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Sufficient statistics for the Brownian sheet

by
Oliver Brockhaus
Institut fir Angewandte Mathematik
Universitat Bonn

0. Introduction

Let P denote Wiener measure on (Q,F), with @ := Cy[0,00) :=
{z € C[0,00) : z(0) = 0} and F := o(X¢;t > 0). Then the following state-
ment holds with respect to P:

(I) The process X defined by

t
5 d
Xy = X,—/ Zx, (t>0)
o 8
is a Brownian motion, and, in addition, X; is independent of ()2' 558 <1)
for all t > 0.

One may ask whether it is possible to replace P by some other probability
measure @ on (€2, F) such that this statement remains true with respect to
Q. It turns out that the class J of such measures Q is characterized by the
following condition:

(II) There exists a Q-Brownian motion B and a random variable Y such that

Xi =B +tY (t>0).
In addition, B and Y are Q-independent.

Let F;, respectively F,, denote the subfield (X, ;s < t), respectively o(X,;s >
t), of F. Due to Girsanov’s theorem, any Q € J is equivalent to P on F; for
each t > 0, and the densities are given by

(1) B, =hXut) (20,

with h denoting some space-time harmonic function . This implies
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(Ir’) Ql.1%]=P[.| %] (t>0).

In fact, the conditions (I) to (III’) are all equivalent and may thus be viewed
as four different characterizations of the convex set J of probability measures
on (Q,F); cf. Jeulin-Yor [5] for the equivalence of (I) to (III). Note that (II)
implies the integral representation

a= [ vaner

of any measure @) € J, where PY denotes the distribution of Brownian motion
with constant drift y € IR and v some probability measure on IR, i.e. v(dy) =

QY edy].

These results admit a generalization to infinite dimensions: Regarding X;,
B; and Y as E-valued random variables, E := {z € C[0,1] : z(0) = 0}, and P
on Q := {z € C([0,0), E) : (0) = 0} as the distribution of the Brownian sheet,
the conditions (I), (II) and (III’) (with “Brownian sheet” instead of “Brownian
motion”) remain equivalent while the equivalence with (III) is lost, cf. [4]. In
this context, the formula in condition (II) becomes

(1) X,1 =B, +1Y, (s €[0,1],¢ > 0).

The equivalence of (II) and (III’) was shown by Follmer [4] using Dynkin’s tech-
nique of sufficient statistics.

A second approach to a generalization from Brownian motion to Brownian
sheet was suggested by Jeulin and Yor in [5]. This approach consists basically
in replacing the time parameter ¢ by the pair (s,t) with s,¢ > 0 and giving the
appropriate generalization of condition (I). Our purpose in this paper is to for-
mulate the analogues of conditions (II) and (III’), and to prove their equivalence
with (I). In particular, we obtain the formula

Xs1 =B, +tY! +5Y2 5,t>0),
) ) s t

which shows the connection with the first approach, cf. formula (1). In fact,
the equivalence of the conditions (I), (II) and (IIT’) in the first approach can be
shown analogously to our proof of the Theorem below, cf. [1].

1. The result for the Brownian sheet

Let © := Co([0,0)?) := {z € C([0,00)?) : z,,0 = zo = 0; 5,¢ > 0}. Using
the coordinate mapping X, (w) := w(s,t), we define the fields

F = 0(X,,;8,t>0), Fot=0(Xup;u<s,v<t)
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and j-',,, = 0(Xyp;u>80rv>t)
on 2. In order to simplify the notation, we introduce
0
Ryt :=[0,81x[0,8], Ryu:=1[0,8)x[0,t) and OR,;:=Ry1— Rys.

Finally, let P on 2 denote the distribution of the Brownian sheet, i.e. X is a
continuous gaussian two parameter process with covariance

EP[ Xln,hxlz,'z ] = (81 A 32)(t1 A t2)
with respect to P. Now we can state our main result:
Theorem Let Q be a probability measure on (U, F). Then the following three
assertions are equivalent:

I (a) With respect to Q, the process X defined by
5 . *d tdv *du [*dv
Xa,t = hm(X:,t _/ = u,t — _XI,U +/ — '—Xu,v)
e—0 u v e u Jo v

[ 4 €

is a Brownian sheet. (We assume the right hand side to be well
defined Q-almost surely.)

(%) (Xu,v; (u,v) € OR,;) and ()?u,";(u, v) € R, ;) are Q-independent.

II. (a) There ezists a Q-Brownian sheet B as well as a pair of Cyl0,00)-
valued random variables (Y*,Y?) such that

Xo4 = Byt +tY! +5Y; (5,t > 0).
(b) B and (Y',Y?) are Q-independent.
III. For all s,t >0 and f € bF (i.c. f bounded and F-measurable),
Eq[f | j-.,t |=msf
holds Q-almost surely.
In the theorem above, =, ; f is defined by
7 f o= EPF(X0E®, (5,0) € R Xun(@), (u,9) €Ra) ]
where X**“ denotes the Brownian bridge from 0 to (Xy,.(w),(u,v) € OR,;),
ie.
Xyt = Xup — E-(X.,u —9s0) — ;’(Xu,t — Gus) + %‘:‘(X:,t — 9at)
for (u,v) € R, and g € Co([0,00)?).
Remark 1 Since X**9 is P-independent of .7:',,,, P satisfies (III).

Remark 2 It is easy to see that II := (.i',,t,r,,g;s,t > 0) is a specification in
the sense of [2] and [3].
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2. Proof of the Theorem
We prove (I) = (II) = (III) = (I).

2.1 ()= (II)
The key to this part of the proof is the following

Lemma 1 Let B denote a Brownian sheet and X a process satisfying the fol-
lowing stochastic differential equation:

d du [*d
(2) Xa.t = Bo.t + _Xu ¢+ / v : v / _E _vX u,v
. U Jo Vv
(We assume the right h'and side to be well defined almost surely.)

Then .
X‘:,tz _ X'z,h _ Xll.?a '1,‘1 / ‘/2 dB’ t
E212) 83ty 81*2 s1ty t

holds for all s;,t; satisfying 0 < 81 < 82 and 0 < t; < t3, or, shorter but less

precisely,
g Xt _ 4By

st st

Proof: The proof is straightforward but involves some computation:

/': ~/‘2 dBc,t = Bcg,tz _ Bu,t; _ Bu.tz Bln‘l
t 8ala 89t 81t2 81t1
b2 gt Bcg Bal t *2 ds B, ,t2 B, Data
+/ t(sgt RPTRA o Tt )

/” ds /" dtB,,

t ¢ st
X':.‘z _ X‘z,h _ X‘l.‘z Xll,h
82t2 82t1 Sltg Bltl ’

The first equation follows by considering the corresponding indicator functions.
To conclude, replace B by X using (2) and simplify according to the classical
product rule. a

Since @Q satisfies (1.a), we may apply Lemma 1. The right hand side of

Xu,v _ Xu,t _ Xs + X, _ /" /" d)'{',,,,,
) ut sv st J, J, ab

converges in L?(Q, F, Q) for u,v — oo. Therefore,
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Y;,t .= lim (X + Xu,t _ Xu,u)
u,v—00" 8§V ut uv

exists @-a.s. for all s, > 0, i.e.

(3) X.t,t = Bc,t + StYs,t = Ba,t + Ha,t-
Obviously, B defined by

00 pOO YV
B,,g = St/ f!&
s Ji ab

is a Brownian sheet.

We investigate the drift H. We see from (3) that H lives on Co([0,00)?)
Q-almost surely. Since

X
Vi = Yor, = Jim (Sate = Znt

is independent of s > 0, we may introduce
Y!:=sY,; and YZ:=tY;—tY1;=tY,,—tY,,
and decompose H as
H,: =tY}! +sY{ (s,t > 0).
Now, since H € Cy([0,00)?) holds, Y!,YZ2 € Cy[0, o0).

It remains to show the Q-independence of B and (Y, Y?2), or, equivalently,
the Q-independence of B and H: Let Z € L*(Q, F,Q), F = o(X, ;81> 0)

and let ¢ € C([0,0)"") be bounded. Then (I.5) implies

- X, X X
BB 2| Fun ] plosth(= L S - k< n)]
= E9[Z]E9] <P(s,tk( ’f‘“t-:" ~esy s k<n))
The independence follows by taking limits u, v — oo. 0O

2.2 (1) = (I

We assume Q to satisfy (II). Since H and B are Q-independent, (II) trans-
lates into the integral representation
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(4) Q= /M v(dh)P*,

where v(dh) := Q[ H € dh ), P? := m,(P), T denotes translation by h and the
“Martin boundary” M is given by

M := {h € Co([0,00)) : 33",y € Co[0,00) : hy,e = ty; + 597}

Therefore we only have to show that P?[. | .7:',,g ] = m, ¢ for h € M. We prove
this assertion by observing that 74(X**¢) = X**(™4) holds on R, for any
h € M, as a short computation shows, and thus

EP' [(mf) 9]
/n PP(dw) EP[ f(X55*, (u,) € Ry Xup(w), (u,v) ¢ RS,) ] 9(w)

/n P(dw) EP[ fX2E™ = (0 X )un (@), —) ] (50 7))

/n P(dw)EP[ (f o m)(X24*, —; Xup(@),—) ] (g0 m)(@)

EP[ (s (fom)) (gom)]
= EP[fg)
for all f € bF and g € bF, ;. a]

2.3 (1) = (I)

This part of the proof is based on the fact that P satisfies (1), cf. Jeulin-Yor
[6]. We include an argument for part (1.):

Lemma 2 Let X denote a Brownian sheet. Then, for all a,b > 0,

U(X:,t;(s»t) € Ra,b)
= o(X3%% (u,v) € Ry 45 (s,t) € Rap)
= (X7 (s,t) € Rayp).

Proof: We have

] d 1

~ u dv

—_ hathed —yst0 5,10 _ a,b,0\s,t,0

X'.‘ “/ Xu,u’ ’ Xu,u = (X )u,u
o U Jo V

a pb gy
and Xf',b'°=st/ / d—Xﬂ
! s Jt uv
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The third equation is a consequence of Lemma 1. m]

Now we assume that Q satisfies (II). It is easy to see that X, ; is well defined
Q-almost surely: Denote the set in question by A. Then

Q[ {X,: is well defined} | = E®[I4 )= E9[ 75314 ]

= /n Q(dw) EP[ hm (X[ — d“x““ ... ...)is well defined ]
€
= 1,
since
(X’;'-b’")o,t

= lim(X:",b”—‘/ du yabs / x;'“+/ d“/ 49 xaba)
€

= ,g+hm(/ ""‘-(Xub gub)+/ "'i—_(xa,v 9a,0)
/ o[ K ) + 5K = 90D

- Z,+imC [ Ex 4 & [ P Xa = gan)
= "‘+¢'-I-'r(l)(b A u( u,d — Ju,b al a,v — YJa,v

~

= Xl,h

whenever X, ; is well defined. In order to show that Q satisfies (I), we consider
complex-valued functions which depend on X: Let sj_1 <8 <stj1 <t; <t
Then for Q-almost every w, one has

n
EQ[ exP{i E A.1'."()23,',113 - X-‘jﬂk—n - X'j.‘k-l - X’j-n.‘h—l)} | fl,‘ ](w)

Jk=1
n
= EPlexp{i ) Na((X*4),, 0, —---— -+ )}]
jik=1
n -~ -~ ~ -~
= EP[ exp{i z Aj e (Xoj 0 = Xojtacy = Xajtuoa — le—l.tu-n)}]
jk 1
= exp{-—— Z '\, k(85 — 8j- 1)(tk —te-1)}- o

J,k-
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3. Another proof using Dynkin’s technique of
Sufficient Statistics

In the following, we give an alternative direct proof of the implication (III) =
(II) in the Theorem. This is analogous to Follmer’s proof in [4], cf. Introduction.
We assume familiarity with the notions and results in [2]. As mentioned in
Remark 2, II := (F, ¢, 7, ¢, 8,t > 0) is a local specification. Therefore,

j-oo = ﬂ j-,'g

5,120

is sufficient for the set G(IT) of Gibbs-states specified by II, i.e. the set of prob-
ability measures Q satisfying (III). Furthermore, the integral representation

Q= p(dP) P
- Jemye

holds where u denotes a probability measure on the set G(II)® of extreme points
of G(II). In order to prove (II) or equivalently

Q= / v(dh)Ph
M
for some probability measure v on M, cf. formula (4), it suffices to show
G(I)® c {P*: h € M}
since P* — h is a measurable mapping from G(II)® to M.

Now we assume Q € G(HI)* and choose two sequences (si) and (tx) with
8k, t k22 5. Then
A o Q,

Skt

ie. weak convergence holds for some w € Q, cf. [2]. In particular, the marginal
distributions at a fixed parameter (s,t) converge, and this implies the existence
of :

i st

tk X‘;'k (w) - ;;_

. 8
(5) ha,t = kl:f?o(zxu,,t(w) + ™

Xan(w) € R
for any s,t > 0.
We claim Q = P*. Indeed, we may regard Q as well as P* as measures

on the set of all real-valued functions on [0,00)2. Then, for any continuous,
bounded function f = g(X,, 4,,...,X,, +.), We obtain
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QUF] = Jlimxs . f

= [lim P[g(X}}*,0<i<n)]

= Plg(X,;0;+hs1,,0<i<n)]
= PMf]

The function h in formula (5) is continuous on [0, 00)? since, choosing sequences
(sx) and (t;) with s; — s and ¢; — ¢, one has

1 = Qf likmian,,”t,‘ = limsup X,, 1, ]
—+00 k—00
= P[ li:ninf(X,,‘,gk + h,, 1,) = limsup(X,, 1, + hsy ta) |
00 k—o00

= P[liminfh,, ;, = limsuph,, 1, ].
k—00 k—+00

Finally, h € M follows as in section 2.1. (m]
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