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1. Introduction and Notations

Let W denote a d-dimensional standard Wiener process, o : R™ — R™ @ R¢
and b:IR™ — IR™ satisfy the following condition

(H) o is of class C?, bounded together with its partial derivative of order one and
two, and b is globally Lipschitz and bounded.

For any z € R™, let (X, t € [0,1]) be the diffusion solution of the stochastic
differential equation

Xi=z +/0 o(X,)dW, +/0 b(X,) ds (1.1)

Let a > 0, and denote by C%([0,1]); R™) the set of a-Hdlder continuous functions,
i.e., of continuous functions f:[0,1] — IR™ such that

FOESOI 12)

= su t) | + su
1l = 00 | £8) |+ sup 55—

The norm || || is called the a-Holder norm. It is well known that the trajectories
of X are a—Holder continuous for a € [0, % .

* Partially supported by a grant of the DGICYT n® PB 90-0452. This work was partially done
while the author was visiting the “Laboratoire de Probabilités” at Paris VI.
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Let H denote the Cameron-Martin space, and given h € H let S(h) be the
solution of the differential equation

S(h) =z + /o o[S(h)] hyds + /0 [b(S(h),)— %(Va)a(S(h),)] ds  (1.3)

The aim of this paper is to give a simple proof of the characterization of the
support of PoX ™! as the closure S of the set {S(h); h € H} in C*([0,1]; R™).
This characterization has been shown by Ben Arous, Gradinaru and Ledoux ([2],
[3]) using the approximative continuity property - first introduced by Stroock and
Varadhan [9] in the case of the norm of uniform convergence - and by Aida, Kusuoka
and Stroock [1] by means of a sequence of non absolutely continuous transforma-
tions of Q.

In the setting of stochastic differential equations driven by general semimartin-
gales and for the uniform topology, Mackeviéius [7], Gyéngy and Prohle [5] have
introduced families of probabilities P® << P connected with mollifiers, to con-
clude that the support P o X~! contains &. Their approach relies on general
convergence results of semimartingales under P°.

The idea of the method presented here consists in reducing both inclusions of
the support to approximations of the diffusion using adapted linear interpolations
w™ of w. Thus we check that || S(w") — X ||, and || X(w — w™ + k) — S(h) ||«
converge to zero in L2. Since the law of the transformation T, of Q defined by
Toa(w) = w — w™ + h is absolutely continuous with respect to P (by Girsanov’s
theorem), the second convergence yields that the support of Po X ™! contains §,
while the first one provides the converse inclusion in the usual way.

The method is used in [8] for stochastic hyperbolic partial differential equa-
tions. In order to stress the method and avoid technical arguments, we suppose
that the coefficients o and b are bounded.

We will use the following notational convention: sums on repeated indices are
omitted, and constants appearing in the proof are denoted by C, eventhough they
may change from one line to the next one.

2. Preliminaries

In this section we state criteria of convergence in Hélder norms and a general
theorem characterizing the support of the law of a Wiener functional. The following
theorem is a consequence of the Garsia-Rodemich-Rumsey lemma (see e.g. [11],

p. 60).

Proposition 2.1. (i) Let (Y, (¢), t €[0,1]) be a sequence of IR™-valued pro-
cesses such that

(Al) For every p € [1,00) there exists C' such that
sup B(|Ya (1) - Ya(s) ") < Clt—sPP



for every s,t € [0,1].
Then, for any A >0 and 8 < ?%; , there exists C' > 0 such that

sup P | sup M >A|<coa? (2.1)
n s#t [t—s|f

(ii) Let (Ya(t), t €[0,1]) be a sequence of IR™-valued processes such that (A1)
and the following assumption (A2) is satisfied:

(A2) Forany €>0,

lim P( su |Y,,(i2_")|>e)=0.

n—00 0<i<2n

Then, for any a € [0, %[ one has that

lim P(|| Yo Jla > €) =0

Sketch of proof

Part (i) is a simple consequence of the Garsia-Rodemich-Rumsey lemma

(i) Approximating Yy(t) by Yp(ta), where t, denotes the greatest dyadic point
less than t, and using (2.1) we obtain that

P(sup |Ya (£)] > e) < P(sup Y, (i27™) | > %) +Ce . 272 A1)
t i

Let a € [0,%[, p>1,8>0 besuchthat f=a+6< %I.Then, considering

the cases |s —t| < 27™0 and |s—t|>27™° we obtain that for every n,

P(S:p I—}3'@—?—§'£5¥)——|>:-:) 5_P< sup L}_’"_@:ﬁ(i)_'>€)

|t —s|® |t=s [>2-m0 |t —s]|
| Ya(t) — Ya(s)| iy
+ Pl s — S 2™
(t‘;‘g) |t—5|l9
< 2P (sup |Ya(t)| > €27 ™0 1) + C 7% 272mobp
t

Thus choosing mg large enough we conclude that

lim P supM>e =0. °
n s#t It_sla

We now state sufficient conditions for inclusions on the support of the law of
a measurable map F: Q — E, where (E, || ||) is a separable Banach space; the
proof is straightforward.
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Proposition 2.2. Let F:Q — E be measurable

(i) Let {1 : H — E be a measurable map, and let H,: — H be a sequence
of random variables such that for any € > 0,

lim P(|| F(w) — G(Ha(w)) || > e) =0. (2.2)

Then
support (P o F~1) C (i(H) (2.3)

(i) Let (2 : H — E be a map, and for fixed h let T : @ — Q be a sequence of
measurable transformations such that P o (T,',')_1 << P, and for any ¢ > 0,

timsup P(|| F(Ta(w) ~ (k) [ <€) >0. (24)
Then support(P o F~1) D G(H). (2.5)

Given a positive integer n, let D, denote the set of n—dyadic points, D, =

{27 0<i<2"}.For t€[0,1], £ <t< il set
k k-1
tn t, =

AT ony T Tom

Vo, (2.6)

and let W™ be the adapted linear interpolation of w defined by
Wi=W, +2"t—t,) [Wy, —W, ] . (2.7

We consider the map ¢; = {, = S(), Hp(w) = w", and THw) =w —w" +h.
Then Girsanov’s theorem implies that P o (T,',‘)_ is absolutely continuous with
respect to P.

Fix a < § and let 8 €]a, [ ; since X. -z , X oT* -z, S.(w")—z and S.(h) -z
a.s. belong to C?([0,1]);IR™) and have initial value 0, using [4] it is easy to see that
they also belong to the separable Banach subspace H§ of C*([0,1];IR™) defined by

Hy ={f €C*([0,1;R™); £(0) =0, |f(2) = f(s)] = o(|t — 5|*) ast — s| — 0} .

Thus, by Proposition 2.2 the equality supp P o X~! = S will follow from the
following convergence results for every ¢ > 0:

lim P(“ X() = Sw™) ||l > e) =0 (2.8)
lim P (|| X(w - "+ h) = 5(h) [la > e) =0. (2.9)

Approximations of stochastic integrals by Riemann sums imply that X™(w) :=
X(w —w"™ + h) is solution of the stochastic differential equation

t t t
Xr=z+ / o(XT) dW, — / S(XPYo™ ds + / o(X™Y hy ds
0 0 [1]

+ /0 " bxr) d, (2.10)

while S(w™) satisfies
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Sw)e=z+ /: o(S(w™),) w ds+ /ot [b— -;—(Va)a] (8(w™), ds. (2.11)

Thus both processes (X") and (S(w").) are particular cases of a diffusion
(Y™) solution of the stochastic differential equation

Y,"=m+f F(Y™) dW.+/t (Y m/‘ H(mh.m/‘ B(Yr) ds ,
0 0 0 “ 0 (2.12)
where the coefficients F, G, H and B satisfy the condition:

(C) G, H R™" — R™® IR? are globally Lipschitz functions, G is of class C?
with bounded partial derivatives, B : R™ — IR™ is globally Lipschitz.
Given the coefficients F, G, H and B, let (Z,) be solution of the stochastic

differential equation

Zi=o+ /0 [F(Z,) + G(2.)] dW, + /0 H(Z4) by ds + /0 B(Z,) ds

+ /0 "vez,) [F(Z.)+-;- G(2y)] ds (2.13)

Fix a € [0,,1—,[; then conditions (2.8) and (2.9) are particular cases of the
following convergences for every ¢ > 0:

m P(|Y" = Za>¢) =0. (2.14)

Indeed, setting F =0, G =0, H=0and B=b—13(Vo)o we obtain (2.8),
while F=0, G=—0, H=0 and B =) yields (2.9).
It is well-known that for s,t € [0,1], p € [1,00),
E(lZ,—Z.lz") <Clt-sl.

Thus, by Proposition 2.1, it suffices to check that for any s, t € [0,1], p € [1,00),

sup E(| Yp-Yr |2P) <C|t—slP (2.15)
n
and
lim E( sup |Y5-n — Zig-n |2) =0. (2.16)
n 0<i<2n
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3. Characterization of the support

In this section we at first check that the moment estimates (2.15) are true; the
boundedness of F, G, H and B simplifies the argument. Once (2.15) is checked
the proof of (2.16) does not use this boundedness any more.

Proposition 3.1. Let F, G, H and B be bounded coefficients satisfying condi-
tion (C), and let (Y*) be solution of (2.12). Then given p € [1,00), there exists
a constant C such that for every s,t € [0,1],

sup E(| ¥ - Y [?) <Clt—s .
n

Proof: Fix p € [1+ o), s,t € R. Then for every n > 1
E(Vr-YrP) < C(H+T+T+T),

with

b / " Py aw. ),
5(| [ somazanf”),
5| / "B by du ™).

T, = E(|/’t B(Y™) du |2P) .

Burkholder’s inequality together with Schwarz’s and Holder’s inequalities imply
that

T
T,
T3

T1+T3+T4SC“—SIP.

Finally, T; < T3,1(n) + T2,2(n), where

Tya(n) = B( / Lo e @),
Toa(w) = (] [ e - el ).

Clearly,
sup Tp1(n) < C|t—s|P.
n

Let a > 1, b > 1, be conjugate exponents; Hélder’s inequality yields
t 1
Toa(n) < [t-s [ {B (160 -6z P} {E(l62 )}
s

t 1
<C|t—sP?1 2"1’/ {E(|Y,,"—Y£': |2P“)}‘ du .
8
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Thus the proof of (2.15) is reduced to checking that this estimate holds in the
particular case s = u, and ¢ = u. The arguments above imply that

sup E(
8

Therefore, we should check that for every p € [1,00),

/ | {FPOr2) aW + (YD) hudu+ BOYY) du) |2’) <co

sup E(| /ﬂ: G} wy dul2p) <C27" 3.1)

Clearly,

5(

[ ownor aul”) < 0E<(z" [7 16w 1a)” 1w, =W, 1erve F*’)

s 2
+ CE((Z"/ |G ld)” | Wy, — W, |2P)

IA

c [E(I Wy, = Wia, -2-mol®) + E(1Wy, — W, |’P)]
< Cc27",

Hence (3.1) holds, and this implies sup T3 2(n) < C'|t — s|P. The proof of (2.15)
n
is complete.
o

Before proving (2.16), we check the following technical results.

Lemma 3.2. Suppose that (Y.*) is a sequence of processes such that (2.15) holds.
Let f be a globally Lipschitz function; then

k2—"
/0 FE) {or ds — dW, )

2)
=F ( sup
1<k<27

k-1
> F(¥iyz-n) [Wiz-n = Wimayz-n]
=1

k-1 .

)

n 1<k<an

lim E ( sup 2) =0. (3.2)

Proof: For fixed n,

k2—"
E( sup | /0 FYR) {op ds — aw, }

1<k<2n

=Y F(YGpz-n) Wiisyz-n — Wig-n]
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i Wi+nz-n — Wag-n] [£(Yi3-n) = F(YF_1)2-n)]

2
I'=E (158;?2» F (Y ionya-n) [Wia-n = Wia—1a-] ) :

=FE| sup
1<k<on

+ f(2) Wa-n — f(Y_1y2-n) [Wiz-n — Wk_1)2-n]

SC(M+T7+17) ,

where

k2—"
T{':E( s | [ ) - sz aw,

1<k<2n

T} = f(z) E(W;-») ,

Proposition 3.1 implies that T* < C2™" ; clearly Ty < C2~". For any ¢ € [0, 1],
set

M,"=/0tf(Y£n)dW,.

Proposition 3.1 implies that sup sup E(]Y;*|)*”) < co for any p € [1,00). Hence
n t

by Burkholder’s inequality, for any p € [1,00), there exists C' such that for every
0<s<t<1l,
sup E(| M — M} |*") < C|t—sP.
n

, we have for every n ,

W =

<

N

Hence by Proposition 2.1, letting p=3, =

[ M — M|
P su My — Ml _jyp-n|>A) < Pl sup —t——21 > )2
(o<i5p2- | M G-n2-» | ) (a#lt) [t—s|f

<Ccax 2 %
Hence

E( su M . —ME_oa?) <n?
(0<i_<g" | M35 (i-1)2 | ) =

Ead

+2 / AP(sup | Mfy-n = M7_yy5-0 |X) dA
1/n i

<n7?4Cnt2 ¥

Therefore li'x‘n T3 = 0, which completes the proof of (3.2). o
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Lemma 3.3. Let (JP; t € [0,1]) be a sequence of measurable processes such that
there exists p €]1,00), C > 0 and a sequence a(n) such that

lim o(n) =0, and sup E(|J7[**) < a(n)27"" . (3.3)
n t

k2~ 2
/ |J;‘d:;'|d5| =0. (3.4)
0
Proof: Let p>1 and ¢ > 1 be conjugate exponents. By Holder’s inequa.lity

k2~
E( sup / |Jm | ds )_ / |J”|2"ds / o |2«ds
1<k<an | Jo

C(a(n) 2_"")% 2"=C a(n)% ;
this clearly yields (3.4). o

Then

lim E{ sup
n 1<k<2n

The following proposition proves the validity of (2.16).

Proposition 3.4. Assume that F, G, H and B satisfy (C) and that the solution
(Y:™) of (2.12) satisfies (2.15). Let (Z.) be the solution of (2.13). Then

limE Y-"_..—Z,- -n2 =0.
m B( sup |¥3-0 = Za-al')

Proof: Let n>1, t=k2™"; then

¥r-zo= [ (F+E)00) - (F+6)(2,)] W,
+/0t [HOP) - H(Z,,)] iz,ds+/ot{[B+(VG)F+% (VG)G] ¥r)

5
_ [B +(VG)F + %(VG)G] (zin)} ds+ Y Adlt),
a=1

where

10 = [ [0 - FO) - (F 4 G)(20) + (F+G) (2u,)] dWi
a3 = [ 1O - BOE) - B2 + H(Z,) hade,
430 = [ [BD-BOL) - B +(VOF+5(76)6) (2)
+[B+(YG)F+3(Y6)G) (2,,)] ds,
AX(t) = /0 “G(vr) {op ds—aw}

2(t) = /o ey - 6 on ds - /0 (Vo R+ ive)6] () ds.
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Gronwall’s lemma applied to the function ¢(t) = ( 2Sl:P< IY.2— - Z,-z-..|2)

implies that

E( sup |Y3-n — Zig-n| ) <Cz E(osup |A"(z2—ﬂ)|2)

0<i<2n a=1

Burkholder’s inequality and Proposition 3.1 imply that E( sup |AT(?)] ) <c2 ™,
since (2.13) is a particular case of (2.12).

Schwarz’s inequality yields E(m:p |A;‘(t)|2) < C||k|} 27". Since B,
(VG) F and (VG)G are Lipschitz, Proposition 3.1 implies E ( sup |A:’,‘(t)|2) < oo.
Lemma 3.2 yields li’x‘n E (0 :;132.. |A;'(k2'")|2) = 0. Therefore the proof of (2.16)
reduces to check that

k2—"
lim E(oé‘,‘,‘é’zn /o [GY™) - GY™)] &F ds
k2—" 1 2
- /0 [(ve)F+ 5(V6) 6| () d.sI ) =0. (3.5)

Taylor’s formula implies that

|6 -ey) - (ve) () [vr - 7]

SCIr-Yr[2.

Set

sute) = [ {FOD) - FO2)] W+ [0 - GO 0 da

+ H(Y?™) hy du + B(Y) du} ;
then .
E AR27" ) <C T,
(lgggznl B2 P) < ; o
where
k2~
TP = B(_sup I/ S A dsl ) ,
1<k<2"
T = B( sy / 196 o) 61 )

/0 kz-“(VG) Fe) ( / - dW,) &7 ds

2,

3 =E| sup
1<k<an
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k2-" 2
- /0 (VG) F(¥y")ds| ) :

k2—" 8 2
TP =E| sup / (VG)F(Y") ( / dW.,) o dsl ) ,
1<k<2n 1 Jo -

8
n

L 2n 2
" =E[ sup / (V&) G(Y™) ( / o du) o ds| ) ,
1<k<2 1 Jo - s,

™ — E( sup /kr"(VG) G(Y,) (/a wy du) wy ds

lsks2" 0 Sn

_ % /o kr"(va) G(¥R) ds|2) .

Proposition 3.1 and Lemma 3.3 imply lim T7" = 0. Set JI = VG(Y?) ¢.(s); then
n

Proposition 3.1 and Hélder’s inequality implies that if a > 1, b > 1 are conjugate

exponents for any p € [1,00) and s € [0,1],

B(73P7) < { BV )} {Bens) )

t
<c{E(gus)P™)}" .
Therefore, in order to apply Lemma 3.3, it suffices to check that sup E(|¢n(s)|2” ) <
8

a(n)2™", with lim a(n) = 0. Burkholder’s and Holder’s inequalities and Propo-
n
sition 3.1 yield

El¢n(s)*? <CE

® 4
| [ o=y af+
-
Sn
v ([ e YR ) W, — Wzl
2,
8
+ 2"(/ |yr — y£:|2p du) |W£” _ Wz.. |2p
3n
+ (sup {( / |hu[2du)})P; A(I) < 217"} 27(=D6-D)
I

8
+27n@r=D) / (1+|Y:|2P)du]
gﬂ

<C 2 "a(n),

where a(n) = 27" + sup{( f; |hu[?du)?; A(I) < 2!~"}, which tends to zero as n
tend to co. Thus Lemma 3.3 implies that li'I‘n T3 =0.

Since Y(',-'_l)z_,. and [W(,-.,.l)z-,. - ,-2-,.] are independent,

(k-2)vo 2
2 -
T?=E( sup | Z (VG)F(Y(?—l)z—nvo) [(W(i+1)2—"— ia-n) —2 "] )
1gk<on |5
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2" -2

< Y E((V6) F(¥ry-nwo)?) E [|(Westna-n = Wiamn)” =27

=0
< C 2" 2—2n ,

so that lim T3 = 0. A similar computation yields
n

I3 = E( S Z(VG) G(Y;3-n)

(z+2)2-

{(22" »/(i+l)2'“ v[i+l)2-n du d3) [‘4,(3'-{-1)2-" B Wi2""]2 - % 2—n}|2)

<c227 0.

n—oo

Finally, by Doob’s inequality and Proposition 3.1,

T < E<| /o " gn (30 +27" = 8) (VG)F(Y) [W,, — W, ] dW,

)
<c [ (v FOgR) B(W,, - W, ) ds

<C27™;

and for conjugate exponents a >1 and b> 1,

s 5E(|/I(VG)G(IQ:)(/_;”" o du) dW, 2)

<C / (VG) G, )2“) * ( |W£.. - W(g,.—z-")vo |2b)*
<c2™".

This completes the proof of lim E ( sup |AgZ(k27") |2) = 0, and hence that
n 1<k<2n

of the proposition. °

Proposition 3.1 and 3.4 prove that (2.14) holds. Therefore Proposition 2.2
gives the following characterization of the support of the law of the diffusion X .

Theorem 3.5. Let o and b be functions such that condition (H) is satisfied, and -
let X be the diffusion solution of (1.1). Then, for any a € [0, 1[ the support of the
probability PoX ™! in C*([0,1], R™) is the closure S of the set { S(h), h € M},
where S(h) is given by (1.3).
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