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CONTINUOUS MAASSEN KERNELS AND THE INVERSE OSCILLATOR
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Im Neuenheimer Feld 294
D-69120 Heidelberg

Dedicated to P.A. Meyer to his 60th birthday

Summary: The quantum stochastic differential equation of the inverse oscillator in a heat bath of
oscillators is solved by the means of a calculus of continuous and differentiable Maassen kernels. It is
shown that the time development operator does not only map the Hilbert space of the problem into itself,
but also vectors with finite moments into vectors with finite moments. The vacuum expectation of the
occupancy numbers coincides for pyramidally ordered times with a classical Markovian birth process
showing the avalanche character of the quantum process.

§ 0. Introduction
The quantum mechanical oscillator has the Hamiltonian wgb*b, where b and b+
are the usual annihilation and creation operators. The inverse oscillator has the Hamiltonian
-myb*b. Coupled to a heat bath the inverse oscillator has the Hamiltonian

-@gb*b + 2 (oo+an) ay ay + z (graab+gy, a,b").
AeA AeA

As this Hamiltonian is not bounded below it cannot describe a real physical system;
it can be used, however, to approximate the initial behavior of real physical systems, e.g. in
the case of superradiance, at it is shown in § IL.1 [2], [3], [11].

Using the interaction representation and singular coupling limit we arrive to the
quantum stochastic differential equation for the time development operator

(1) AU, = (-ibda, - ib*daf - L bbrdt)U .

This is a well-known equation, already mentioned in one of the early papers of Hudson and
Parthasarathy [5].

The mathematical problem is that the coefficients b and b* are unbounded operators. We
treat it in considering the matrix elements

2 (mlU¢¢In)
as Maassen kernels. Here again a problem arises as the kernels are not bounded in the

Maassen sense. Due to the simple algebraic structure, however, all convolutions of these
kernels are allowed.
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In chapter I we reconstruct the theory of Maassen kernels without the exponential
bond used by Maassen. We introduce continuity and differentiability in a slightly different
way and obtain an elementary theory which uses only calculus and Lebesgue integrations.
We regain Maassen’s theorem connecting differentiation and integration similar to the
fundamental theorem of calculus and Maassen’s and Robinson’s general It6-formula [7],
[81, [91, [10], [12]. From there one can obtain several Itd tables for adapted processes. We
have the usual Itd table for forward adapted processes

3) da day
da O dt
daf 0 0

For backward adapted processes we obtain

(4) da dat
da 0 -t
daf 0 0

and if one of the processes is forward adapted and the other backward adapted we have

() da, day
da O 0
daf 0 O

In chapter II we investigate the special structure of the inverse oscillator in a bath.
Due to the quadratic Hamiltonian the Heisenberg equations are linear and can be solved
easily. In I1.2 we calculate the Heisenberg equations going back to the finite heat bath and
performing the singular coupling limit. We obtain

t
(6) bty = Ut b*Ups = 92 b++ij e(t1)2 da.

We see that for t — oo

t
@) et2byy— b++iJ et/2 day = B*.
0

As B and B+ commute we can interpret them as classical quantities which might be
understood as the macroscopic quantities after amplification [2]. Assume for t =0 as
statistical operator the vacuum for the bath and the density matrix p for the b and b*,
then B and B+ are distributed with respect to the classical probability law given by a
smeared out Wigner transform of p.
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It is easy to solve the stochastic equation (1) by Maassen kernels. We obtain a
uniquely determined matrix

(mlut,sln> (G,T))m,n =0,1,2,..
and are left with the problem to show that this is the matrix of a unitary operator U, . By
assumption

t — (mlugsln)
is forward adapted. From the explicit formula one concludes that

s — (mluggln)

is backward adapted. Using the differentiation calculus and (3), (4) and (5) we conclude
that in matrix form

Ups * Ugr = Upp

for r<s <t (Proposition 2 of § IL.4). Let p = p(b, b*) be a polyndmial in b and b+,
then by differentiating with respect to t we obtain

®) uf * p(b,b*) 8,4 * u s = p(bg,bis)

where b is given by (6) and by differentiating with respect to s
)] u, s * p(b,b*) 8, 4 * uf s = p(bs b )

with

t
b;,( = e(t-s)2 b+8¢,¢ - iJ- e(tt)2da,.

The equations (8) and (9) hold for It-sl < 1. Choosing p = 1, one can deduce the unitarity
of U,. But there is more. Call A the operator of the total number of particles in the Fock
space

(A8)(w) = #at(w),
then there exist constants C;, I, such as

Ut (A +bbHKU,
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and

Uy s (A +bbHKUY
are
(10) < C, eT¥sI(A + bbHk,

From there we establish a unitary evolution U, forall t and s; furthermore U, maps
the space

D= {8 : lIA + bbH2 E|| < oo}

onto itself (Theorem II.5). The Heisenberg equations can now be established in a rigorous
way.

Call X(t) the classical Markov process on N which is able to make only jumps of
+1 and has the transition probabilities

P(X(t+dt) = n+1 | X(t) =n) = (n+1)dt
P(X(t+dt) = n | X(t) = n) = 1-(n+1)dt,
then X(t) and i

N(@® =Utob*b Upg

have the same marginal distributions and moments for pyramidally ordered times. For non
pyramidally ordered times there are differences. To establish this result was one of the
major difficulties of the paper. We had to use (10) heavily.

I. Continuous Maassen kernels

§ I.1. Measurable kernels
We follow Maassen’s original notation [9]. Let I< R be an interval. Denote by Q
(I) the set of all finite subsets of I.
QI =V (D),
n=0

QD = {g}; QD ={we Q) : #w=n)

where #m denotes the cardinality. Q. (I) can be identified with the subset {(t;, ..., t;) €
In:t; <...<t,} and inherits the structure of a measure space from I". Let do denote the
measure on Q(I) which has ¢ as an atom of measure 1 and which equals the Lebesgue
measure on  (I) for n=1,2,.... So

J- f(w)do = f(g) + E LK.,.«J‘ dty ... dt, f({t}, ..., t,}).
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A kernel is a measurable function
x: QD xQI) — C.

Two kernels x and y are called multipliable if

DX | dri(xe B+ 11y(0\0) +7v, TB)l < oo

aco Bct Yan

for almost all ¢, 7€ Q(I). The sum ®+®’ of two finite subsets of I is equalto » U @’
if ®N o =g and is not defined if ® N © # @. So the integrand is defined almost
everywhere.

If two kernels are multipliable their product x *y is defined by

x*y©0,D=2 3 | dyx@, B+y) y(c\w+y,1\B).

aco Bt Yop

For n factors we have the formula

(X1 % ... ¥ x)(0, T) = j Ilez dY13 ... dY1n dYo3 ... dYo .o AYpp g

.+ 0=0

Bi+ ... + Bt

x(0g; Br+ypt oo + Y1.n)
X200 +Y1 25 Bo+¥as+ ... + Vo)

Xn1 Qa1 +Y1n-1% -+ Yo-2on-15 Bt +¥no1.0)
xn((x'n""YI.n"' et Yn-l,n; ﬁn

J J‘ H le_l H X,(a +Yl it +Yi 1, i BI+'YI i+1t.. +Yl n)
. + =0

1<i<j<n

Brt ... + Bt

So the product x; # ... * X, exists if the product |x;| * ... * |x,| given by the formula
above is finite a.e. and if that is the case the product is given by the formula.
It is easy to prove that e.g.

(Xg % .00 % Xp) % Xppq = X[ % o0 X % X
using the Zj—Lemma [6]:

n+1
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Jdo z flay, . ad)=j... Jdol ... dog f(oy, ..., Oy).
op+...+0F0

A vector & is a measurable function Q(I) — C. The application of a kernel to a
vector is given by

x*E@= Y, J dr x(0, ) E((0\ 6) + 1T)
[o ()]

if this expression exists.
Define

E(o, 1) = £(0)8,(0).
Then

(x * E)(®, ) = (x * E)().
This reduces the multiplication x x & to the multiplication of kernels. Denote
xT(o, T) = x(1, ©).
Let & be a vector, define
€T+ 0)@) = Y, j o E(@\1)+0)x (0, )= E *x)(®, 0)
1O
with & (0, 7) = 8,(6)E(1).

Let n be another vector, define

ET*n = [ g@m@)do=E * M@, 9).
One has the usual rules

(x*y)T=yT*xT
(x x E)T=ET « xT.

Define as usual
x+ =XxT, &+ =ET,

where X is the complex conjugate.

§ 2. Introducing continuity
At first some notations. Let S be aset, AcS and B <S4, then
AX)B={(ab):ae A,b=(by,...,b5) e B:a#b,...,a#by}.
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So
AD=A(X) ... (XA ={(ay, ...,a5) € Ad: g #a for i#j}.
If A cP(S), BcP(S)d, where P(S) is the set of all subsets of S, then

AXB={(0,B):oe A, B=PB, ... B eB:anPB,uU... UBy =8}
and
AD=AX)...(x) A={0y, ..., 0y € Ad: a;Noy=¢ for i#j}.

If AcS and B c P(S)4, then
AX)B={(a,B):ac A,B=Py,....Be B:ae B, U... UPy}.

We introduce in (1) = {(t;, ...,t)) e I":t; <... <t;} the usual topology and define so
a topology on Q(I). We denote by €(I) the set of continuous functions Q(I) - C such
that for & € €(I) and all p

IEllp= sup (@) <.
#w=p

QD@ inherits its topology from Q(I)2. A continuous kernel x is a continuous function
on Q(A, such that

lixll, o = sup Ix(0, T)| < .
(0,1 QpD(X)2)

Denote by Cy(I) the subspace of €(I) of all & such that E(w) =0 for all @ with #®
bigger than some bound depending on .

Remark 1: The assumptions II&IIp <o and lixll, ; < e are essentially integrability
conditions and can be replaced by much weaker ones.

Proposition 1: Let I be a finite interval of length L. Let x be a continuous kernel in
Q). Then for & Cy(I) the product x * & is defined and

& —> X * &
is a mapping from C€y(I) - €(I) such that

b =
x=&L<> Y ( . Y Ul Ell. .-
q=0 r=0 :

The sum is finite as IIE‘,IIP_q + vanishes for r sufficiently big.
Proof: Recall
®*O@= Y drx(@DEB+D)
o+B=0
and put ® = {0, ..., a)p}. Choose A,B c{l,...,p} with A+B={1,...,p} and o=
05 ={w;:je A} and B = wp. Then with T={t;, ..., t}
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R
x*E@= Y, ZJIKAIJ.X(O)A;{Q,...,t,})é((oB+{t,,...,t,})dt,...dtr

A+B={1,...,p} r=0
where R <o is some integer. Call
n(T; ®, A, B) =x (@4; ) §(wp +7)
with T = {t;, ..., t;}. The function
te Q1) >Nt o A, B)

is continuous for T N ® = @, hence measurable and bounded by

lixllya , NEllup -

For o® — o the sets (DE,':) — w4 and (ng‘) — wg. So
n(t; ®®, A, B) - n(1; 0, A, B)

for TN ® =g, that means a.e. By Lebesgue’s theorem

In@t; @™, A, B) dt - In(z; o, A, B).

From there one gets the result immediately.
Definition: We say a pair (x,y) of kernels has the finite product property (FP) if

x(og, By +My (0 +7, By)

vanishes for #y sufficiently big for fixed #a,, #B;, #o,,, #p,.

Proposition 2: Let I be a finite interval of length L. Let x and y be continuous
kernels on I with the finite product property (FP). Then x * y is a continuous kernel on 1.
Proof: Assume (G, 1T) € Qp(x)Qq. Then

(x % y)(©,T) = 3 3 Lm do z,(; 0, T, A}, Ay, By, By)
ArAx={1,..., p} =0
Bi+Bz={1,....q}

with
z,(®; 0, T, Ay, Ay, By, By)) =x(0,, Tg; + 0)Y(Ca, + ®, Tg,).

If 6={sy,...,sp}, then G ={s;:i€ A} etc. Now © — z(®) is continuous
for ® N (6 U T) = @, hence it is measurable. Moreover it is bounded. Let 6™ — ¢ and
1™ — 1, then of:]) — 04, etc. and

z(®; o™, T, A, A,, By, By) = z(w; 6, T, Ay, Ay, By, By)
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for ® N (0 U T)=¢. As the integrand stays bounded, we have continuity of the integral
and hence of the sums.
Remark 2: Assume instead of (FP) that

=y L
Cp g’ = z(“) L el g Myl g < oo
r=

forall p’,p”,q’,q”. Then x xy exists, is continuous and

1q!
< L PEERTIR R
lIx * y"p,q— '2" p.!pn!q'!q"! CP P 3q,9
p+p=p
q+9"=q

Remark 3: We say that a kernel x has Maassen’s property if
lIxll, g < c Mp*a

where ¢ and M are some constants. If x and y are continuous kernels on a finite

interval and have Maassen’s property, then x * y is a continuous kernel on I and has

Maassen’s property. For then

< o2eL+M2 MP+P+ +q”
cle M

Cp',p”;q’,q" <

and
lIx # yll, o < c2el+M? 22(0+0) MPH,

§ 1.3. Continuous processes and their integrals
Definition 1: A continuous kernel process is a continuous mapping
x:IxX) QD@ - C
such that
IIxIIp,q = sup {Ix(0,T)|:te L#co=p,#1=q} <o
forall p,q.
If £:1— C is measurable define the measurable kernels

ftt) if o=¢,1=
a(f)(c,'r)={ t) if o=¢,1={t}

0 otherwise

w(io,n={ @ Fo={s}1=0

0 otherwise

Then a, and af are examples of continuous kernel processes where

if o=9,t={t'}, t'<t

1
(0, 1) = (1A} )(0, T) ={ 0 otherwise -

the case t=t" is not defined and similar
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if t=¢g,0={s},s<t

1
+ = g+ =
SCE RIS CE RS i

The following proposition shows that the stochastic integral is a Riemann integral.
Proposition 1: Let x be a continuous process on I Let [t, t;] <1 and (o, 1) € QO
Let thp=tO<tD< .. <t®W=t; and §= max (O -t-D). Assume (-1 <y, <t
and w; ¢ o UT. Thenfor § -0 i=l,...,n

z (xy; * (86D - 2,6D)) (O, T) > z x5(0,T \{t}).

t'e[toti]nt
and 2 (a;?i) - a:(i-l)) * Xy, = x40\ {s}, 7).

The right-hand side is well defined as

tg cou(t\{t}) and s¢ (c\{s})hur
Proof: Call A; = [t®, t(D], A, =1tD), t@)], ..., A, = Jt0-1), t®],
Then

2. (xu; #(@0-260))(0, T) = Y, (K * a(14))(0, T)

k
=2 2 % (0, T\ ()10,

i=1 e

If & is sufficiently small there is at most one element of T in A;. We continue, the last
expression equals

Z Xy (0, T\ {t}) > 2 x¢(o, T\ {t}).
i:3te 1NA; tetr‘{to, tl]
Definition 2 [1], [6], [10]: Assume A c I

U xt*dat)(o, = Y x(0,1\{t})
A

teTNA

U da:*xt](o, = Y x50\ {s},7).

SEOCNA

Definition 3: Let x : I(x)Q(I)® be a continuous process. Then x is called continuous
differentiable (€!) if

% x(0,7) for (te cLUT)

(RS): (0, T) = Xqyo(0 L {t}, 7)

(R®); (0, T) = X o0 U {t}, T)

(R%): (0, T) = X400, TU {t})

(R (0, 1) = X (0, TU {t})
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exist and form continuous processes.
Remark 1: Let x be a continuous differentiable process. Then
Xuo(0, T) existforall te L

The following theorem goes back to H. Maassen [9].
Theorem 1: Let x be C! then for ty<t in I

t]
Xt1-0 = Xto+0 = J da‘{ * ft +I g * dat +J‘ htdt
Jatil Toul t0

f,= R&x - R&
g, =Rix - R'x

with

h[ = éii' X¢.
We write for short

dx, = daf = f + g, * da, + h,dt.
Proof: Call

0=ty <t < ... <t <+ = ¢,
and {th, ., tm} = (cuT) N Ity, 4.
Then

th_o(c, T) - X[O+0(61 1:)

n+l n
= 2 (x99 (0, T) - X0, (0, T)) + 2 (X049 (0, T) - X0 (T, T))
i=1 i=1
wrt o, [fo(o\ {10}, 1), if Ve o
=Y | dth(o, 1+, :
i=1 JyiD i=1 g (0, T\ {t(i)}), iftherq

Now h, is locally integrable w.r.t. This gives the theorem.
Proposition 2: Let x(™ be a sequence of C! Erocesses such that IIx™-xIl, . and Ix(®-
xll, 4 converge to zero for all p, q. Then the Ry x™ and R} x®™ converge to Rf x and
R} x and hence the £, g™, h™ of the last theorem converge to f,, g, h,.
Lemma 1 [9]: Fix 0y € Q(I). Assume a function

z: 1()QI) - C
to be continuous and bounded for ({t} U ®) N wy=¢ and that

4 2(0) = ()

(Ry2)(0) = z4p(@+{t})
are defined and continuous and bounded for ({t} U ®) N @y = ¢. Assume furthermore that
z(w) vanishes for #m sufficiently big. Then t — I z(w) do is chdnuous differentiable
for te m; and

% | z(w)dw = I z(w)do + [ 4o R,z - Rz)(®)
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Proof: Choose t¢ @) and €>0 such that I, = [t-g, t+€] does not meet .

é (Zrse(®) - zt-a(m))dw=J. de dvglg (tere(O+Y) - Z (@+Y))
QI\Ig) Qle)

t+€
= do i (Zy(©) - 7, (@) + j do 215 j (Zese(® + {8} - Z,o(® + {s})ds
Y QI\Ig) QI\Ig) t-€

+j d(l) i J dY (Zt+s(0~)+Y) - Zt—e(m-"’Y))
Qi le) #y22

=I+II+1IL
Now

I= 2 J.mw.rll 05 Ziyes(©)

and z,.(®) = z(w) for t¢ o, that means a.e. As the integral is bounded
-] do z(o).
We have

te +1
ilgjt-e ds Z(+e((0+{s}) = %J‘l ds Zt+e((1)+{t+es}) - ZH.()((IH-{t})
as
t+€

Zy e (0+{t+€s}) =J. zp (O+H{t+es )AL + 24,640 (O+{tHES}) = Z p(@+{t})
t+€s

by the continuity of R,z and by the boundedness of z. So Il — J do((R,z),(®) - (R.z)(®)).
It is easy to see that III — 0. That % I z(w)dw is continuous for t & wy can be shown
in the usual way.

The following theorem is a generalized It6-product formula and can be found without proof
in [12].

Definition 4 (cf. Def. 1 of 1.2): We say that the processes x, and y, have the finite
product property (FP) if for fixed #o.;, #0,,, #B;, #B, there exists a constant R such that

(PF) x((0y, By + )y o, +7, B,) =0 for #y>Rand allt g 1.

Theorem 2: Assume that the process x, and y, are €! and that they have the finite
product property (FP). Then x %y exists and is €! and

R¥(x xy) = REx) » y + x » RYy)
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and similar for RZ and R, and

% (X *y) =X, * Yo + X * ¥ + (REX) * (REy), - RX), * (RTy),.

Proof: We have
GrpoHth = S | avon+{t), Brnysontrpy) +
o1+0=0

Br+B=t

xg(0, By { o+ {t}+7,8,).
For st the integrand stays bounded and converges. So
R¥(x xy) = R¥x) x y + x + (RYy);

these are continuous processes by proposition 1 of 1.2 and its proof.
We have for t¢ U1
@@= Y [ dyonBnyontrby)
o1+0=0

PPt

Apply the previous lemma for
z(®) = x,(0,B1+0)y (0, +®,3,)

and ®y =0 U 1. Then we obtain the wished result as

R,2)(®) =z, o(@+{t}) = X 0(0t), By + 0 + {t})y0(0y + @ + {t}, By)
= (RS x), (0, By + ©) RY y)(ay + @, By).

§ 1.4. Adapted processes
Definition: Let x: I(x)Q(I)® — C be a continuous process. x is called forward adapted
if
x(0,7) =0 for t < max(cur)
and x is called backward adapted if
x(0,7) =0 for t>min(cur).
Remark 1: Assume A cI measurable and x,y two measurable kernels on I such that
x(0,1)=0 for cutz A
y(6,1) =0 for cu Tz AC.
Then x *y =y * x and
X *y)}o,T) =x(0 N A, TN A)y(c N AS, 6 N AC).
From this remark one deduces
Proposition 1: Let x be a forward adapted continuous process. Then using the
terminology of proposition 1 of 1.2, the Itd sum
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2 X-1) * (20 - aD)
=2 (a0 - ah) * X .1y — [ x,* da,.
Similarly, let x be a backward adapted process, then the “backward-It6” sum
2 x ) * (a0 - a60) = X (a0 - a@D) * X ) = [ x, * day.
Similar assertions hold for a*.
Hence we will use the notations
Idat*x[=fxt*da1
[ dat « x, = x, * da?
for forward or backward adapted processes.
Proposition 2: Let x be forward adapted, then

Xmax (0, T\ {max 1T} if maxc<maxT and maxte€ A
L x[*da1={

0 otherwise

Xmax o(0 \ {max 6}, 1) if max T<max o and maxc € A
L xt*dat+={

0 otherwise

Similarly, if x is backward adapted

L xt*dat={

{xminc(c\{mjnc},'c) if minT>minc and minG € A

Xmint (0, T\ {min t}) if min6>minT and mintTe€ A

0 otherwise

j X * daf = .
A 0 otherwise

Proposition 3: Let x be forward adapted and €!; then
(RE=)(0, T) = xp40(0 + {1}, 1)

may be different from zero only if t > max(c U 1), the case t = max(c U T) being not
defined. RZ is always = 0. One has similar results for Rix.
Let x be a backward adapted process and !, then R¥x and Rix are zero and

RE and R'x are #0 only if t<min(c U 1).
From these results we draw the corollary used again and again.
Corollary: Let x be a forward adapted C!-process and assume

dx, = f, * da} + g, * da, + h,dt.
Then t — x(g, 8) has no jump and is Cl, so

t

x(8, 9) = x,(8, 9) + [ he(s, H)dr.

Assume © U T # ¢. Then there exists t.,, = max(c U 1).

For t<t,,, wehave x(0,T)=0, for t>t . the function t — x(c,T) has no jump and
is Cl, and we have that
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flmax(c\ {tmax}ﬂ') for thax € O
Xtmax+0(c’T) = { .
gtmax(c”r\ {tmax}) for thax € T
So finally
0 for t<tmax
x[(o’ﬁc) =

t
Xtat0(0,T) + I he(o,T)dt’ for t > tpyay.
tm:

ax

Similarly, if x is a backward adapted process we have

t
x(99) = %09 + [ e g
forall te I andfor cUT#¢ and t;, = min(c U 1),

0 t>tmin

x(0,T) = tmin
xlmi,ro(c,t)-J‘ he(o,t)dt" for t < tpin
t

and
~fmin t(T\ {tmin}, 0) if tmineo

X‘min'O(G’T) = { . '
~Zmin t(T,0 \ {tmin}) if tmin€T

Proposition 4: Let x() and x(® be forward adapted processes and C! such that
having the finite product property PF of definition 4 of 1.3.
If
dx{” = £ & dal + g0 x da, + hPdt (=1, 2).
Then
d(x(D * x@) = (ffl) " X§2) + xgl) * t(lz)) * da,
+ (ggl) * x§2) + xfl) * g§2)) * da,
+ (0 s x4 x4 1 4 gD 4 (D)

If x(U and x@ are C! and backward adapted, the “Itd term” + gf” * ffz) has to be
replaced by -gﬁ') * ﬁz) - So we have the usual It6 table for forward adapted processes
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da, daf
da, 0 dt
daf 0 0
and the slightly different Itd table for backward adapted processes
da, daf
da, 0  -dt
df 0 0

This result is an easy consequence of proposition 3 and theorem 2 of § 1.3.
Proposition 5: Let x be forward adapted and y be backward adapted, then
(Xexy(0,T) = X((0N]-00,t],TN]-00,t] )y (GN[t,00[,TN[t,00[)
and
XpkY =YXy
Assume x and y tobe C!, then x *y is C! and one has the classical rules of
differentiation without any Itd term. So the It table is

da, daf
d, 0 0
da* 0 0.

Proof: See Remark 1. As the integral term in xxy does not appear, the calculations are
much simpler than those of theorem 2, § 1.3 and we do not need the property (PF).

§ L.5. The number operator and the splitting of the Fock space
The number process has been introduced by Meyer into the framework of Maassen
kernels. We will not follow him, but will consider it only as an operator on C(I).
Definition: Let & € C(I), so we define
AE e C(I) by A&(w) = (Ho)E(w).
The operator A is called number operator. We could introduce A into the framework of
Maassen kernels defining

O(s-t) if o={s}, 1= {t}

Alo,T) = {
0 otherwise

We will not persue this line of ideas. Instead we want to investigate the operator A-
a*(fa(f), where fe I— C,][If2dt=1.
Let Ic R be aninterval and f:1— C continuous and bounded and such that | If(t)12dt =
1. Define the operator

Dy : Co(D) — CpD
(1)

— 5 (G0 +(fym, m
o= 2, 2O

where a*(f) is the operator & — a*(f) x &. In ®yE, where & € Cy(I), there are only
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finitely many terms in the sum.
By direct calculation using the commutation relations we obtain

) a(f)dy = Pya*(f) = 0. ,

From there one obtains immediately ®g = P,
Call

3) @, = Lat (D Pga(D*.

Then

©) DDy = 8y Py

Furthermore

(5) Y @ =1.

We shall prove_as an example the last equation.

- v
Y @y = SED” ko) gkt = 3 P gepgp
k=0 k2 pl

with Cp:ﬁé) (-1)11(5)={ 1 p=0

0 p#0

Call C™(I) the set of bounded continuous functions Q,(I) = C, then Cy(I) = COXI) &
cOMme...
Call K= {&e Cy(D): a(f)E =0}.
Then
K=%0 K © %,
with

% = K o).

Proposition 1: &, maps Cy(I) onto X
Proof: Immediate.
Proposition 2: Any £ € CO(I) can be expressed in a unique way in the form
v ah**
i-3 0y

with
€ Kok -
Proof: We split

&—g(,)(l’ki—%—{l(_—!@ovk—! €.

Then a(t) Y; € CK) by the properties of a(f), hence <I>0 (f) € Kk The uniqueness
follows out of eq. (4).
Corollary: Call ¢, the k-th vector of the standard basis of £2(N):
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- w
E(.)i(ﬂ?—_!@k—)é o ® &

is an isomorphism from Cy(I) onto £y(N) ® %X; which preserves the scalar product. Here
Ly(N) is the set of finite linear combinations of the ¢ .
We split the number operator accordingly
A = (A-at(Da(f)) + a*(Da(f) = Ag + a*(Ha(h).
We have on K
Ee K: Af = Ayf.
If £e CM, then in the decomposition of proposition 2
Aoy = A&y = (n-K)&,.

II. The quantum stochastic differential equation of the inverse
oscillator

§ IL1. The physical model
The quantum oscillator has the Hamiltonian @gb*b, where @, is the frequency
and b and b* the usual annihilator and creation operators. The inverse oscillator has the
Hamiltonian -wgb*b*. Coupled to a heat bath of oscillators (a’;t);»e A the total Hamiltonian
is given by

¢)) Hy = -0gb*b + Z(@g+oy)ajay + Y, (gxb+83aib)

AeA
where we have used rotating wave approximation. This Hamiltonian, however, is not
bounded below, so it cannot describe a real physical system. Nevertheless, it is able to give
the initial behavior of superradiance and can be used as a model of an amplifier. We give a
sketch of these ideas.
The physical model of superradiance can be found in [2] and more explicitly in [11]. We
use the normalization of [4]. Consider a system of N two level atoms contained in a region
of space smaller than the wave length c/®w,, where ®; is the transition frequency of the
atoms. We assume the atoms coupled to a heat bath of harmonic oscillators and obtain in
rotating wave approximation the Dicke Hamiltonian

Hpjicre = S3000 + Z(0p+my)ayay + 2 (Vg__lz} S.ay + gvjlé S_a{),
AeA

The Hilbert space of the atoms is (C2)®N. The operators S; are defined by
S;=0;®1®..01+..+1®...81®c;

_1 01) _L(Oi) _1-10) _(00) _(01)
O; = s = , = , 0, = ,O.= .
‘2{10 9250 50/%%200 1 /%71 0%\ 0 o

with
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The operators S; obey the spin commutation relations. So (C2)®N can be considered as a
spin-representation space. Any irreducible representation is invariant under the application
of HDicke'

In the case of superradiance at t = 0 all atoms are in the upper state. Then, due to
spontaneous emission, one atom emits a photon, the radiation increases the probability of
the emission of a second photon, so an avalanche is created which is dying out when the
majority of atoms is in the lower state.

At t=0 the state of the atomic system is ( (l) )®N = Yyyp- This vector is the vector of

highest weight of the representation space and application of the S; generates an invariant
irreducible subspace spanned by V,,, m = -N/2, -N/>+1, ..., +N/3. One has
S3Yy = myy,
Sa¥im = CEHD-m@EmED) 2y .
Put
O = UNip-ko
then

v——lﬁ- S+¢k = N'I/Z(Nk'k2+k)]/2¢k_1 - VE ¢k-1

VL_N S0y = N-2(N(k+1)-k2-K)Oy | = VK+T Oy, ;.

For N — o the operators N-/2S, become b and b* resp., and shifting the total energy
by N/2 we arrive at the expression of H,,
By the considerations above it is clear that the Hamiltonian H describes only the initial
behavior of superradiance before saturation has to be considered. We calculate in II.6 the
occupation numbers of the oscillator state when there is no influx of photons. The
probabilities that the oscillator is in state |k><kl are described by a classical Markov
process X(t), which can jump by +1 and where the jumping rate is proportional to k+1,
if X(t)=k.

By the way, if we started here by vy, =( (1) )®N/2, all atoms are in the lower

state, we would have arrived at the equation for the non-inversed oscillator.
We split Hy (eq. (1)) into two commuting operators Hy = H+H’:

2 H=Ymaa, + 2(gab+grayb*)

?3) H’ = 0y(-b*b + Zazay).

The time dependence due to H’ is trivial, it describes a fast oscillation, modulated by H.
We consider H alone and introduce the interaction picture with respect to Yayaya, and
obtain for the time development operator.

d% Uy, = -HOU, = H(Sgaae Wb - i(Tgralei®)b)U, .

Now interpret
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4 F(t) = gy aye M
as quantum noise
(%) [E(t), F*(s)] = k(t-s) = Xlgy2e 1 ®M*0)

and perform the so-called singular coupling limit where you replace k(t-s) by 8(t-s).
Calling F(t)dt = da, we arrive to the quantum stochastic differential equation

(6) g—t U, = (-idapb - idatb*- %bb‘fdt)Utys,

where correction -%bb’fdt is the so-called It6 creation term.

IL. 2. The Heisenberg equation

As the Hamiltonian is quadratic, the Heisenberg equations are linear. We shall establish
them in a non-rigorous way and discuss them. They will later in II.5 come out of the exact
theory in a rigorous way.
We return to equation II.1(2) and calculate the Heisenberg operators

bH(t) = eittpe-iHt

ay (t) = eiHita eiHt,
We have

Qo =iZg a0

Sa®  =iom0-ig b,

Solve the second equation
t

ay(t) = et - 5‘[ IOAET) bH(T)dT

0

and insert into the first one
. t
dﬂt- bH(t) =i Xgy, a) e 1O + j k(tobH(n)de

with
k(t) = X Igy[2e-iont

as in I1.1(5). Using I1.1(4) we write
d _;  (t
it b(t) = iF(t) + jo k(t-t)b*(T)d7).

Performing the singular coupling limit we obtain
dbH(t) =i da, + % bH(t)dt.

Remark that we have to go with k(t) to 8(t) in a symmetric way. We integrate and arrive
at
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t

b¥(t) = e¥2b* + i j e®tt)2 day..

0

Multiplying with et2 we see that

0o

e2b*(t) > bt +1i J‘ et’2 da, = B+

0

for t — o0, So e¥2 b*(t) does not converge to zero, but to some quantity which can be
interpreted as a classical quantity as

[B, B+*] =0.
One may get the idea that the inverse oscillator acts as some photon multiplier where after
amplification a classical quantity comes out [2].

Let us investigate the stochastical behavior of B and B+, when the initial density

matrix p of the oscillator and the bath is given. We calculate

®(z)=Trp ei(zB+zB").
By Bochner’s theorem ®(z) is the Fourier transform of a probility measure on C2.

®(2) = | p(dt) ei2+2D),

so p(d€) describes the statistical behavior after amplification.
Assume p = p, ® lg><gl, where p, is the initial density matrix for the oscillator
and lg><gl is the vacuum of the heat bath. Then
®(z) = e2?2 Tr pp €i@d+b"),

Now Tr p, ei@+2b") js the Fourier-Weyl transform of py, its Fourier transform is the
Wigner transform of pg, we call it W(pg,E). Then

p(d®) = 2 [ W(po, mexp(-2(&-n)dnd;

so p(d€) is the Wigner transform of p, smeared out by a Gaussian distribution.
Assume pg = 10><0l, the ground state of the oscillator, which is here the state of
highest energy, then

p(dg) = L eeivzqe,

Assume a coherent state
y = eB22 eBb* 1 0 >,
and pg = ly><y|, then
P(dE) = 1 exp(-IE-Bi2)dE.
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So we recover the value B with an additional incertainty.

IL. § 3. An inequality for two oscillators
We will derive an inequality for the space of two oscillators crucial for the treatment
of the inverse oscillator in a heat bath. We do not attempt to derive the inequality in its
strongest form, but only in the special case needed below.
Assume the Hilbert space £2(N2), the subspace £y(N2) = £, of linear
combinations of the standard basis vectors ¢, m>, £ m =0,1,..., and define the usual
creation and annihilation operators a, a*, b, b* with

6} [a,a*]=[b,b*]=1, [a,a]=[a,b]=[b,b]=0
and

all, m> =VL1e1, m>
) a*(l, m> = V.0+118+1, m>

blg, m> =+mlL m-1>

b*lg, m> = Ym+1 1L, m+1>.

Define the quadratic operators

A =a‘*a+bbt
A3) B =ab +atbt
C=ab - atb+.

Theorem: Assume o, € R,0020 and o2 - 2= 1. Then there exist constants y, =0
<Y, Y, < ..., such that for all & e £,(N2)

(&, (aA+BB)kF,> < em (&,Ak§>
with t=%log(a+ﬁ).

The proof will be the result of several lemmata. We will use the fact that the operators
A,B,C have the same commutation relations as the traceless 2x2 matrices,

(90) (50 (g3) onets
[B,A] = 2C, [C,A] = 2B, [C;B] =2A.

Define &m) = ¢m)(N2) to be the set of linear combinations of 1&,n> with &+n<n. Then
C: gm) — gm+1)
IICEN < 2(m+1)IEN

for £ € &), Define
L={Eec 22: <§,Ak§><oo for k=0,1,2,..}.
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Lemma 1: The sum Z rtn—n: Cm & =eCt converges in norm to a vector in £, for & € £,

for Itl < % More precisely,

Y 12 €2 g < Y (a2 2"1t|m@1);[n;f“’“—“° IEN < oo
=0 : !

m=0

for £ L™ and k=0,1,2,....
Proof: Apply the quotient criterion.
The algebra = = uXa#, b*) generated by a* and b* can be described as the
algebra generated by four indeterminates with the commutation relations (1). More precise:
Define the free algebra C<x;,x], X5,x3>, divide by the ideal J generated by
XiXj - X{X{
x{xj - x{x{
Xix} - XPx; - §y;

and call
xf+J=a#
x4 +J =b#,

Define
a, = (cosh t)a + (sinh t)b+
by = (cosh t)b* + (sinh t)a
af = (cosh t)a* + (sinh t)b
b, = (cosh t)b + (sinh t)a*.

As the af and b? have the same commutation relations as the a* and b¥,
replacing in a polynomial in uAa*b*) the a* and b* by the a and bf defines an
isomorphism m,: w— w.

The polynomials p € w can be defined as operators on £,. The mapping a —
at, a* — a,b > b*, b* - b defines an involution in #. One has

{ept)=(pr&.t)
for &, C e 4. ,
Lemma 2: Assume p € w(a*b¥) and Itl < 1/2, &, { € 4 Then

*) (o, p i) = (£, ip)t).

Proof: The inequality in Lemma 1 shows that eCt is differentiable. As C* = -C, one
obtains

gt_ <e-Ct§, p e-Ct§> = <e-Ct’ [C.p] e-cq;).

On the other hand
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d% a =n((Cal), ..., g bf = n,([C,b*]).
Hence
L ndp) =n((Cp).

The mapping p — [C,p] has the property that it maps the subspace @), spanned by the
monomials of degree <n into itself. Let py, ..., py be a basis of @), then

N
[Cpil = 2 CixPx> Cix € C;
k-
hence :
d% (e'C‘ﬁ, Pi e'C‘C> = cix <C'C‘§, Px e-C‘§>;

on the other hand

dit <§ﬂlt(Pi)C> =y ci&Ne(Pr)C)

So both sides of (*) obey the same system of differential linear equations. As they coincide
for t=0 they must be equal.

Lemma 3: 0A + BB =1,A with t= % log(0+B).

Proof by direct calculation.
We define a polynomial p € @ to be positive p >0, if

&p&)20

for all € € .L,. We shall use the following inequality again and again:
For pqe w
P*q+q'pSp'p+q'q.

That is a direct consequence of
PP +4*q-p*q-q*p = (p-9)*(p-q) 20.

Lemma 4: There exist constants Y, =0<1y; <y, < ..., such that
[C,AK] <y Ak,

Proof: We prove the lemma in the following way. Call E, and Ek the assertions
(Ey). There exists ¥ such that

BAK + AKB < K A+,
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(Ex) There exist v such that

[C,AK] < YAk,

Now

(Eyp): B =ab + atb* <ata+bbt=A.

By the inequality above
BA + AB < A2 +B?

and
B2 = a2b2 + a*2b*2 + aa*bb* + a*tab*b
< a*2a? + b2b*2 + aa*bb* + a*ab*b
= a*aata + bb*tbb* + 2atabb* - 2ata + 2bb*
<A2+2A<3A2

as A < A2 Finally

E) BA + AB<4 A2

(Ey) is trivial. Now
BAK + AKB = ABAK-1 + AK-IBA + [B,A]JAK! + AK-1[A B]
= A(BAX-2 + AK2B)A + 2[C,Ak1]
< KgAK 4 2y Ak
< (K + 2%k AR

as Ak-1 < Ak+1. This proves (E,) out of (E,,) and (Ej_,). On the other hand

k-1

[C,AK] = 2 ), AIBAK-1i = 2(BAK1 + A1B) + A(BAK-2 + AK2B)A + ...)
i=0

< 2(Kyp + Kgp + .. )AK

This proves (E,) out of (Ey), (Ey.)s -...

Let us collect facts. We have already proven (Eg), (E;) and (E'O). Then (Ep)
implies (E;), and (E,) and (E;) imply (E,), and E, and E; imply (E,), and (E,)
and (E'2)' imply (Es), (Eg) implies (E)), (Bp) and (Ey) imply (E), (o) and (E)
imply (Ep), (E;) and (E;) imply (Ej), (Ep), (E;), (E;) imply (E3) and so on.

Lemma 5: For & € £, and Itl <% one has
(e, Ake-CIE) < enit(E, AKE),

Proof: We differentiate the left-hand side and obtain
(eCE,[C,AK] eCtE) < y e CiE, Ak CIE),

Integrating this differential inequality yields the result for t > 0. Negative t means
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replacing C by -C,or b by a and a by b. So we have the same result.

Corollary: The mapping Itl < L _; eCt can be extended to a unitary group of operators
on R. These operators map the subspace LX) of vectors with the property <§,Ak§> < oo
into itself and one has

<e'C‘§,Ake'C‘§> < ewt|<§,Ak§>
for all t.
Proof: Unitarity follows from Lemma 2 for p =1 for small t. From there extension to

all t by iterated application of lemma 4, as do the other statements. The theorem is the
direct consequence of the corollary and lemma 3.

§ IL. 4. The kernel solution of the stochastic differential equation
The equation

can be interpreted as an equation for matrix elements, which we write
(mluggn) m,ne N.

So (m|ut,sln) is a kernel with values in C, the vectors Im>, n> are the eigenstates of the
inverse oscillator in the usual Dirac notation. Then the equation becomes

) dyfmlug ) = ; (i (mlbl da, - i (mib*14 daf - %(mlbbﬂﬁ) 8y gdt) * (Lug glu).

Remark that the sum over £ is finite due to the special character of b¥.
Proposition 1: There exists exactly one family of solutions

(mluggln), m,ne N, t>s
of (1), whichis €! and foward adapted and obeys the condition
(mluggln) =8, 8, 4

and it is given by
(mhlt s|n) (0,7) = (-i)#o+# <m|e-(l-tk)bb+/2b€k e-(tictik Dbb*/2hEk1 | hE2 e-(t2t1)bb*/2 pEl e-(t|-s)bb+[n>

for tu o c[s,t] and O otherwise, where

#t+#o=k and TUo={t, ..., t} with t;<... <t
and
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pec [ bif€=0
b* if e=1

0if e
and Ei={ .
1if t,eo

Proof: Assume at first T=06=g¢. Then (mlut,sln> (,8) does not have any jumps. As t —
(mlut,sln) (¢,8) is €! we have the differential equation

Limiug Jn) (9.9) = - {mibb*m) miu, o) (5,9)
and

(mlugln) (2.9) = <mle'('"s)bb+’2lm> Snne
Assume now

TUOC#¢ and t>max(cuT)=t.
Then

%(mlut,sln) (o,7) = -%(mlbb*lm} (mluygln)(o,7).
Assume e.g. t’ € o, then
(mlutv+0,sln) (o,7) =-1 (mlb*lm-l) (m-llutv,sln) (o\{t’'},7)

and (mlug.oslm) (0,7) =0 because of the forward adaptedness. So
(mlugln) (0,7) = -i<mle-(‘-")bb+/zlm> (mlb*im-1) {m-1lug ¢in) (6\{t'},7)
=(-1) <mle'(t"')bb+/2b+lm- 1> (m-1lug gha) (G\{t’},7).

This shows that an induction is possible with respect to #0 + #T.
Inspection of the solution and the theorem 1 of 1.3 show
Proposition 2: The processes s — (mlut,sln) are backward adapted and €! and

dquis = g » (ib dag + ib* da + 1bbvds 3, ;)
or more precise
d, (mlugn) = 3 {mlue18) « (Ribda+ib*dag+Lbb*ds ,gin)
Z

Remark 1: The matrix element (mluggln) (6,7) are # 0 only if m +#T=n + #0.
Proposition 3: Let r <s <t. Then

ut,s * us,r = ut,r
or

(% (mlug 19 * (ugIn))(S,7) = (mlug An)o, 7).
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For fixed ©,T the sum consists out of at most one term.
Proof: By proposition 5 of 1.4

(% (mlug 18 (ﬂus,,ln))(o' ,T)
= % (miue 8 (6 A [s,00[, T N [5,9]) (&g, ) (6 N]-e0,8], T N]-c0,5]).

So by the remark 1 there is at most one term in the sum over £
Differentiate the left-hand side of the last equation with respect to s and apply proposition
5 of 1.4, then

% Ll x (lug ) = 0,
that means that that expression is independent of s, so
% (mluy 518+ (2u In) = (miu; cn) .
Define the kernel valued matrix uf

(@t hm) = (mbug ol 4+, or
(@i fm) (0,7) = {mhug ¢l ) (5,0).

Lemma 1: We have the estimate

(&+p)! (&p)!
v i S el < 7y

e-(t-)/2(L+p+1)
if £4+p=m+q. If L+p # m+q, then
(rdf 1m) (0,1 =0
for #o=p and #1=q.
Proof: We have by proposition 1
eI, 1m)l = (81 ewmb™ bk peirsb'r2 Im) < (21 b% ... b%m) < (2169 b*Pim)
From there one gets immediately the second part of the inequality. The first one follows by
a similar reasoning.
Lemma 1 shows that <,ZI wl m) does not satisfy Maassen’s condition (cf. 1.2,

Remark 3). But the pairs (£1 1 |m) and (ﬂ, Tuf m‘) where €=0,1 and w0 =y, ul=
u* have the finite product property as
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{21 1m)ll, . =0
and
e im)ll,,. =0

for sufficiently big r by lemma 1.
Lemma 2: The sum

E dty £ (0 fm) (o +y,B) (LHIE n) (00" +7,B")
=0

converges uniformly for all o, o”, B°, B with fixed #o’ =p’, #a”=p”, #’=q’ and
#p” =q* for fixed j and k andO<t-s< 1.
Proof: Assume #y=r1, #o’ =p’, #0" =p”, #B’ =q’, #3” = q”. This means

m+p +r=4+q
n+p’+r=L+j+q"

So r= L +c for some constant ¢, or r=0. So the terms in the sum can be estimated by

oo

3 B0 5 (Bra)! (Rijtg))!
= &) I Y () Yml ol

(o]

using the quotient criterion.
Lemma 3: Let C<x,y> be the free algebra over C generated by x and y and define the
mapping

A: C<x,y> - C<x,y>

P — xyP - 2xPy + Pxy.

Then for two elements P, Q € C<x,y>

APQ = (AP)Q + P(AQ) + 2[x,P][y,Q]
and for n elements Py, ..., P,

A(Pl “ee Pn) =
(AP)P,... P, + P{(AP))P; ... P, + ... + P, ... P, |AP,

+2 z Pl ee Pi-l [X,Pi] Pi+1 . Pj-l [y’P]] Pj+1 ee Pl'l'

1<i<j<n

Proof: By direct calculation

APQ) - (AP)Q - P(AQ) = 2 [x,P][y.Q].

From there proceed by induction.
Denote for s<t
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t
b =bet2§, - J‘ e(tt)2da
’ s

M
t
b = bt e®925,  +i j et-)2da,,
and
t
@) by, =be®s28,  +i j e(tt)2dak

t
b= b+ eC928y - [ et2da,.

Call as in § II.3 w(b,b*) the algebra generated by b and b* with the defining relation
[b,b*]=1. As [bs by =1 and [bg, b ] =1, replacing in a polynomial p in b, b*
the elements b, b* by b, and by (resp. b, and by,) defines an isomorphism 1,
(resp. M) from w into the algebra of kernels. Multiplication of these kernels is not a
problem as in the integral term f dy only finitely many #y occur.

Proposition 4: Assume p € 2Ab, b+) and 0 <t-s < 1.

Then

oo

Y ((mlu‘{,slf) * (UplL)dg 4 * (i’l'lut,sln)) (0,7) = <min, (pin>(0,7)

and

Y, ((miuggld* (2pl2)3y g * (Eluf gn) (0,7) = (mingpln) (0,17).
220

The sums converge uniformly for fixed #0 and #7.
Proof: Due to the structure of b* we have that

(Upi)=0 for 1L-L12c

where c is some constant dependent on p and for fixed £

K
[ (ple)l < 2 a K
k=0

for all & and with fixed constants a,. So using lemma 2 we show that the sum as well
as its derivative with respect to t converge uniformly for fixed #o and #r1.
Using the fact that ({miu} (8, (lu;(lm)) have the property (FP) of definition 4 of 1.3, we
can apply proposition 4 of 1.4 and justify the following calculations in matrix form.
One has
dut = uf * (ib da, + ib*daf - %bb‘fdt)

and
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duts * Py * g = s » (ilb,plda, + i[b*,pldaf - L Ap 8,4d0)  uy
with

Ap = bb+p - 2bpb* + pbb*.
Now

dbys = % by dt - ida}

dbl, = L bidt + ida,

As the pair (bts, b?,s) has the property (FP) we can apply this theorem repeatedly and
obtain

dy(bs * ... x bfR) = % bEl * ... = bindt

. £ €j €
+1i Z bilg# ..+ b x L x b (e day + C'g; daf)
1<j<n

€] €j ; €
+ D, Cog DE .k bT xbE kL b dt.
1<j<k<n

The * signifies that this factor has to be deleted g =1, and b*D =b+, b(D=b.
cp=1,¢,=0;¢1=0,c".yand ¢;;=c,; ;=c;;=0and ¢, ;=1
Now

[b,bf] =cg

[b*bf] =c'g

Ab =-b

Ab* = -bt.
So

dgb8l % ... % bE = dm, (b8 ... be) =

in, o([b,b% ... b)) + da, + i (([b*,b% ... bE]) * da - % Nes(ADE ... bE)dt.
So for all pe w(b,bt)
(*) di(Me5p) = i Mys([b,p1) * day +im ([b*,p]) » daf - L (Apdt.
For p=1 we have
dy(ng1) = 0.

So Myl =ngl = 1.

Let w),(b,b*) be the span of all polynomials in b* of degree <n. Then p — [b*p] isa
mapping from ), onto =, , and p — Ap is a mapping from w, into itself. We
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assume T, p to be calculated for p € @), . Find abasis p;, ..., py of @), then Ap;=
Y Dypy and for 6=T=¢ the function t —n, p(p.¢) is differentiable and

41,89 = L T Dy, pi(8.9).
dt 2
So it is uniquely determined by n, py(#.8) = p. Explicitly

(M PD@.) = 3, (12D py.
k

Assume TUG#¢,ande.g. max(TUO)=t" € 6. Then for t>t’:
t = n,(p)(T, 0)
is C! and

%nt,spi(‘cyo) = —% hX Diknt,spk(’t’c)-

For t<t’ one has 1, p;(1,6) =0 and for Mg, p;(T,0) = N, ([b*,p])(T\{t’},0).
So m,p is uniquely defined by the differential equation (*) and the initial conditions. As
the
ufs* pdyg * U, PE W,
obey to the same differential equation and to the same initial conditions they coincide.
A similar reasoning applies to the second half of the proposition. Differentiate now
with respect to s!

§ IL. 5. The solution as unitary operator

We introduce
C=C(QI) xN)
the space of all functions & : Q(I) x N - C; (@,£) - &(o,0), such that
sup _ -~
S+ ,ﬂ:p |§(0),£)| II?';IIp < oo,
We denote by

€ o= Co( QM X N)
the subspace of these & such that &(®,£) =0 for #w+L sufficiently big.
Let & € C;, we define & (o) =&(w,m). Let u s and uf; be the kernel valued

matrices of the last chapter.
Define

(U, &)@, =2, (Budm) *Em)(@)
or

UGB @D =Y, Y, | dt(fiudm)(©,0E(@\0) + 1, m).
m e
Similar
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U &@D =Y, ((Quf dm)* &, )w).

So U and Uj are operators C;— C by proposition 1 of 1.2. They are adjoint in the
sense that

(ULE, €)=(8 ULL) for & Leco

Define the operators N =b*b and A asin § L5, so
(NE)(@,0) = LE(w,0)
Ag(0,0) = (Hw)§(w,L).

Proposition 1: We have
(N-A)U; s = U, ((N-A)
(N-A)Ut = Ut (N-A).
Proof: We have
(ﬂut,slm) (0,1)(N-A)E((0\G) + T, m)
= (m - #1 - #0 + #0) (L Im) (0,7)E((0\C) + T,m)
= (L - #0) (Uusm) (0,1)E((0\0) + T,m),

as (flu;mYo,7) vanishes unless £ + #7=m + #0 (see IL. 4, Remark 1). Denote by
C(Q(I) xN) =C, the subset of C given by

<§,(N+A)“§>= i L)k J.ul<..<.. j EQuy, ..., u.}, DiPdu, ... du, < co

r,e=0
forall k=0,1,2,....

Proposition 2: The operators Uts for 0 <t-s<1 map C; into C,.
Proof: Assume & € C, then

(U ENUE)E)

= z Emy * (mlu’{’sl,Q * L8, x (Mg glmy) §m2.

Jmi,m2

Following the discussions of § 1.1 we obtain

= > IIJ dyyp dyy3 dva3 ﬁ—mn(le +Y13)

Lmj,m;

((mlu{sLQ * £k<l|ut,slm2)) (112» YZ3)E.um2(Yl3 +¥23)-

By lemma 2 of .4 the sum
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( % (miuf 1.0 « {8u,dma) (¥12, ¥3)

converges uniformly for all 7vi,, Y,5 with fixed #y;, and #y;; to some bounded
function. As #y;, and #y,5 stay bounded, we have finally that

<Ut,s§kaUt,s§> <o

forall &€ C; and all k. Now

(Uit N+ Ui = U1k @N+N-A)U, )

5 ) ' o
= ( ) ) 2 <Ut,s§, N Uy s(N-A) —J§> <eo
j=0 \ J

using Schwarz’s inequality.
b and b* can be defined as operators on C, and are mutually adjoint.
Proposition 3: Let &, {e €, 0<t-s<1 and pe w(b,b+). Then

<Ut,s§’PUt,s§> = <§,11:,s(P)C>

(U &pULE) = (Enesp?)

interpreting bf,s and bﬁ,t as operators on C,.
Proof: We have

<Ut,s§,pUt,sC> = uz Emy * (mllu’{,slﬁ) * (UplLL Y, 4 * (Llug lmo) * §py v
mp,m2

We use again lemma 2 of I1.4 in order to ensure the convergence of the sums and apply
then proposition 4 of I1.4. The last expression becomes

= z g‘n-n * (mlh]t,splm2> * sz = <§’(T|t,sp)c>-

mij,m2

Proposition 4: Let 0 <s-r<l and 0 <t-s<1, thenfor (e C,

(UL E.Us L) = (£ U ).

Proof: The convergence of the sum
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2 &;m * (m1|Ut,SL© * (ﬂUs’sz) * sz

Lm1,m2

follows from lemma 2 of I1.4. Apply proposition 3 and proposition 4 of 1.4 for p=1.
Proposition 5: Let £,{ € C,. Forfixed s and t{s

(U2 &5, AN ED) - 0
where €==+1 and U-l=U+ U-l=U.
Proof: By proposition 2 it is sufficient to show that
(Ut &8, NN(US £-8) — 0.
The left side is equal to
)y , Emy * (m1ELD) - Sm B ) * LR(Q0f hmo) - 8y By 5) * Epn .

mp,my,
Now

2, (L7,044,012,B1,B2) = ((m“‘fsm - 51mﬁ¢,¢)(0£1,B1+Y)£k(<ﬂlﬁ,slm2)-51m25¢,¢)(062+Y,l32)
has the property that for y# ¢

Iz, (L, Pl < <m1|b#<ﬁl>+#v(b+)#°‘luz> 1Lk<ﬂb#<32>(b+)#°‘2+"#7"1m2> 1(yc st =
= C(Ly1(yc)sitD).

Soif s<t<tyand ty-s<1,
Iz, (£, &)l < C(L ) 1 (y< IsitoD
and by the reasoning applied in lemma 2 of 1.4, we have that

[ay ; CULY) 1 (Y IstgD) < .

On the other hand, all z, (£, v) - 0 for t 1s. Apply the theorem of Lebesgue.

Proposition 6: There exist constants Y, =0<7; <v, < ... such that for 0<t-s< 1,
e=1%1

(Vs & AN+ UL E) < explnp(t9))E A+N+D1E)
with
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p(t) = —é—(t +log(1 + V1et) < %(t +log 2).

Proof: We have by (1) of 1.4
by s = etsV2b + Vets-1 a*(f,,)
bi, = et9b* + Vers-1 a(f,)

where f ()= V_— I ) e(t-t')/2
has been chosen such that
[ (0)%dr = 1.
Then
bt,sb;”,s = etsbb* + e(ts)2 Yets-] (b*a*(f, o) + ba(fyy)) + (evs-1)a*(f, pa(f, ).
We have
[N-A, bt,sb:s] =0
and recall

bb+ = N+1.
Use proposition 1

<Ut,s§, (A+N+1)"Ut,s&,> = <ULS§, Q(N+1) + (A-N))“Ut,5§>

D ( i )<U"SF” Q¥ + ANV E) = > ( i )<§ 2n, b (A-N) )

j=0 j=0
=(& @bubtsr ANIE)= (5 o+ M%)
with
Ag=A- a+(ft’s)a(ftys)
M = 2bt,sb‘{,s - bb* + a*(f, Ja(fy )
So
= (2ets - 1)bb* + 2et-s)2yets-1 (bra*(f, ) + ba(f; o) + (2ets - Da*(f; Ja(f, o).

Let & e €, we can write it in the form

Zbu' 0>0tp=>1L>08&

with &g e Cy(Q(D). Apply the results of 1.5. We obtain

+. fis
E= ZbLIO @a;;)gm

with a(f,)Egm = 0.
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We establish so an isomorphism between €, and £y(N2) ® X

&—)Em ;)_lavjr|0>®&i’m > Um>e&, .

The operator M, ; works only on the first factor, whereas A is the number operator on
the second factor.
So M, can be represented as a polynomial in a# and b¥*. Recalling the notations of II.3
we obtain

M, =0aA + BB

with o =2e®s) - 1, B = 2e®t9)2Yets-1. We obtain

(orm'e) = z (%) mdd,18.m) (s, A5 )
o

as 02-B2=1 we apply the theorem of IL.3 and use the fact that both £,m-matrices are
positive definite

A
.M"'

( ;( )<L mIAJ'L@,mv> <E-'—¢sm’ Ag-j{;l’,m'> enu

J=

) jg ( ;( ) <§’ AjAlé-j€> = <§’ (A+A0)k§> en = <§, (1+A+N)k§> en
where
e = o+ = (et9)2 - Yets1)2

or

u= %(t-s) + % logV1-e-®s),

For U+ we have nearly the same dcvelopments changing f,; by f,=-f,.
Theorem: There exists a unique family U ts Of unitary operators on LZ(Q(I)XN ) for
t,se R with the properties

Utt =1
Ut s = Ugy
Ut,sUs,r = Ut,r

for s,t,re R, such that
ﬁt,s& = Ul,sg
ﬁs,tE.» = Uts&
for & e C,.
Denote by 7 the subspace of all € e L2(Q(I) x N ) such that
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<§, (A+N+1)k§>= IEIR < oo,
Then

Uts: D, — Dy
and
1T, &l < Crelwes!

for some constants C; and I'y. Furthermore

<ﬁt,5&) p i\jt,S§> = <E.n nt,sP§>
forall pe w(b,b*) and § € Dy with k> the degree of p. The function ts — U, &

is continuous in D,-norm for § € D.
Proof: In order to establish unitarity apply proposition 3 for p =1 and obtain

(Uit Ust)=(&. ¢)
(Ut vt )= ¢)
As U and Uj are formally adjoint, we conclude that they are restrictions of unitary

operators on €. In order to obtain the other results apply the propositions 4, 5 and 6. In
future we shall delete the ~ and write U, instead of ﬁt,s.

§ I1.6. The classical Markov process of the occupation numbers
We want to investigate the time behavior of the occupation states
¢, =m><ml, m=0,1,2,...

of the inverse oscillator under the assumption that at initial time the heat bath is in the
vacuum state. Denote by @, (t,s) = Uy ; @, U(t,s). We are interested e.g. in

Tr((Ig> <@l ® pg) Pp(t,s) = TrpoPy P, (t,8)Py,

where Ig> <gl is the vacuum state of the Fock space, p, is some initial density matrix of
the oscillator and Py is the projector

P,: L2(Q(R) x N) = L2(N)
Y&, Im> o X & (g) Im>.

Definition: Let X(t) be the classical Markov process on N = {0, 1, 2, ...} with
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possible jumps by +1 and the transition rates given by
P(X(t+dt) = n+1 | X(t) = n) = (n+1)dt
P(X(t+dt) =n | X(t) =n) = 1 - (n+1)dt.
Denote by
Prn(H=PX(t) = m 1 X(0) = n)

the transition probability coming from n to m during the time t.
Lemma 1: For s<t

m
PyUL @ UtS)Py = Y, P g (t-5) @y,
=0

Proof: Using kernels
<£ |p¢U§sq>mUt,sP¢w> = (L g1 m) + (m 1 ugle)) (9.9)

= J dy (1, Iu’{'s | m} (2,7) <m I ut,sl’e> (1,9)

=8pp Bpg+ Y, j . . j (mle--tabb*72 pte . b+ e(rsbb*/21g) |2t . dt, =
sSti<..<tp<

k=1

[ettomm etetenimDm-1)... (L4 1)e-Crardty...dt)

sStI<..<tk<t

dU’(Sml+l§:l 8m-k,l

and the integral equals p;, o(t-s).

Theorem 1: Call
Dy (1) = py(t,0) = Uy g @, Uy,
then
Tr(po ® Ig> <pl ) @ny,... P, (1) = Py (X(t;) = my, ..., X(t,) = m)

provided that t,, ..., tp are pyramidally ordered, i.e. there exists a q with 1 <q<p such
that
< <tg <tgSitgy > >t

"
Here 7 is the initial distribution of the Markov process

n(n) = P(X(0) =n) =< nlpgln >.

Proof: We shall show that
*) Py®p, () ... Dy, () Py = YOyPy(X(t) =my, ..., X(tp) = my)

where Py is the probability distribution of Markov process X(t) starting with X(0) = £
For p=1 this is a direct consequence of lemma 1. Assume now p=21 and call
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s = max(ty., tg,1)-
Then the left-hand side of (*) equals
PyUot; Pmy Uty ity Py - Ut 1,®Pm; Uty Py
= (PyUg,; Prmy -+ Prmgy Utgr) (Usyg @, Uty s) (Us,tgy Py Ugy ¢ Py)-

Using 1.1 and remark 1 of L4 we write the £, -matrix element of this expression in the
form of kernels

3, (@oolm) ¢ 5 (g )« ossgi « maU i) o
1)

G'Iutqfqnlmqﬂ) Xoo¥ (mplu‘ntw» (2. 9)

=3, dy(tiuggmy) (8, ¥0[0.4,]) - fmfuigud) (8, ¥ ltg1,)

X
(jtus Jmg) (8, ¥ [ s.tg]) (mgluggsli) (10 s, tg], #)

(j'lus’tqullnq.,,l) (’Yﬂ [tq+1, tq], ¢) e (mplutn()l') (Yn [09 tp]9 ¢)

Split the integral
jd’Y... =Ile Id’Yz vee

with y; =yN [0,8] and Y, =Y [s,t;], and perform the integral over v,
J dv, (jlug emg) (@, 7,) (malugsli) (Y2, 8) = 8y Prag (tg-S)-
Assume now that t; =s, then
(mq-lmtql-slj) =Bmg.1 850
and the matrix element becomes
[ dy (2 g ghmy) (8, ¥ [0, 131) .. (ma.2luigaeq tma 1) (8, ¥ O [tg2: tg1])
(Mg.1184gtg0 i 1) (¥ O [tgats tgr1)s #) (Mphugyol€) (O [0, 1o, 8) Prngpmg. 1 (tgtg-1)

= <1, | P¢U0,t|<pm| e ¢q-2th_2, tq_l(pmq,] U‘ql,tqﬂ qu!-l vee d)m'pUtNJE> pmq»mq-l(tq_tq'l)
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= (£ 1Py D tg) - Prgs-1) Prglgen) - Py P2 ) Prging )
If () istrue for p’ = p-1, the last expression equals
Sw PL(X({[)=m1, ey th-l =mq_l, th+1 = g1 o0 th= q) pmq’mq.l(tq-tQ'l)
= Suv PL(X(tl) =my, ..., ti = mp)

using the Markov property.
If ty,1 =s, we have a similar argument.
Theorem 2: Assume a density matrix p, with Tr py Nk <o for all k, where N = b+b.
Call
N(t) = U7 g Nk Uy
Then
Tr(po ® 10><0l) N(t)*1 ... N(t,p)kp =E, X(t)" ... X(t)*?

provided that t;, ..., t, are pyramidally ordered where k; 20, ..., k,2 0 are some
integers.
Proof: Recall

Dy = (€ LAQ) x N) : IEIR = <§, (1+A+N)k g) < o},
Then

INKEIG = (NKE, (L4N+AYINKE) < 1y, .
Denoting by

X Il g = sup{IXEll : IIE]|p< 1}
we have

INKllyy, pp < 1.
Denoting by

M M
Ny= D m®y= Y mim><ml

m=0 m=0

we have for M — o
N & — NKE

in £-norm for all & € Dy, .
The U, are bounded operators in 7} forall k. Write

N(t)M1- - N(tp)ke = Ug ¢, NK1 Uy, , N¥2 Uy .

So for € e Dk +kp We have
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<E_,, N(t)k1- - - N(tp)ke §> < C Il .. 4k = C [, (1+N4+A)2kre+ko) E)
and

& Nu(t)r- - Nu(tp)* &) = (& N1+ N(tp)* E) for M — e
Write

Po = z O 1o><dyl

r=0

where O, are the eigenvalues >0 of p, and ¢, are the eigenvectors, then
T, po N¥ = 2 9 (0 IN¥I ).

So 16> ® lg> arein 7} forall k and r.

We calculate
Y (po® Ig><s ) (Nt - N(tp)*?)
=39 (0r, IN(t)H -+ N(tp)*0;, 9)

< % 00n, AI(L+A+N) X4 g )
= 3 O0d(1+N) b kolg,)

=Tr po (1+N)2kr+kp) < oo

and
Tr (po @ lg><gl)(Nui(t)¥!- - - Nu(tp)**) = Tr (po @ l¢><¢|)(N(tl)kn - N(p)).
Call
Xp() = X(© 1 {X® <M},
then

Xp® T X(t)
for M — e« and
En(XM(tI)‘“ . XM(tp)kP) T ExXit)K1- - - X(tp)%).

On the other side by theorem 1
E(Xm(t)M - Xm(tp)*)

M

2 m L mP P (X(t) =m,, ..., X(t,) =m,)

Il
™M
aw

k1 1 T (p @ I9><01) (mi(t) - Oumltp))
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= Tr (Po ® lg><pl) (Nm(t)¥! - - - Nm(tp)*).
Giving on both sides with M — oo we obtain the theorem.
Lemma 2: One has
E o(X(t) + K)(X() + k-1) ... (X(t) + 1))
= Tr(l><Ml ® Ig><gl) (N(t)+k) (N(t)+(k-1)) ... (N(t)+1)

= ekt(Z4k) ... (L+1).
Proof: Differentiate

%2 (m+k) (m+k-1) ... (m+1) pp, o(t)
=Y, (-(m+k) ... (m+1) (m+1) py o(0)
+ Y, (m+k) ... (m+1)m py ; 4(t)

=k Y, (m+k) ... (m+1) py o(t).

Lemma 2 gives the possibility of a check bkb+k = (N+1) ... (N+k)
so using equation (1) of I1.4
Tr(><ll ® lg><gl) (N(t))+k) ... (N(t))+1)

=<k, gl bf, (bfo )14 o>
= ek (2 IbkbH1d)
=ekt (L+1) ... (L+k).
Remark: If 1, s, t are not pyramidally ordered, then in general
Tr(10><01 ® lg><gl) N(r)N(s)N(t) # Ey X(1)X(s)X(t).
Proof: Using again equation (1) of IL.4 we have
0, BIN(D)+1) (N(s)}+1) (N(+1)I0, 8) = (0, glby,obf,obs,0b?, b ob 010, 9).
Now
by g =eY2 (b + a*(f))
with

fu(t) = -i Lo (') et
Then we obtain
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(0, gIN(D+1) (N(s)+1) (N(H+1)10, ¢)

= er+s+t(6_26-rr\s - Qe TNt - eg-sNt 4 e-rr\s—rnt)
where

sMt = min(s,t).
For r, s, t pyramidally ordered, we have for the last expression

etr+tz+ty(6-4eti - 22 + e-trz)
with
{I',S,t} = {tl’ t2, t3}, tl < t2 < t3.

If 1, s, t are not pyramidally ordered, e.g. r>s and t>s, then we have
etr+tz+t3(6-de-tl - 2e-2 + e-2tr)

which is different. So it is
# Eq X(1)X(s)X(t).
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