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From an Example of Lévy’s
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The motive of this paper is to prove completely an assertion of P. Lévy [3], who
claimed that for each positive integer n, there exists a polynomial F, of degree n such
that the Wiener integral with respect to Brownian motion {B(u);0 < u}

t U
Xt)= [ F (—) dB(u)
0 t
is again a Brownian motion and

B(X;t)gB(B;t).

Here B(X;t) is the o—field generated by {X(s);s < t}.

Over the last few years, the non-canonical representation of Brownian motion of
this kind related has been of interest to many authors, in particular Th. Jeulin &
M. Yor [4,5,6,7] and M. Hitsuda [2].

Let Xo(t) = B(t),(t > 0) be a standard Brownian motion. In this paper, our
precise purpose is to construct a sequence of Brownian motion {X,(t);t > 0}(n > 0)
such that X,(t) can be represented as a Wiener integral

Xt = [ ‘F, G) dBw), (n>1).

Here F,(t) is a polynomial of degree n in t. And if M(Xy;t) is a linear span of
{Xn(u);0 <u<t}in L*(Q, P), then for all t > 0,

1) M(Xni1;t) G M(Xnst), (n 2 0),
and further, for allt >0 and n > 1,
) /otFn(%>ukdu=0,k=1,2,...,n.
Let Fu(t) = At +ap_1t" 14+ - -+a1t+ag. We know by calculating the covariance

that X,(t) is a Brownian motion if and only if the coefficients of Fy,(t) satisfy the

following equations
QQI‘.1£+Q.O2£L+...+MLL =1,

n+1
a189 a10y aan
o+ S+ 0,

®3)

TRttt an =0
In the simplest case

n

— 2n+1 — _n+l
an = =700 = — 7~
ag=ay=--+=a,_1=0.

is a solution of equation (3).
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Theorem 1 If P,(t) = Z4n— 2t and if F(t) are defined by the following recursive
formula

Fi(t) = Pi()

Fo(¥) = Fars(¥) = i Facr () & Pa(})dr, (n 2 2)°
then Fy(t) satisfies (2), the coefficients of Fy,(t) are given by

a = (—1)"*’“(2) (n+i+k), k=0,1,---,n
™ Xa) = [ Fa () dB), (n2 1)

are Brownian motions satisfying condition (1). Further, X,(t) and X,11(t) are related
by

() Xasslt) = [ Porn (3) dXa(w), (02 0).

In order to prove the theorem, we prepare the following lemma.

Lemma 1 If s < n, we have

S0
1 ( d

£ - EE ()

To prove this, we note

st

The result follows by letting z = —1.
The validity of the coefficients of F,,(t) can be established by mathematical induc-

tion. The assertion is trivial for n = 1. Suppose the assertion holds for n. Now using
lemma 1 and then noting

(Z)(n+1+k> <1_ 2(n+1)+1) =_(n+»1)(n+2+k)
n n+l-—k k n+1 )’
(n)(n+1+k)2(n+1)+1:2(n+i)+1(n+1)(n+1+k)
k n n+l-—k n+1 k n ’
we see that
un(®) - 7 (2)- LR () 2n ()

- B () (-2 6
+kn§0(_l)n+k(;:) (n+1+k> 2(n+1)+1 (E)"‘”

n n+l1—k \t
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S (V)@ G @
= g(—l)"+l+k (n ;Cr 1) (n :iqlu k) (%)k '

which shows the assertion holds for coefficients of Fy,;(2).
We next show (2). By the recursive formula of F,,, we obtain

[R()van = [ (onn [ (5 2 ()t
[ [ () [ (2)

This equals zero if k¥ < n by induction; and when k = n, this becomes

L@ L)L
- [ (2o

which is what we needed to prove.
Again we easily verify, by mathematical induction, that

! _ =
[) Fn(u)du = n_-{-T

Thus we have proved, in combination with the previous equation, that the coefficients
of F,, are another solution to equation (3).

Now if we write . "
Xut)= [ Fa (;> dB(u),

then by the above argument, X, (t) is again a Brownian motion. The differential of
X,(t), by Itd's formula [1}, is seen to be

dX.(u) = dB(u) + /0 * %Fn (2) dB(r)du.

Therefore

/ Pn+1

S
3

/-\
\_/

dB(u) + /0 t {19,,+l (%) /0 ‘ %Fn (5) dB(T)} du
dB(u) + /0 " 4B(r) / " Poss (%) %Fn (%) du
dB(u) +

famer{m Q) ren (D)L~ [ 7 (2) aPon (7))
() amw =[5 () grn (7)o ame

Xn+1(t)
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This establishes (4).
To show (1), let us fix to > 0 and let z = [;° u™+'d X, (u). Now z € M(X,; t) and
note that for all £ such that 0 <t < to,

t u
E[Xp41(t) - 2] = /0 Py <?> u"tdu = 0.

This verifies (1). The proof of theorem is thus completed.

Remark 1 This construction was suggested by P. Lévy in his book [3] and Fi(t) was
given there.

Remark 2 Although we have (1), for all n > 0, we notice,
(5) M(B; 00) = M(Xx; 00).

This equation has the following interpretation. For each finite time ¢, as we have
already seen, B(X,;t) contains less information than B(B;t). Nevertheless, B(X,;t)
will “catch up” with B(B;t) by increasing time to infinity.
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