure wavefront speed is below the expectation wavefront speed already in the first order
of magnitude! A more comprehensive explanation of this phenomenon will be offered
when we study the phase plane.
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Theorem 3. Let v; denote the rightmost particle’s position of a branching Integrated
Brownian Motion. Then, almost surely,

U
i =1/

Proof (Lower Bound). We look at the Branching Brownian Motion. We follow [Neveu]
and define Z to be the number of particles which first among their ancestors crossed
the line z = s — At.

Z)=(i€el:3te[T,T;+m] Bi(t)>s—M, Vt<Ti By)l(t) <s— At}

Definition (Infinitesimal Generator Function of a Galton-Watson Process).
Consider a Markovian birth-death process Z : R* — N representing the number of par-
ticles alive. Each particle lives for an exponential time of rate o and gives particle to

n € Z% particles with probability a,. The infinitesimal generator function is then
defined as

a(z) = of Z anz" — z}. (3)
2%

Note that a(1) = 0 while lim4; a(z) = —aaw. On 0 < z < 1, a(z) is convex and
has a unique root a(c) = 0 with a(z) < 0 on (0,1). If ag = 0 then ¢ = 0. If a is also
continuous at 1, then the solution of the equation

a=1v o4y on(0,1)

has a unique (modulo translation) monotone decreasing solution % : R — (0, 1).

Result 5 (Neveu, Proposition 3). For each A > /2 the integer valued process
(Z},s > 0) is a Galton-Walton process without eztinction whose infinitesimal gen-
erating function a is given by

a=1v¢ oyl on (0,1)

where ¥ : R — (0,1) is the solution of Kolmogorov’s equation

W' =X = -7 4)

We now consider what happens if 0 < A < /2. Z can still be defined as a birth-
death process. Since a Brownian Motion almost surely hits the downward sloping line
z(t) = s — M\t we see that Z} is without extinction. Reproducing [Neveu]’s proof we
arrive at Kolmogorov’s equation. From differential equations theory we know that
Kolmogorov’s equation 4 does not have a monotone solution on (0,1). Looking at
definition 3 this implies that a possesses a discontinuity at 1 which means a, > 0so that
the process explodes almost surely. We let T'(w) denote the explosion time. Spatially
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this corresponds to there being, at all times, a particle below the line z = T'(w) — At
whose all ancestors have also been below that line. (If after some time 7, there is no
such particle, then Z} < N, < 00). Integrating the Brownian Path of this particle and
its unique ancestors we deduce that almost surely v;(w) > 1At?2 — T(w)t and hence,
almost surely,

..o Ut
htrgglft—ZZ/\/Z

We now let A 1 v/2 to complete the proof. O

The Phase Plane Picture

We use the projection from the BBM to the Branching point process, to project the
space of paths of BBM to the phase plane. We deduce a large deviations principle for
the phase plane, both in expectation and almost surely. We find the two rate functions
to be different, and the difference explains the different wavefront speeds we observed
earlier. ‘

4.4 Scaling The Process

As before, at a fixed time T, let us scale the branching Brownian Motion by a factor
of T in both the space and time coordinates. We get a branching process on [0, 1]. For
every i € Nr let z7 € C°([0,1],R) and y7 € C°([0,1], R) be defined as

1
i (t) = TBa(i)(tT),
t
1
(0= [ o (6)ds = Yoo (eT).

We define the projection map II: C® — R? as

I(z) = (2(1), /0 (t)dt)

which is clearly continuous in the ||z|| norm. For every D C C° we let Mp(T) denote
the particles at time T' whose path is in D. For every D C R? we define let IIMp(T)
to be Mp-1p(T).

MD(T) = {’I, € Nr: ZT € D},
IIMp(T) := {i € Nr : IIzT € D}.
We must apologise to the reader for the slight change of notations which is about to

occur. From now on, we will use z € C; to denote a path of a BBM. x and y will now
represent the coordinates in the phase plane.
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4.5 The Expectation Picture

The Expectation large deviations result tells us that if D C R? is closed and A C R?
is open then

limsup 4 log E|IMp(T)| < sup J(z) = sup sup J(2),
T—o0

zel-1D (zy)eD  Tz=(zy)
liminf 4 log E|[TIM4(T)| > sup J(2) = sup sup J(2).
Toe zell-14 (@y)ed  Ma=(zy)

We recall that J(2) = J(z,1) is the expectation rate function for a Branching Brownian
Motion

J(z,6) =01 /0 " 2yt

For every (z,y) € R? we define I1J(z,y) := sup{J(z) : [z = (z,y)} and use Calculus
of Variation with Lagrange Multiplier optimising procedure (see section 4.7) to find
that there is a unique z maximising IT1J(z, y):

2(t) = 3(z — 2y)t*> + 2(3y — z)t.

Accordingly, I1J(z,y) = J(z) = 1—1z%—6(y—1z)%. We immediately have the following
result. '

Result 6. Let D C R? be closed and let A C R? be open. Then

hm 1 5up Llog E|lIMp(T)| < sup NJ(z,y),
(z,y)eD

hmlnf Llog EIMA(T)| > sup ILJ(z,y).
(z,y)eA

Before carrying on please take time to consider how natural this formula is. For
particles whose Brownian position at time T is T we know that their rate function is
given by 1 — 1z2. Conditioning on their final position we know that the particles have
the law of a Brownian Motion with drift  so that most of these particles arrive in a
straight line 27 (t) = zt yielding y7 (1) = 1z. Some of them will deviate from that path
and are penalised by the amount 6(y — 1z)2.

Corollary 3. Let u; be the expectation wavefront speed. Then

11m t—2 =4/2/3.
Proof. The boundary of the region {(z,y) : ILJ(z,y) > 0} defines the expectation
wavefront. In particular, maximising y subject to I1J(z,y) > 0, we find z = 1/3/2 and
y = 1/2/3. Since y = 75 Y;(T) the result follows.
O
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4.6 The Almost-Sure Picture

We know from the large deviation result that almost surely

limsup 4 log [TIMp(T)| < sup K(z) = sup sup K(z),
T—o0

z€lI~1D (zy)eD  Nz=(z.y)
liminf 1 log [TIMA(T)| > sup K(2) = sup sup K(z).
T—o0 2€M-14 (zy)€EA  Tz=(z,y)

Here K(z) = K(z,1), is the almost-sure rate function for a Branching Brownian Mo-
tion. If 6 := inf{6 € [0,1] : J(2,0) < 0} the K is defined as

J(z,8) 0<8<6
—00 003951

K(z,0) = {

Finding IIK (z,y) := sup{K(2) : Ilz = (z,y)} is more involved as in addition to
Iz = (z,y), we also impose that J(z,6) > 0 for all § € [0, 1], but see section 4.8. We
find that for the half-plane {y > 1z} the following holds.

Let a, 8,7 € R? be defined as

a=(V21/v2), B=(-1/V20), v=(-V2-1/V2).

Let f, g, h be the functions defined as

f(z) =12+ 3%, g(2) =iz + V6 -32%, h(z) =iz

Note that f links o to 8, the function g links 3 to -y while clearly A links v and a. So’
that they form a region D; (also see diagram)

Dy = {(e,9): 2 € [V, V2 y € [h(a), /(@) A (2]}

In addition let i(z) = J5 - ¥2(\/2 - z)? be another function linking o and 8 and let

D; be the region enclosed by I(z) and f(z).

Dy ={(@,v): 2 € [-1/V2, VA y € [{(2), 1(2)]}

We find that in D; (and by symmetry in —D; too) the almost-sure behaviour and the
behaviour in expectation agree so that the z which maximises the expectation satisfies
K(z) = J(z) and so IIK =TIJ. Inside D, we find that the z maximising is given by

. V2 0<t<#O
Z(t)={ VZ-p(t—6) 9<t<1
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with

0=1-3(3-9)/(Vi-2),

b= (Va2 /(% - v

We conclude that for (x,y) € D,

K (z,y) = V2(V2 - z) (1 - g(\/i —z)2/(1 - \/iy)) .

Otherwise we find IIK (z,y) = —co. We now do the same analysis for the other half
plane {y < 1z} and get the almost-sure result.

Result 7. Let D C R? be closed and let A C R? be open. Then

limsup 4 log |IlIMp(T)| < sup TIK(z,y),
T—o00 (z,y)€D

liminf L log [TIMA(T)| > sup IIK(z,y).
T—o0 (z.y)eA

Corollary 4. Let v; be the almost-sure wavefront speed, then

iU
tl_l)lg)-t—z' ——1/\/5

Proof. The boundary of the region D; U Dy = {(z,y) : IK(z,y) > 0} defines the
almost-sure wavefront. In particular, maximising y subject to IIK(z,y) > 0, we find
that ﬂlu\/i = 0 and the supremum is attained at £ = /2 and y = 1/+/2. Since
y = 72Y;(T) the result follows.

O

Optimisation of The Rate Functions

In this section we explain briefly how the optimisations for IJ(z, y) and IIK (z,y) were
derived.

4.7 The Expectation Rate Function

If (z,y) € R? we wish to maximise {J(2) : II(z) = (z,y)}. Alternatively, we minimise
L fol 2% subject to the constraint z(0) = 0, 2(1) = =z, fol z(t)dt = y. Using Lagrange
multiplier we get the unconstrained problem of minimising F'.

1
F(z,5,1) = / 152~ Ay — 2)dt.
0
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From Calculus of Variations we have F, — F‘,- = 0 from which we get that Z =
constant and so z(t) = (z — )t? + at. Substituting fol zdt = y we arrive at the optimal
path in expectations

z = 3(z — 2y)t* + 2(3y — z)t,

from which we deduce that

z)2.

O

1
J(2) =1—;/ Pdt=1-12%—6(y -
0

4.8 The Almost-Sure Rate Function

Throughout, we assume that y > 1z. When y < 1z we use the symmetry [1K(—z, —y) =
K (z,y). Clearly if the z which optimises {J(2) : II(z) = (z,y)} also has K(z) = J(z)

we are done. This amounts to ensuring 2(0) < v/2 and we find that if (z,y) € Dy, this

is indeed the case.

Outside D, although we can not follow the same optimising procedure, some points
are clear. Keeping z fixed, as y increases I1J and I1K are decreasing in y. To maximise
y while keeping J constant, we must have  as a non increasing function. From the
in-expectation optimisation procedure, another way of maximising y while keeping J
constant is by ensuring 2 is piece-wise linear. Conditioning on the first time § when
% < v/2 we find that on [, 1], the in-expectation optimisation is also valid almost surely
so that z must be of the form

[ )

. 0<t<#o
Z(t)z{ V2-p(t-6) 6<t<1

which we integrate to get

o(t) = V2t 0<t<#6
T V2t-u(t-60)? 6<t<1

and finally we deduce that

1
/0 zdt = 3 — 1u(1 - 6)°.

We substitute boundary conditions 2(1) = z and [ z = y to complete the analysis.
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4.9 The Phase Plane Diagram

#Y:
1/v2 |
a
f
-V2 4 V2
v AL }

lBt
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A Final Note

Since submitting this manuscript, we discovered a book by P. Revesz (Random walks
of infinitely many particles, 1994). He considered a split-at-integer-times Branching
Brownian Motion and showed the space of paths to be the closure of {f : J(f) > 0}
without counting the actual growth rate along each path. His result is similar in nature
although the methods he used are different.



