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On the maximum of a diffusion process

in a drifted Brownian environment

KivyosHr KAawaAzu AND HirosHI TANAKA

1. Introduction

In this paper we investigate asymptotic behavior of the tail of the distribution of the
maximum of a diffusion process in a drifted Brownian environment. This problem is a
diffusion analogue of the Afanas’ev problem([1]). Our result is naturally compatible with
that of Afanas’ev[1].

Let {W(z),z € R, P} be a Brownian environment, namely, let {W(t),t > 0, P} and
{W(-t),t > 0, P} be independent Brownian motions in one-dimension with W(0) = 0.
We consider a diffusion process X (t, W) defined formally by

t
X (t,W) = Brownian motion — %/o {W'(X(s,W)) + c}ds,

where c is a positive constant. The precise meaning of X (¢, W) is simply a diffusion process

with generator
leW(:)+cz i(e-W(:r)—r_ri)
2 dz dz”’
starting at 0. Such a diffusion process can be constructed from a Brownian motion through
changes of scale and time. For a fixed environment W = (W(z), z € R) we denote by Pw

the probability law of the process {X (¢, W)} and put
P= /P(dW)PW.

Thus 7P is the full law of {X (¢,-)} . We often write X (t) = X(¢,) . Since ¢ > 0, max;»o X (t)
is finite (P-a.s.). The problem is the following : How fast does P{max,»o X (t) > z} decay

as £ — oo ? Since

(1.1) ’P{x{1>abe(t) >z} = E{A(A+ B)™'},
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where
(12 A= [0 ooy, po [Tworg,

the problem is nothing but to find the asymptotics of E{A(A + B)™'} as z — oo . The
result varies accordingas ¢ > 1,c=1,0< ¢ < 1, as will be stated in the following
theorem.

THEOREM. (i)Ifc> 1, then
2c—2
2c—1

'P{nt'xzag{X(t) >z}~ exp{—(c— %)z}, z — oo.
(ii) Ifc=1, then
P{xgach(t) >z} ~ (2/m) 272 exp{—2/2}, = — co.
(1) If0<c< 1, then
'P{nglg( X(t) > z} ~ const.z™¥? exp{—c?z/2}, = — oo,
where
const. = 25/2-2¢p(2¢)? /ow /om /ow -[o z(a + z)"a* e */%y*e >y sinh uda dy dz du,
A=(1+4%)/2+ycoshu .
2. Proof of the theorem

Since A and B are independent, the right hand side of (1.1) equals E{Af(A)} where
f(a) = E{(a+ B)™'},a > 0. Fixing z > 0, we consider the time reversal W(t) =

W(z —t) —W(z),0 <t < z. Since {W(t),0 <t < z} is also a Brownian motion, we have
f@) = E{(a+ [ exp{W(0) +ct}dt)}

= E{(a+ e W@ /: exp{W(z —t) + ct} dt)"'}

= E{(ae")-= 4 / : eV (-t dt)'lew(‘)""}

= el1f2-c)x E{(aewuo)—u + / T Wt )1, W22y

= 13- Bl (geW @)~z /0 T WOt gg)-1y

= /2~ B{(a + /o T WO )1 W He-1z)

(2.1)

In deriving the fifth equality in the above we used the formula of Cameron-Martin-Maruyama-
Girsanov; the last equality was derived by using W(t) as in the case of the first equality.
From the fifth equality of (2.1) we obtain the following lemma.
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LEMMA 1. Foraenyc>0andz>0
(2.2) P{r{l;bx X(t) > z} = (/-2 E{A(AeW@) (= /z eW(O-(c=Dtgyy—1}
2 o

where A is given by (1.2).
The following lemma due to Yor will also be used.
LEMMA 2(Yor[2]). For anyv > 0 we have

bl vt 4
(2:3) [ exew i) - Dyt £ /2.,
where £ means equality in distribution and Z, is a gamma variable of indez v , that /is,
P{Z, € dt} =T(v) " e "dt (t>0).

2.1. Proof of (i)
When ¢ > 1, Lemma 1 implies

lim e~0/2~*P{max X (t) > 2} = E{A( /o T W=k g1y

z=r00
It is easy to see that the above expectation is finite. To obtain its exact value we use
Lemma 2. We thus obtain (i).

2.2. Proof of (ii)

For z > 0 we put

o(z) = Eflog [ O dt), 9(z) = = le).

Then it is easy to see that

¥(e) = BY([ MOty e} = B{([ " Oat)7} ;

in fact, the second equality is a consequence of the last equality of (2.1) with a = 0 and
¢ =1. Thus y(z) is monotone decreasing in z .
LEMMA 3. Whenc=1, we have

(2.4) E{A(/o: VO d) Y v f2/m 2273?05 3o 00

Proof. Since E{A} = 2in case c = 1, the left hand side of (2.4) equals 2E{(J5 ¢")** dt)~'}
which also equals 2e=*/2 E{(J e#® dt)~1e"(*)} by virtue of (2.1) witha=0andc=1.

Thus we have

®9) B{A([ e™O* dt)™} = 267 y(a).
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On the other hand, using the scaling property {W(t)} £ {y/z W (t/z)} we have
1
o(z) = E{log/O eV*VW dt} 4 log z,

and hence

_ o 1 1AW
Pp(z) = limgme E{Vglog/o VWM gt}

= B{maxocec W(t)} = \/2/7,

which combined with the monotonicity of #(z) = ¢'(z) implies

lim, o z

(2.6) PY(z) ~ (272)"M? as z — o

This together with (2.5) proves the lemma.
LEMMA 4. For z > 0 we have

(2.7) B{([ " dt) 2%} < g(a/2)?
0
Proof. The left hand side of (2.7) is dominated by

2wy =10 [F W) 21-1. W(z)
E{(/onc dt) (/’ne dt)~1eW=)}
e wy =10 [T W()-W(z/2) g5\=1,W(z)-W(=/2)
E{(/o ﬁc dt) (/me ‘ dt) e }
=2 wie) -1 e W) \-1,W(z/2)
B{([ 0 d) B[ MO dt) el
W(z/2)* ;

in deriving the second equality in the above we used the fact that {W(t+%))-W(),t > 0}
is a Brownian motion independent of {W(t),0 <t < z/2} .
The proof of (ii) is now given as follows. By (1.1) we have

0 < B{A([ "% dt)} — Plmax X(1) > 2}
(2.8) = E{AB—I _ A(A + B)-l} -
< B{r AR B} = 3 B4} E{B-).

We prove

(2.9) E{A*?} < oo,

(2.10) E{B~%%} < const.z~%¢~=/?
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(2.9) follows immediately from Lemma 2 ; a direct proof can also be given as follows. Using

Holder’s inequality we have
32y —  W(t)=4t/5 —t[5 1,13]2
B4} = B{([ e - eadt) }4t
(5/302E{ [~ exp{5(W(t) - T)}at} = (5/3)"/2 - (40/3).

IA

(2.10) can be proved by making use of the CMMG formula, the Schwarz inequality, Lemma
4 and then (2.6) ; in fact, putting By = J§ e"*)dt we have

E{B~¥?} = E{ Bo-3/2eW(z)—:/2}
< e—z/ZE{Bo—leW(s)}l/ZE{Bo—2eW(z)}l/2
< e () PyY(z/2)
< const.e"=/2z=1/4 . z-1/2
The assertion (ii) of our theorem follows from Lemma 3, (2.8), (2.9) and (2.10).
2.3. Proof of (iii)
The proof of (iii) relies essentially on the following Yor’s formula.
Yor’s formula([3: the formula(6.e)]).  For any bounded Borel functions f and g we
have .
B{f( [ ™ ds)g(e¥ )}
= o[ dy [ dzg)f(1/2)exp{-2(1+¥)/2}(t),
where
(27°t)~Y2 exp{x?/2t},
/ow exp{—'u"‘/Zt}e""(‘mS]1 “)(sinh u) sin(ru/t) du.

Ct

% (t)

To proceed to the proof of (iii) we put
f(a,2) = a(a+142)7", g(y) =™,
t
B®)(t) = / eXWG)Hve) g
()
Using first the CMMG formula and then Yor’s formula we have
Ba(a+ [ e¥O<dt)™} = B{a(a + 48%(z/4))}
= E{a(a + 4B©)(z/4))~! exp(2cW (z/4) — %)}

= exp(—-c’z/2)E{f(a;oB(O)(i/,;))g(CW(z/q))}
= eXP(_c2z/2)C:/4/o dy/0 dz g(y)f(a,1/z)exp{~2(1+ y’)/2}¢,,(z/4).
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Since Lemma 2 implies
P{A € da} = 2%T(2c)"a™*'e"/°da (a > 0),
we have
) P{maxo X (t) > z}
(2.11) = 22¢+1/21(2¢)"1x~1 exp(272[z)z "2 exp(—c?z/[2)
X / dy‘[) dz/o duy®*h(z)e™>* exp(—2u®/z)(sinh u) sin(47u/z),
o

where oo
h(z) = /o az(az + 4)'a~* e da,

A (1+9)/2+ ycoshu.
LEMMA 5. Let0<c<1 and put

F(y,z,u) = y*h(z)e"**usinh u.
Then we have
M=/o /0 /o F(y, z,u)dydzdu < oo,
Proof. By a change of variable coshu = v , we have
—_ * had *° 2c ~Az 2
M /o dy/o dz/1 dv y**h(z)e™* log(v + Vv? - 1),
where A = (1+ ¥?)/2+ yv . Since
—o=2c=1, [% 2c~1,~u Z\v
h(z) =2 z/o u*le (u+2) du,

it is easy to see that

(2.12) h(z) — 27%T'(2c) as z—> 00 ,
27211 (2¢ - 1)z if ¢>1/2,
(2.13) h(z) ~as z10 { 27%zlog1/z if c=1/2,

274 [ a* Y a+1)"Mda-2* if 0<c<1/2.

Therefore for any € > 0 and o > 0 we have
M = /o * dy /l ” dz /l ” dvyPh(z)e= log(v + VoA — 1)
< const. /0 ® /1 ® v A" le ™ dydy
< const. /0 = /1 ® y*v° A" dydv

o foo
< const./o A y2c—¢—1(1 +y2)‘-0+1+¢z:(1 + z)-a dy dz
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(by putting v = (2y)~!(1 + y?)z with y fixed ),
which is finite if € > 0 is sufficiently small and « > 0 sufficiently large. Note that const. in

the above may vary from place to place and depend on € and « . Next we prove that
00 1 oo

(2.14) M, = /o dy/0 d:z/1 dv y**h(z)e™*log(v + V4? — 1) < 00

Assume 1/2 < ¢ < 1. Then by (2.13)

00 1 00
M, < const. / dy/ dz / dvy*ze~ 2 y*
(1] Jo 1

IA

o0 oo 1
const. /o /1 A"2y%y¢ dy dy ('we used /o ze™Mdz < A7)

A

< const./o /o Y (14 %) (14 2) 2 dydz
(by putting v = (2y)7)(1 + y*)z with y fixed )
which is finite for sufficiently small € > 0 by virtue of 1/2< ¢ < 1. When c = 1/2, (2.13)
implies
00 1 00
M, < const./ dy/ dz/ dv yz'~te 5y
3 o N1

for 0 < e < 1. Since J; 2'~*¢™** dz < const.A~2** | we have

M,

IN

(-] 00
const. / / APyt dydy
o S

IA

const. /ow /0‘,° v (14972 (14 2) " dydz < ©
provided that € > 0 is small enough. Finally assume 0 < ¢ < 1/2 . Then by (2.13)

const/ dy/ dz/ dv y?22e™25y*

const. / = / A1-2ey2e0¢ dy dy
o K1

M,

IN A

IA

const. / > / = P 1+ )2 (14 2) " dydz < 0
0 0

provided that € > 0 is small enough. Thus (2.14) is proved.

We can now complete the proof of (iii) as follows. From (2.11) we have
(2.15) P{maxX(t) > z} = 2%+3121(2¢) ™1 exp(27% /z)z 32 exp(—c?z [2) M (z) ,
where

M(z) = /ow /ow /om F(y, z,u) sin(4mu/z)/(47u/z) exp(—2u*/z) dy dz du.
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By Lemma 5 we have lim,_o, M(z) = M which equals
-t [B [ [ [ -1 _2c-1,-a/2,2¢c,-)z,, : du.
2 /o /o /0 /o z(a + z)"ta* e *y**e"*usinhuda dy dz du

Thus the assertion (iii) follows from (2.15).
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