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Abstract

Operator theoretic methods are used to construct stochastic flows of diffeomorphisms on
smooth manifolds as solutions of stochastic differential equations driven by a single Brownian
motion or a Poisson process. Our only assumption is that the infinitesimal motion of the flow
is described by a complete smooth vector field.
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1. Introduction

In this paper we will be concerned with the construction of stochastic flows of diffeomorphisms
on manifolds by means of solving stochastic differential equations. Although a great deal of
work has been done in this area %see e.g. [[kWa), [Kun 1, 2] and references therein), we feel that
the theory has two major deficiencies,

(a)  Insufficient global analytic insight into its structure,
(b)  An overemphasis on path—continuous flows which are driven by Brownian motion.
In this paper, we aim to take some first steps towards remedying both of these.

As regards (a) we observe that in the case of deterministic flows there are three perspectives
from which the flow can be investigated which, for want of better words, we will call
topological, analytic and algebraic (respectively%. Topologically, the flow is given as a
two—parameter family 8 = {4, ,;s,t ¢R, t > s} of diffeomorphisms of the manifold M.

Analytically, we realise the flow as unitary operators U = {Ug,;s,t ¢R, t > s} on the
b
intrinsic Hilbert space h, of the manifold by the prescription

US’t P =Py Qs,t .. (1.1)
for ¢ € hy. Algebraically we obtain automorphisms J = {J , ; s, t € R, t > s} of the algebra

C™(M) of smooth functions on the manifold by
Igof = fody, - (12)

for f ¢ C"(M) (for details see [AMR]). The analytic and algebraic perspectives are further
related by the formula (for bounded f),

L0 =0, £, ..(13)

If the flow consists of the family of integral curves obtained by solving a differential equation
on M, we obtain also differential equations for U and J (see §2 below).

When we come to look at the stochastic case, it turns out that exactly the same scenario holds
true as is described above only now all three of ¢, U and J satisfy appropriate stochastic
differential equations. In fact the essence of our approach is to perturb the above procedure by
constructing U first and obtaining J and then ¢ from it. In particular we are then able to show
that in the simple case where the flow is driven by a single Brownian motion without any drift
that ¢ consists of diffeomorphisms under the sole (global) assumption that the vector field
which describes its infinitesimal behaviour is complete.

We do not here discuss the more general case of multidimensional noise with drift where we
expect the analysis to be more complicated due to the possibility of explosions.

We note that although our work is entirely classical, many of the formulae we obtain will come
as no surprise to devotees of quantum probability where the analytic and algebraic perspectives
reign supreme. In particular the infinitesimal expression for U will be familiar to readers of
[HuPa] and that of J to readers of [Hud] and [App 1]. Furthermore we observe that J is
essentially a quantum stochastic process in the sense of [AFL]. Before leaving the subject of
quantum probability we remark that in §3 we give an algebraic characterisation of a stochastic
flow of diffeomorphisms which when appropriately generalised may be of use in the study of
stochastic flows on "non—commutative manifolds®".
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Turning our attention now to (b), we find that the form of U is such that it is natural to
replace the incidence of Brownian motion therein by a Poisson process (c.f. again [HuPa]).
When we do this, the procedure outlined above leads us to flows of diffeomorphisms of M which
are no longer path continuous and which arise as the solutions of stochastic differential
equations driven by a Poisson process. A specific example is described in local co—ordinates at
the end of §5.

This present work has arisen out of a series of papers by the author on a quantum probabilistic
generalisation of the concept of stochastic parallel transport (see [App 1] and references
therein). The transition from the viewpoint of [App 1] to that employed here (i.e. the use of
vector fields rather than covariant derivatives) is inspired by the discussion given in [Mey 2].

Notation

All Hilbert spaces will be complex however the algebras C*(M) (and Cy(M)) always comprise
real smooth functions (of compact support) on the manifold M.

If P, are dense subspaces of Hilbert spaces hy(i = 1, 2), we denote their algebraic tensor
product by 2, ® %, and note that it is dense in h; ® h,. A densely defined, linear, closeable

operator T on a Hilbert space h has domain #(T) and closure T.
We will use the convention that inner products are conjugate—linear on the left.
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2. Deterministic Flows on Manifolds

Let M be a smooth finite—dimensional manifold. A flow on M is a family {£; ; s, t € R, t > 5}}
of diffeomorphisms of M which satisfy

F (i) € 4(x) = x foralls eR,x e M
F (ii) Eoobs = &y forallr <s < t.

A flow is said to be autonomous if F(iii) s \ depends only on t—s.
Writing &, = & 1, we see that for such a flow {£;, t ¢ R} is a one—parameter group of
diffeomorphisms of M with £;' = £ forall t e R.

Given a flow on M, we define for all 5,t ¢ R, with t > s a family of automorphisms of C”(M) by
the prescription

js’c(f) =1 fs,t .. (2.1)

for f ¢ C°(M). We note that each j; , leaves the subalgebra Cy (M) invariant. (For
completeness, we prove this result in Appendix 1).

From F(i) and F(ii), we deduce
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F’ (i) js’s(f) = f for all s € R, f ¢ C"(M)
F-(ii) jr’S 0 js’t = jr’t. forallr<s <t

We call {j; , : 5,t €R, t > s} aflow of automorphisms of C*(M)

A flow of automorphisms is said to be autonomous if
F- (iii) Js ¢ depends only on t—s.
We write j, , = j, forall t eR.
Autonomous flows of diffeomorphisms of M induce autonomous flows of automorphisms of
C®(M) through the formula
W) =10¢ .. (2.2)
forall t ¢R, f ¢ C°(M).

In [AMR] pp. 2303 it is shown that the correspondence between flows of diffeomorphisms of M
and flows of automorphisms of C*(M) given by (2.2) is in fact one—to—one.
We recall the standard construction of autonomous flows of diffeomorphisms of M from

solutions of differential equations. A smooth vector field Y on M is said to be complete if the
initial value problem

c’(t) = Y(C(t))}
.. (2.3)
c(0) =x

has a unique solution for all x ¢ M and all t ¢ R. For each x ¢ M, let {c(t), t ¢ R} be the
integral curve obtained by solving (2.3), then our flow is given by

§u(x) = (1) . (24)

We will now seek to obtain some functional analytic insight into the ideas we have described.
To this end, we assume that M is oriented and let H, be a volume form on M. We denote by p

the unique Borel measure on M induced by - Every half—density on M can be written in the

form h p,é, where h € L%(M, x) and
B (1) (Y,(30), o Yg()) = [1y(x) (Y,(5), oo Yy} ... (25)

for each x ¢ M and Y;(x) € T,(M) (1 < j < d) where d is the dimension of M. The half—densities
on M form a Hilbert space, which we denote as h, with inner product

<h,pt hyud> = JHI hydp ... (2.6)

for h,, hy e LM, u). The mapping h — hué is thus a canonical isomorphism between
L¥(M, ). and hy,
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The divergence of a smooth vector field Y with respect to x is the unique map divu(Y) e C*(M)
such that

LY(II'V) = le#(Y) Ky (27)

where LY denotes the Lie derivative.

In local co—ordinates, if X(x) = ai(x) _6:% and p,(x) = v(x) dx' , ... , dx% where v(x) # 0 for all

x ¢ M then

div (¥) = v(x)-'j§=l 5% (3(x) v(x)) ... (2.8)

Now let {¢,, t € R} be the autonomous flow of diffeomorphisms of M defined by (2.4) and (2.3).
We obtain a strongly continuous one—parameter group of unitary operators {U(t), t ¢ R} on k,
by the prescription
*
U(t) (1)) = HENE () . (2:9)
for x ¢ M, where {t(yv) is the pull back of 4.

Let 9, be the dense subspace of h, comprising {h u:},; he CI“%(M)}, then it is shown in ([AMR]

pp 435—40) that the infinitesimal generator of {U(t), t € R} is the closure of the essentially self
adjoint operator —i TY on P, where

1.
Ty =Y +gdiv (¥Y) ... (2.10)

50 we may write

tTY

U(t) = e - (2.11)

forall t eR.
Now recall the flow {j,, t € R} of automorphisms of C*(M) constructed in (2.2).
Proposition 1

For all f ¢ Cg(M) and t ¢ R we have
i) = ViU - (2.12)
Proof Since U(t) is unitary for each t ¢ R, any element of hy can be written in the form
U(t) h p%, for h ¢ L(M, 4) thus for f e Cp(M),
U U(t)” U(e)h pd(x) = Ui )
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HENBEMNE, (4,)()! by (29)
3D U(t) b i(x) :

Using (2.11) and (2.12) we can write, for all t ¢ R and f ¢ C(M)

tTy, —tT
e Yfe Y

tT )']
e[Y f

= Y ...(2.13)

i)

since [Ty, f] = [Y, f] = Yf.

We note that {U(t), t € R} and {j,, t € R} satisfy the following analogues of the Schrédinger and
Heisenberg equations of non—relativistic quantum theory

%I—{m Pp="TU(t) Ty ¥ .. (2.14)
for all ¥ ¢
dj, '
i) = §(YD) .. (2.15)

for all f ¢ Cp(M).

These results have a partial converse in the Povzner—Nelson theorem which states that if the
symmetric operator TY is essentially skew adjoint on &, then the flow {&,, t € R} given by

(2.4) and (2.3) is defined for all but a possible set of initial conditions in M of y—~measure zero.
A proof may be found in [AMR] pp 435—40.
Stochastic Flows

Let (22,3 P) be a complete probability space with Q also a Polish space. By a random variable
on {2, taking values in M, we will mean an equivalence class X of measureable functions from Q
to M which agree almost everywhere with respect to P.

Let J be a unital *~homomorphism from L*(M, ) into L®(2, ¥ P) which is normal in the sense
that given any net (f,)a €I of positive, increasing elements of L°(M, y) for which

supf e L®(M, y) then
ael ) (
J[supf ] = supJ(f .. (3.1)
[aeI a] ael ¢

Any such J will be called a random morphism associated to (M, ). It is shown in [Acc] (see
also [Var]) that there is a one—to—one correspondence between random variables on taking
values in M and random morphisms associated to (M, Q) given by the prescription
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for each f ¢ L”(M, ), where x is any representative of X.

By a stochastic process of morphisms associated to (M, Q) we will mean a family (J(t), t € IR+)
of random morphisms. It follows from (3.2) that there is a one—to—one correspondence between

such objects and stochastic processes (X(t), t € IR+) of random variables on §2 taking values in
M.

Now for each s,t € R ¢ > s, let ¢ , be a measurable function from M x  into M. We will call
)
{5 . ; t 2 s} a stochastic pre—flow. We will use the notation &, , to denote equivalence classes

of such pre—flows which agree almost everywhere with respect to ux P. By (3.2) again, we can
associate to each {&, ,; t > s} a family {J; , ; t > s} of unital, normal *_homomorphisms from
b )

L®(M, p) into L(M x Q, g x P) for which
L0 = fod, - (33)

for each f ¢ L™(M, p).

We will say that a stochastic pre—flow has the fixed time covering property if for each s,t ¢ R
with t 2 s there exists A , ¢ M with p(A; ;) = 0 such that

{bs (xw)ix e M, weR} = M—Ag, . (34)

Theorem 2 A stochastic pre—flow {§; , ; t > s} has the fixed time covering property if and

only if J , is an isometric embedding of L”(M, x) into L®(M x Q, s x P) for each s,t RY, with
t2s

Proof. (To avoid introducing further notational complexity, we have here taken the liberty of
identifying functions with their equivalence classes).

(Necessity). Suppose that ¢ has the fixed time covering property then for each s,t ¢ IR+,
t2s,feL”(M, p)

195 (Ol = inf {K ; |J5 ,(f)(x, w)| < K for almost all (x, w) e M x Q}

inf {K ; |1(¢5 ((x, w))| < K for almost all (x, w) e M x 0}
inf {K ; |{(x)| < K for almost all x ¢ M}
Il

(Sufficiency). Suppose that for all 5,t € R with t > s and for all f ¢ L°(M, ), [[J5 (DIl = [l
but that ¢ does not satisfy the fixed time covering property. Hence there exists N , ¢ M with
(N ) > 0 such that {§; (x, w) ;x e M, weQ} = M—Ng,
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hen we have 3 [ J = =0
then we hav st XNs’ XNS’t(‘I’s,n)
and we have obtained our desired contradiction. o

Now let ¢ be a stochastic preflow on M and define a map ¢¥, : M — M by
?
05 ) =0 \(xw)  .(35)
for each s,t eIR+tzs,ch,xeM.

We say that ¢ is a stochastic flow of diffeomorphisms of M (c.f. [Kun 1, 2]) if, for almost all w ¢
Q, each of the mappings $* , is a diffeomorphism of M and the axioms F(i) and F(ii) of §1 are
satisfied. ’

We will again use the notation ¢ for equivalence classes of stochastic flows of diffeomorphisms
of M which agree almost everywhere on Q with respect to P.

By (2.1), for almost all w ¢ 2, we obtain a flow of automorphisms of C*(M), {j% , ; t > s} by
j‘;)’r.(f) =1 ¢‘:’t - (3.6)

We introduce the normal unital *~homomorphisms {E“, w ¢ Q} from #™(M x Q, 4 x P) into
& ®(M, ) by the prescription

(EY 1) (x) = f(x, w) . (3.7)
forxeM,weQ,fe £ (MxQ,uxP)

We can now give an algebraic analogue of a stochastic flow of diffeomorphisms. A stochastic
flow of automorphisms associated to M will mean a family J = (Jg ¢ ; t 2 s) of normal unital

*—homomorphisms from L”(M, p) into L®(M x Q, u x P) which is such that for almost all w ¢
Q, the family J¥ = (J ‘;’ ¢ 3 t 2 ) of operators on CE(M) extends to a flow of automorphisms of

C®(M) where
J‘;”L =EY, Is 1 .. (3.8)
foreacht >s, we Q.
It is not difficult to verify (using (2.1)) that if such automorphisms exist then they are unique.

Proposition 3. There is a one—to—one correspondence between equivalence classes of stochastic
flows of diffeomorphisms of M and stochastic flows of automorphisms associated to M.

Proof If ¢ is a stochastic flow of diffeomorphisms on M we define J by (3.3).

We then obtain for each s,t € IR+, t>s,weQ, fe CK(M)

Jl:,t (f) = EY 0 Js,t(f)
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w
=E ofoqs’t = f0¢{;1’t
which extends to the required flow of automorphisms of C*(M).

Conversely, given J = (J, ,: t 2 s), for each x ¢ M, t 3 5, J, , is a normal unital
) )

*—homomorphism from £”(M, p) into £°(Q,F P) where

(75 D) = (5, D(x, )
for we Q, f e £°(M, p).

Hence by (3.2), there exists a measurable function ¢v: y - @ — M such that
X X
(Js,t f) =1, ¢s,t
Now by (2.1), for f ¢ C*(M) we have
1500 =0, D0x &) =045,
where (d)‘;' ¢ 3 t 2 5) is a flow of diffeomorphisms of M for almost all w € Q.

Now combining the above results we see that for each x ¢ M, w €  we can find
or Q2 — M, Y, : M — M such that

(s () = 105, (x))

forallfe CE(M) By taking f to be a suitable bump function as in [AMR] p. 215, we see that

X
¥ (w) =4, (x)
thus we obtain our required pre—flow (¢, ,; t > 5) by defining
X
0, 6) = b4 (6) = 6%, ()

foreachx e M, we Q o

4. Brownian Flows
Let (Q,Z P) be the canonical space for n—dimensional Brownian motion (B, ..., B,) and let

Yy, .-, Y, be smooth vector fields on M. We denote by (n3(t), t > s) the unique solution of the
stochastic differential equation (SDE), written in Stratonovitch form,
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an(t) =Y Yi(n(0) o dB(t) + Yy(n(e))a
j=1
. (4.1)
n(s) =x a.e.
for x e M.

If Yo’ . Ynare complete and generate a finite dimensional Lie algebra, it is shown in [Kun 2],
p-194 that the prescription, for w € Q,

/\s’t(x,w) = n3(t)w .. (4.2)
yields a stochastic flow of diffeomorphisms (A, ; t > s). Flows of this type will be called
Brownian (c.f.[Kun 1, 2]). Note that for f ¢ Cy (M), Ito’s formula yields

A1) = Y, (Y000(6)) dB() + [(Ye)(n(e) + § Y. (0((0)] b . (43)

j=1 j=1

We will now consider Brownian flows from the algebraic and analytical perspectives. For
simplicity we will here only consider the case of flows driven by a single Brownian motion

B = (B(t), t e IR+). Using the canonical realisation on paths
B(t)w = u(t) .. (44))

forwe®, te IR+, we consider each B(t) as a multiplication operator acting in L%(Q,% P). We
note that each B(t) is self adjoint with domain

P(B) = {y 142, 7 P); [ uft)? | 3(u) |* dP(w) < o}
9}
A common core for the B(t)’s is the dense domain &comprising finite linear combinations of
exponential martingales (see e.g. [Mey 1]

Now let Y be a complete smooth vector field on M so that the linear operator
Ty=Y+ % divu(Y) acting in A, is essentially skew—adjoint on Z,.

We will work in the complex separable Hilbert space 4 = L¥Q, 5 P; h,) which is canonically
isomorphic to h, ® L¥, F P). For convenience we will identify these two spaces. Note that

L®(M x Q, . x P) ¢ B(h). For each t ¢ RT, the linear operator Ty, ® B(t) is essentially
skew—adjoint on the dense domain % @ & in . We denote its closure by A(t) and observe that
for ¥ ¢ P(A(t)) we have

ADPW) = ot) Ty $(w) .. (45)

We now form a family U = (U(t), t ¢ IR+) of unitary operators in h by the prescription
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u(t) =) .. (4.6)

For each t ¢ RT, D(A(t)) contains a dense set of analytic vectors for A(t) which we denote by
).

By (4.5) and (4.6) we have, for 9 ¢ @2(t), in the strong topology on h,

e 9w =Y A 9] w

m=0

Ot TH
= Z %—n);—l— Ww) ... (4.7)

Let Y(w(t)) denote the complete smooth vector field w(t)Y, then it is not difficult to verify that

T =u(t) T (4.8
() = UM Ty (48)
and we see from (4.7) that for each ¢ ¢ P2(t), w € Q, Y(w) is analytic for TY(w(t))
For each t € [R+, define
W) = o Y(u(t))
US(t)=e .. (4.9)
then each U“(t) is a unitary operator on h, and we have
(U(E)P(w) = UXL) Yw) .. (4.10)
forpeh weQ.

Now for each t € IR+, note that

and define, for t > s,

U(s, t) = U(s)? U(t) = eA(t)“A(S)

e Blet) .. (4.12)
where B(s, t) = B(t) — B(s)

We obtain a family of automorphisms of B(h), J = (J5 , ; t 2 s) by defining

I, (X) = U(s, t) X U5, £) ... (4.12)
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In the sequel we will only be concerned with the restriction of these automorphisms to LM, p)
which we regard as a *—subalgebra of L°(M x Q, y x P)

Theorem 4. J is a stochastic flow of automorphisms on M.

Proof For each w ¢ Q, we define J¥ = (J‘;’,t ;t2s) by

3Y (f) = UYs, t) £ Us, t)!

on Cg (M), then by (2.13) we see that each J‘;’,t is the restriction to Cg(M) of the

automorphism e(w(t) —ws)Y of C®(M). It follows from (4.13) that J Y satisfies F I(i) and
F'(ii) and thus is a flow of automorphisms of C*(M). Hence by (2.1), there exists a flow of
diffeomorphisms of M, {¢¥ ,; t > s} for which

J‘;},t(f) = f0¢‘:,t.

for each f ¢ C*(M).

Now for f € L®(M, ) we have (J; (f) ¥)(w) = (UYs 0)f U“J(s,t)-l)vp(w) foreach Y e h, w e Q,
hence each J, , (f) ¢ L°(M x Q, u x P). (3.8) is now easily verified o

By propositio'n 3, we may now associate to J a stochastic flow ¢ = (¢ ,; t > s) of
diffeomorphisms of M. It follows from the contruction of theorem 4, that for each t >s, wef.

xeM
¢s)t(x’ w) = Ew(t) — w(s) (x)

where ¢ is the deterministic autonomous flow of §2 obtained from the integral curves of Y.

Note that by continuity of the Brownian paths, the stochastic flow ¢ is itself path continuous so
that the equivalence class of flows given by proposition 3 has only one member. Our aim in the
rest of this section is to investigate the relationship between the flows A and ¢, where ) is given
by (4.2). In order to do this, we must first investigate the differential structure of ¢.

Now by [Re Si II; p. 205] we may write .@a(t), foreach t ¢ IR+, as the linear span of a set of
product vectors of the form v ® 1 wherein v (¢) is analytic for ;fY (B(t)), thus for u € A,

x € LN, P) we may write

[u]
<uey, U(t)(vey)> = z L <uex, Ty veB(t)"y> =E(x Gy, v) ¥)
m=0
where
2 <u, T-;; V>
Gyy,v) = Y ——F—Top(y)m .. (4.13)

m=0
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and the limit is in the weak topology in . We will prove elsewhere([App 2]) that each G,(u, v)
is, in fact, a bona—fide random variable on (Q, % P) and that the process t — G,(u, v) is thus a
smooth function of Brownian motion.

Lemma 5. Foreacht ¢ [R+, we have

dGy(u, v) = Gy(u, Ty v) dB(t)+2- (uT v)dt ... (4.14)

Proof Applying Ito’s formula to (4.13) we find
° <u,Ty > 2 <u,Ty v>
Y m-l 1 'Y m-2

m-2

dG(u, v)

and the result follows o

By analogy with the notation of [HuPa], we write (4.14) as

dU

U(Ty dB(t) + § Ty dt) ... (4.15)
= (Ty dB(t) + 5Ty dt) U
with initial condition U(0) =

It is easily verified that the process U = (U(s,t); t 2 s) also satisfies (4.15) with the initial
condition Uy(s) = L

Now taking adjoints in (4.11) yields

*
U(s,t) = e
so that given v ® 9 ¢ P(t) for ¢ > s, we have
® - m
* (“Ty) v 8 B(s, t)" ¢
Us, t) (ve ¢) = Z — .(4.16)

m=0

A similar calculation to lemma 5 with analytic vectors yields the familiar result that for each
s,t e RT with t > s and for each f ¢ Cg(M), we have

df(d, ) = (Y($, JBY) +5 (Y2 () dt ... (4.17)

Comparing (4.3) (withn =1, Y, = 0) and (4.17) we see that these are identical in form so that
each flow of stochastic diffeomorphisms A and ¢ yields a solution of (4.17).

Now let 7 = ( Ty tb2 s) be any stochastic flow of diffeomorphisms of M which is a solution of
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(4.17) and define a family of linear operators on h, V = (Vs,t ;t28) by

(Vs ¢ 9)())(x) = Yw)(7s o(x, w)) ... (4.18)
forpeh xeM, wefl.

In the sequel we will write (4.18) in the simplified form
Vs,t 'l/! = 'q/) 0 Ws,t. (4.19)
Lemma 6 V, , is unitary for each t > s.

Proof. Let ¢ € h, w € 2 be such that

= {4
Ww) = fu
w
where f ¢ L¥(M, p) and define V 51 by

*
Ve = (Vo) (0) = (Bom )W) = fory (a8) )t
Hence V¥ | is unitary by (2.9) and we have
* w | *yw
[Vor Vert)@ = [V¥] V¥ 90) = ww)
*
A similar calculation for V ; Vg , confirms the unitarity of V o

Now let J, denote the dense domain &, @ & in k.

Lemma 7 V = (V. ;t2s)is asolution of equation (4.15) on 9 ,.
Proof. Let ¥ € &, be such that Y w) = f;ﬁ for we Q, fu* € 9, then

o
Vs,t ¥ = f(”s’:)(WS»t) By

Now by Ito’s product formula, we obtain

AV, = dilny ) T (u)F + (Er, ) d e () + (g ) d e ()}
= [(00(r, ) 4B(e) + 5 (YT ) 8] 7" (0, + K, )G v, (Y)(me)dB()
+ [;}(Y(divﬂ(Y))(ws,t))dt + § (div, (¥)(15,0))? dt] moe ()}
+ 3 (YW div(Y)(r, ) 7o ()} dt
= (Ty ¥)(x, J4B(t) + Ty ¥)(, ) dt
=V, (TydB(t) + 5 Ty dt)y o

Now by the appendix, we see that the solution to (4.15) is unique on @ - Hence we deduce



528

that

wo)‘st = ¢°’s’t

forallt 2 s, 9 € hy, so that

fo ’\st. = foist.

for all f € Cy(M) from which we deduce that /\S’t = 4 ,as required.

We also note that

U(s, t) = Vs,c forallt >s.

The extension of these results to the more general case wherein the noise is a multidimensional
Brownian motion with a drift is far more problematic. However, we observe that in the simple
case, where each Y| is divergence—free and [Y;, Y)] = 0 for 0 < j, k < n we may write

n — Yo n _—
U(t) = exp[X‘Y_i e Bi(t) + Y, t] =e ' ]‘—Iexp(Yj @ Bi(t))
i1 je1

which is the unique solution of the SDE

U = U[ZYJ- aBi + (Yo +3 YY) dt]

i=t i=1

with U(0) = I. In this particular case we will still obtain a stochastic flow of diffeomorphisms
however in the general multidimensional case, we cannot expect all the symmetric operators

(A(t), t € |R+) where A(t) = TYo t+ é_‘)l TYj ® Bj(t) to be essentially skew adjoint on P, 8 &.

5. Poisson Flows

In this section we will consider a class of flows which unlike the Brownian ones discussed in the
previous section, no longer possess continuous sample paths.

To this end, we here take (2, F P) to be the sample space for a Poisson process
(Ny = (N,(t), te |R+) of intensity A > 0, and consider each N (t) as a self-adjoint

multiplication operator on L%(Q,% P). Now, for each t ¢ IR+, let C(t) denote the closure of the
essentially skew—adjoint operator Ty, ® N (t) on the domain 9 (Ty)e 2(N )‘(t)) in h and let

U= (U(t), t e IR+) be the unitary operator valued process defined by

u(t) = eCt) . (5.1)

T
We shall also have need of the unitary operator e Y on h, which we denote by WY'
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Theorem 8 U = (U(t), t e IR+) is a solution of the operator valued SDE

dU = U(Wy —I)dN, .. (5.2)

with U(0) =1

Proof. We use the same technique as in theorem 3 and expand U(t) as a series on analytic

vectors of the form v @ 9.

We write for u € hy, x € L¥(Q, % P), v, 9 as above:
<uey, Ut) (ve ¢)> = E(x Gt(u, v) ¥) where

<u, TY v>
Gy(u, v) = —ﬁ——NA(t) . (5.3)
n=0

The required result will follow if we can show that

dGy(u, v) = Gy(u, (Wy —I)v) dN, (1)

By Ito’s formula in (5.3), we obtain

<u, Ty, v> n
dG(u, v) Zu_‘{__[NA(t)H) — N, (1)"] dN, (1)

= 2 21 1 [‘r‘] <u, Ty v> N, (t)" dN, (t)

n=1r=0

However, since v is analytic for Ty, we obtain

Gy(u, (Wy —T)v) 2 a7 <u, Ty(Wy 1) v> N, ()"

=i iﬁ«x T "v> N/\(t.)n

n=1r=0
® pn-{ 1
n

=z 2 ar [r] <u, Ty v> N, (t)

n=1r=0

Now as in §4, for t > s, write
-1

U(s,t) = U(s) U(t) ... (5.4)

and J4X) = U(st) X U(st)” ... (5.5)

as required o
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for X ¢ B(h). Again we can define for each w € {1, the unitary operators

(w(t)-u(s))T:
UYs,t) =e Y ... (5.6)
but note that in this case each w(s), w(t) is a natural number.

We can now imitate the argument of theorem 4 to assert that there exists an equivalence class
of stochastic flows of diffeomorphisms of M, ¢ = (¥ ,; t > s) for which

G I . (57)

for all f ¢ L®(M, ). However it follows from (5.6) that the map w — ¢ (x, w) (for x ¢ M,
t > s, w € Q) will not be continuous. We will call ¢ a Poisson flow. Similar algebraic
manipulations to those of theorem 8 show that for each f ¢ Cfé(M), t > s we have

A0 ) = (" 1(4 ) ~ 8 ) dN(5.8) -(5:8)
By (2.2) and (2.13), we can write

eXf=1o¢ . (5.9)
where ¢ = (&, t ¢ R) is an autonomous (deterministic) flow on M. Since Y is complete, we can
use (2.4) to obtain ¢ from a family of integral curves {c,, x ¢ M}.

Writing Y(x) = ai(x) -ag— in local co—ordinates we have, for 1< j< d, t eRY
j

ci(t) = x + Jtaj(c('r)) dr = x + hi(t)

—

Let hi = hi(1), then we can write (5.8) in local co—ordinates as

Qs 1) = (£(0s  + h) —£(¢5 AN, (t) ... (5.10)

where h = (h!, ..., h9).

Using Ito’s formula for Poisson processes, we see that a solution to (5.10) is given by
b5 1(x) = 7(t) - (5.11)
where, in local co—ordinates, for each x ¢ M, 1 < j < d, we have
n(t)  =xi+hi Ny(1) .. (5.12)
with 73(s)! = xi
i.e. each 7l is a point process with jumps of size hi.

Similar techniques to those used in §4 establish that (5.12) is the unique solution to (5.10), in
the sense of agreement almost everywhere with respect to P.
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Appendix 1
We show here that the process U = (U(t), t > 0) of §4 is the unique solution of (4.5). To do
this, it is more convenient to work in Fock space rather than Wiener space and we will assume
here some familiarity with the decomposition therein of Brownian motion into a sum of
annihilation and creation processes and the realisation of exponential martingales as

exponential vectors (see [HuPa], [Mey] for details). In fact we will prove a slightly stronger
result.

Let hy be a complex separable Hilbert space and L, be a skew adjoint operator on hy with
invariant domain 9.
Consider the equation

dU=U(LydB + 5Ly dt) ... (A1)
U(0) =1 on F,8 &
Theorem If a solution U = (U(t) t > 0) exists to (A1) then it is unique.

Proof Let V = (V(t), t 2 0) be another solution to (A1) and write

W(t) = U(t) — V(t)for each t ¢ RT
so that W = (W(t), t > 0) solves the SDE
dW = W(L, dB + 3 L, dt)
W(0) =0

Now let u ¢ D, Y(f) ¢ &with fa locally bounded function, then by the It(; product formula of
[HuPa], we obtain

IW(t) u e w(o) ||°
=Jt{2Re(f(s)). 2Re<W(s) Lu® ¢ (f), W(s) ue p (f) > + Re < W(s) L? u o (1),
W(s) ue p(f) > + < W(s) Lus (1), W(s) Lue (0>} ds
<JHNAWEL v o s @ 1"+ 1W6) wo w () 1) + WLt e (0 I

0
W) ue gy () 1" + WL uey () I']ds ... (A2)
c.f. [HuPa], corollary 1 p.310.

Let oy (t) = |[W(s) LX u e 9 (f) ||2 fork =0, 1, 2, then (A.2) may be written

a(t) < Y alt) ay(t)

k=0
where ¢y(t) = ¢,(t) = 4 [{(t)| + 1 and c,(t) = 1.
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By a slight extension of Gronwall’s inequality we obtain

ay(t) € ay(0) j °epr “co(r)dr] [cl(s)al(s) + ¢y(s) a,(s)] ds
0

s

But a,(0) = 0 and the result follows. ]
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