JIA-AN YAN
Notes on the Wiener semigroup and renormalization

Séminaire de probabilités (Strasbourg), tome 25 (1991), p. 79-94
<http://www.numdam.org/item?id=SPS_1991__ 25_ 79 0>

© Springer-Verlag, Berlin Heidelberg New York, 1991, tous droits réservés.

L’acces aux archives du séminaire de probabilités (Strasbourg) (http:/portail.
mathdoc.fr/'SemProba/) implique 1’accord avec les conditions générales d’utili-
sation (http://www.numdam.org/conditions). Toute utilisation commerciale ou im-
pression systématique est constitutive d’une infraction pénale. Toute copie ou im-
pression de ce fichier doit contenir la présente mention de copyright.

‘NuMDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=SPS_1991__25__79_0
http://portail.mathdoc.fr/SemProba/
http://portail.mathdoc.fr/SemProba/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

Notes on the Wiener Semigroup and Renormalization*

J.A. YaN
Institute of Applied Mathematics, Academia Sinica
P.0.Boz 2784, Beijing 100080, China

Abstract. In this paper, by using white noise analysis (e.g. Wick product, scaling
trasformation) we obtain some results about the co-dim. Wiener semigroup. A
precise definition of renormalization in white noise analysis is also proposed. The

main results are Theorems 2.2, 2.4, 2.5, and 3.2.

1. Introduction and Preliminaries

In this paper we consider the following Gel’fand triple
(8)" 2 (£2) = L*(S'(R), 1) > ($)

where g is the white noise measure on §'(IR), the Schwartz space of tempered distributions.
Let A denote the self-adjoint operator -—-di:,— + 1+ ¢? in L2(IR). For each p > 0 we put
Sp(IR) = Dom(AP) and (S), = Dom(T'(A”)), where I'(AP) stands for the second quanti-
zation of AP. We denote by S_,(IR) (resp. (S—,)) the dual of S,(IR) (resp. (Sp)). Let
$,(IR™) denote the subspace of all symmetric functions (or distributions) in S,(IR"™). The
" norm || of S,(IR") is defined by

£z, = |(4P)®" (™),

where | - |2 is the norm of L?(IR™). Each element ¢ of (§), corresponds uniquely to a
sequence (f(™)), f(») € 8, (IR™), verifying

©o

eI, = > nllf B, < oo
n=0
where || - |2, denotes the norm of (S),. We write ¢ ~ (f(*) for this correspondance. We

have
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S(IR™) = Np205,(IR™), §'(IR") = Upz0S—p(IR")
(5) = ”pzo(s)m (8) = UPZO(S)—p-

The elements of (S) (resp. (§*)) are called Hida test functionals (resp. Hida distributions).
Now we recall some basic notions and facts in white noise analysis, we denote by < -, >

(resp. < -,->>) the dual pairing between S_,(R"™) and §,(IR"™) (resp. between (S)-, and

($)p), p running over IR;. Let ¢ € (S)p, ¢ € (S)—p with ¢ ~ (F(*)), ¢ ~ (G(™)). Then

< ¢>=Y n<F e, (1.1)
n=0
Let £ € S(IR). Put
£(6) = exp{< € > —3]eB}. (12)

Then £(£) € (§). Thus for each ¢ € (§)* we can put
5¢(€) =< ¢,£(¢) >, €€ S(R) (1.3)

We call S¢ the S-transform of ¢. Let ¢, € (S)*. Assume that ¢ ~ (F(™)) and ¢ ~ (G(™).

Put
H = Z FRIGG),
k+3=n

Then (H (")) corresponds to an element of (§)*, which is denoted by ¢ : ¥ and called the
Wick product of ¢ and . We have

S(¢:v)=5¢-S¢ (1.4)
It is shown in Meyer-Yan [5] that we have
1 : bllzp < l16ll2,pr 2 l1ll2pr 2 (1.5)

This inequality will play an important role in the sequel.

Let ¢ € (S). 1t is shown in Kubo-Yokoi [1] that ¢ admets a continuous version éof ¢

(see also Lee [4] and Yan [8]).
Let X € IR and y € §'(IR). It is proved in Potthoff-Yan|6] that the following mappings

are continuous from () into itself:
¢ () = 6(A), me() = 8(-+ ), 4y = T(N)¢ (16)

where T'() is the second quantization of the multiplication by A. Namely, if ¢ ~ (F ("))



81

then I'(A)¢ ~ (A"F("). Moreover, I'(}) is a continuous mapping from (§)* into itself and

we have
By llz.p < 1I8ll2,0+108, (1a]v1) (1.7)

because for any a > 0 we have
|F™ 2y < 27 FM) 551 (1.8)

Let z € S'(IR). The sequence (4z®") corresponds to a Hida distribution, whose S-
transform is exp < z, £ >, £ € S(IR). We denote it by £(z). It is easy to see that

1
€ () fep = exp 212, (19)
It is shown in Potthoff-Yan [6] that for ¢ € (§), F € (§)* and z € §'(IR) we have
€1, Fo=<¢,(z): F> (1.10)

Let z € §'(IR). The evaluation mapping at z is a Hida distribution, denoted by 65,

whose S-transform 1is

56.(€) = exp{< z,£ > -gmg}, ¢ € S(R) (1.11)

It is shown in Yan [7] that if p> 1 and z € §_,(IR) then &, € (S)—,. By (1.11) we have

b:=E(z): 6 (1.12)

Let A € IR\{0}. Put
pM(E) = p(E/)), E € B(S'(R)).

It is shown in Potthoff-Yan [6] that the © generalized R— N derivative d’;::) can be regarded

as a Hida distribution, whose S-transform is

(x)
(€)= (=201~ )¢} (1.13)

That means 5%(:—) corresponds to the following sequence (F(")):

A2? k
-(\)Tr@k’ F(2k+1) — o (1.14)

(2k) - A7 —1
= 2% kY
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where T, is the trace operator which is an element of §_p(HZ2) for any p > i, and we have

(==

1T —p =D _(2n)™* (1.15)

n=1

If A2 # 1 and py be the number such that |A% — 1||T;|2,—p, = 1, then d’;::) € (S-p for

™
p > px and "‘2“ ¢ S_p, (see Yan [6]).
Let X be a vector space. We denote by CX the complexification of X. If X is a Hilbert

space with the norm || - ||, then the norm of CX is defined by

llz + iyl = [|=zI* + lly]*. (1.16)

Let p> % It is shown in Lee [4] that each ¢ € (§), admets an analytic extension é on

CS-p(IR) and we have
< ¢,6. >= ¢(2), z € CS_p(IR), (1.17)

where §, is a complex Hida distribution whose S-transform is
1
§6.(6) = expl< 2,6 > ~2[¢B), €€ S(R)

(see also Yan [8]). Recall that ||[A~?|3 ¢ = 3> (2n)"? < oo for p > %, so we have
u(S—-p(IR)) = 1. The restriction of ¢ to S_,(IR) is a continuous version of .
The main purpose of this paper is to study the co-dim.Wiener semigroup by using white

noise analysis and give a precise definition of renormalizations in white noise analysis.

2. The co-Dimensional Wiener Semigroup and White Noise Analysis

In this section we shall study the co-dim.Wiener semigroup by using white noise anal-

ysis. This investigation was initiated in a joint work with H.H.Kuo and J.Potthoff (see

[3))-

We begin with introducing some operators acting on ().
Definition 2.1 Let A € IR\{0}. For each ¢ € (S) we put

Raé = (8)F), BT = (4V)y (2.1)

Then R, and R;! are continuous mappings from () into itself.
Lemma 2.1 Let ¢ € (S) and F € (§)*. Then for any A € IR\{0} we have
du™
du

< ¢, F>=c ¢, Fy: > (2.2)
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Proof. If F € (§) then by using S-transform we can obtain

d#(,\)

m (2.3)

ro®Y g
du

from which it follows (2.2) for F € (§). If F € (S)*, by taking a sequence (F,) of elements
of (§) such that F, — F in (§)*, we get (2.2) by using (1.5).

Theorem 2.1 Let p > 1 and X # 0 be such that |1 - 32[|T,|,_, < 1. R, and R;!

can be extended to a continuou$ mapping from (), 1 to (S)p. Moreover, we have the

following estimates and equalities:

1B éll2p < Cp, I¢ll2,p+ 25 IBX 8ll2.p < Clp, Ml ll2 3 (2.4)
dp(r)
L R\$, F o= ¢, F:(— )(,\) >, (2.5)
(x)
< R{$,F>=<¢,F: d" > (2.6)
where ¢ € (§),,1, F € (S)-p and C(p, A) = 42 w .

Proof. If ¢ € (§) and F € (S)* we obtain (2.:)) and (2.6) from (2.2). By using (1.5) we
get (2.5) and (2.6) for ¢ € (S),41 and F € (S)—,. Since

(») 2
d/;: (()‘kmk) T®k) (d}l(“')dﬂ)(x) ~ ('(—ﬁ'):TPk)
we have
(3) 2
1, = I e, Z‘Z’“"‘“ Pl )

k|2k)2

By (2.5), (2.6), (1.5) and (2.7) we obtain

A)
| < Rad, F > | < [18llp | Flle, -pu"”‘ nz .

| < RS 6 F > | < 18]Iz, 2 [IF 2, —pll llz -»

from which it follows (2.4).
Let ¢ € (S). We put

Pé(z) = /S oy S+ VERDa) (2.8)

and call (P, t > 0) the Wiener semigroup. Let Kz, denote the gaussian measure on §'(IR)

with mean value z and variance parameter t. Then we have

Fié(z) = /; ) $hiz,2 (dy) (2.9)
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Thus the generalized derivative d—‘d‘-:n‘- can be regarded as a Hida distribution and its S-

transform is given by
dy,
S(=g21)(6) = RE(6)(a)

= exp(< 5,6 > (1~ D¢

That means )
dppze _dp
PR &(z): m (2.10)
Theorem 2.2 Let ¢ € (S). We have
P = R (2.11)
Pi¢=R ;7=4, 0<t<1 (2.12)
In particular, P, is a continuous mapping from () into itself.
Proof. By (2.9) and (2.10) we have
du(Vh)
P.g(z) =< ¢,€(z)i L >
u
dpV3  gu(vh)
=< ¢,0; 1 ——:
¢ ™ » >
dﬂ(\/1+t)
=< ¢,6;: > (2.13)

Thus, from (2.6) and (2.13) we get
Pg(z) =< R71o4,6, >= R L_d(2).
If 0 <t <1, then by (2.13) and (2.5) we obtain

P.§(z) =< R ;r=4,6: >= R 1—¢(z),

because we have

dp(Tl!—_') B dp(‘/l"'-‘)
( du )(\/1-—t) - dpy

The theorem is proved.
As an application of (2.12) we obtain the following well known result.

Corollary. Let ¢ € (S). Put
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Qeé(z) = / $le™z + /1 - e~2ty)u(dy) (2.14)

Then we have
Qé=c"Mg (2.15)
where N is the number operator. (Q,) is called the Ornstein - Uhlenbeck semigroup.

Proof. By (2.14) and (2.12) we have

!

Qep = (Proc-28)() = (Re=e9) () = (¢) )
=T(ct)p=c"N¢
Theorem 2.3 Let o > 1 be such that |T}|;_o < 1. Then P, can be extended to a

continuous mapping from (), to (S)a and we have

P:gllz,a < ” ”2 —all$ll2,a41 (2.16)

Moreover, for ¢ € (§),44 and F € (S)._a, we have

d,,(\/ )

T (2.17)

< P4, F>=<¢,F

Proof. (2.17) follows from (2.11) and (2.6). From (2.17) we get (2.16).

Theorem 2.4 Let o > 1and g€ ($)a+3- Then the following limit exists in (§),:

Pé-¢
Ad= luo t (2.18)
and for F € (§)_, we have
LK LDP, F>= % < ¢, F:L(T)> (2.19)

where I3(7;) is a Hida distribution whose S-transform is SI>(T;)(€) = |¢]2.

o> % then we have

Ad(z) = I M, z € S_o(IR) (2.20)
Z;(z) = ~N7.4(0), z € S_o(IR) (2.21)

Proof. We have

. 1 d#(\/l-i-t) 1 2
lim ”;(T 1) =3k(T)E -
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(o]
. P
= {%g(zk)!mlmz_, =0,

from which and (1.5) we see that the limit in (2.18) exists in (§), and (2.19) holds. Moreover,
for z € S_,(IR), by (2.18) and (1.17) we have

Bh(z) =< 84,6, >=lm; < Pé— 4,6 >

from which we get (2.20). Finally, by using (1.5) we can extend (1.10) to the case where
¢ € (5)asy and z € S_o(IR), F € S_o. Namely, there exists a unique element of (8)as
denoted by 7.4, such that (1.10) holds for any F € (§)—,. Consequently, for z € S_o(IR),

we have

Rh(z) =< Bé,6 3= 7 < 4,6 B(T) >
=2 <$E():6o: B(T) >
=—-<¢,E(z): Nép >
=—- <KL 1.9, Néy >
== <& N1.¢,60 >= —N1,$(0)

Here we have used the fact that if ¢ € (§), then for any £ > 0 we have Ny € (S)p—c. The

theorem is proved.

Example. Let £ € S(IR). We have

AE(€) = SI€BE(E)

In the literature, the operator 2A is often called the Gross Laplacian. The following

theorem gives us a good domain of A.

Theorem 2.5. Let D = Up> 1(S)p. We define the inductive limit topology on D.

Then A can be extended to a continuous mapping from D into itself.
Proof. Let p > % and F € (S)-p. Assume that F ~ (f(*). Then we have F: I(T,) ~

(9™), where
g0 =g =9, (") = y("=2QT, n>2

Therefore, for any € > 0 if we put
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C(p,e) = Sl'llp(n +2)(n+ 12722 _ (e

then we have (noting that |f(")|5 _(pye) < 27 |7 (") |5 _,)

o

IF : B(T)E - (o) = D g™ )
. n=0
<Y+ NP i) 1T B~ (o)
n=0
< Cp,e) 3 nllf™E _, = Clp, )1 FIIE (2.22
< Cip, |f lz,—p p, 2,-p )
n=0

We conclude the theorem by (2.19) and (2.22).

Remark 1. Let D ={J,, 1(S)p. We denote by 8; the Hida derivative (i.e. 3; = Ds,,

see Potthoff-Yan [6]). It is shown in Yan [7] that &, is a continuous mapping form D into

itself and we havefor g € D and p € §
K0, ¥ >=<x é, ¥ 11(6g) > . (2.23)
Since T, = [*°_ 6; ® 6:dt, it follows from (2.23) and (2.19) that for ¢ € D we have
1 [=-]
Ng == / 324dt.
2 )
This formula is due to Kuo [2].

Remark 2. Let p > 1 and ¢ € (5), with ¢ ~ (f(")). It is easy to prove that
A$ ~ (h(™) with
(n+2)(n+1)
2

where f("t2)&, T, is an element of gp(.lR") verifying

hin) = fr 2@, T,

< f(r2@, T, o™ >=< f(0+2) g(MQT, > Vg™ € §_,(R™).

Let z be a complex number. We denote formally by d‘;::) a complex Hida distribution

whose S-transform is
du(?) 1-

=g, (€) = exp{-=5 - |¢3).

. )
If p> § is such that |T}|2.—p < IT—'-I?T’ then dﬁu € C(S)-p-
The following theorem extends the Wiener semigroup (P.) to a group

{P.,z€ C}.
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Theorem 2.6 Let ¢ € C(S) and z € €@ We denote by P, ¢ the unique element of C(§)
such that for each F € C(S5)*

d”(\/1+z)
—_—

” (2.24)

K P, F>=<¢,F:

Then (P, z € @ is a group acting on C(S) which extends the Wiener semigroup (P,,t €
IR ). Moreover, for each z € §'(IR) we have

— A
Pde) =< ¢,E(z) : P > (2.25)

Ip> % is such that |T|2,—p < h—_l-;,-[, then P. can be extanded to a continuous mapping

from C(S)p4y to C(S)p-
Proof. By (1.5) we can prove the existence of P, ¢ verifying (2.24). The group property

of (P.) follows from the following trivial fact:

AV g (V) g (VTFET)

dp du du (2-26)
By (2.24) and (1.17) we have
P:¢($) =< Pz¢1 5:: >=< ¢, 5: : T >
du(\/1+=) .
=< ¢,£(z) :50:T>
_ dpvd
=< ¢,(z) : o

(2.25) is proved. The last conclusion of the theorem is obvious.
Remark. If ¢ € (§), we can prove that }%(z) = fs'(m) é(z + v/zy)u(dy). But for a
general ¢ € (§), the integral may not exist.

3. Renormalization in White Noise Analysis
Let z € CS'(IR). The Wick-transform : z®" : of the tensor product z®" is given by

(3] \
. ®n kT en-2kg5m®k
: 28" = ,;,( 1) P ST (3.1)
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where & stands for the symmetric tensor product. We have

(3] '
®n _ n . ,®n—2k 5mek
z kz_% prEsT A QT (3.2)

It is shown in Yan [8] that we have also the following formulas

:z®" = «/s'(m) (z + 2y)®"u(dy) (3.3)

2®" = /s U () (3.4)

If p> 1 and ¢ € (§), with ¢ ~ (F(™), then we have

$z) =) <:2®":, F™ 5 2 eCS_,(IR) (3.5)

n=0
where the series is convergent absolutely and uniformly on bounded subsets of S_,(IR) (see

Lee [4] and Yan [8]).
Let A € IR. The following formula was established in Potthoff-Yan [6]

[3]
n n - n! e A
. (/\:z:)e = A Z(l - A 2)km : Ie 2k N ®Tr®k (3.6)
k=0
Thus, by (3.6) we obtain
_ IR ~
: (\/21')8" = Z m(ﬁ)n_zk : g®n 2k, ®T,_®k (3.7)
k=0

Let f € $(IR"). Put
#(z) =<:z®" ., f >, ¥(z) =< z®",f >

Then by (3.7) and (3.2) we have

¢V =¥ 5

or equivalently,
1
= (¥3) 7 =R 50
Thus, we can call R /z the renormalization operator, because it transforms a Stratono-
vich multiple integral into 2 Wiener multiple integral. In the sequel we denote simply by R
(resp. R™*) the operator R 5 (resp. R\‘;%)
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As a particular case of Theorem 2.1 we have the following result.

Theorem 8.1 Let p > 1 be such tht |T;|,—p < 1. R and R™! can be extended to a

continuous mapping from (§),, 3 to (8)p and we have
IR$ll2p < C(p, V2)I#ll2pt 35 IR $ll2p < Clp, V)| ll2ips 3

KX R$, F>o=<¢,F:6>
duv?
dp

LR '¢$,F>=<4¢,F:

where ¢ € (5),41 and F € (§)—p.

Corollary. Let p > % and ¢ € (S)p_‘,%. We have
#(z) =< R, E(z) >, z€ S_p(IR)

In particular, the restriction of ¢ to §(IR) is the S-transform of Rg.

The following theorem gives us integral representations of R¢ and R™1¢.

Theorem 3.2 Let p> 7 and ¢ € (§),,1. We have

R = [ Hetinuld), =€ CSp()
s()

g = [ 3+ vlulas), = € CS-p(R)
S'(R)

Proof. Assume ¢ ~ (F(*)) and R$ ~ (G(™)). By (1.17) we have

é(2) = E <:28" . F)) > 2 e CS_p(IR)

n=0

}%(z) = Z <:2%" ;6" >, zeCS_p(R)

n=0
On the other hand, for z € CS_,(IR) we have
S 1<2®%,6M > < S jzl_I6™
n=0 n=0

= Z ﬁ'zl;-p(\/’_ﬁlc("”%ﬂ

n=0

1
< 1R8Iz exp 512,

(3.8)
(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)
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Thus, if we put
Flz)=) <226 >, 2 CS_,(R) (3-16)

n=0

then F is analytic on CS_,(IR) and by (3.16) and (3.11) we have

F(£) = SR(€) = ¢(¢), € € S(IR)

from which it follows
é(z) = E <z8",G6" >, z € CS_p(IR) (3.17)
n=0

Now by (3.15), (3.17) and (3.3) we get (3.12). Similary, we can prove that

ETg(z)= 5" <22 F(™ 5, 2 € CS_(IR) (3.18)

n=0

Therefore, we can get (3.13) from (3.17), (3.18) and (3.4).

Remark. Letp> 3 and ¢ € ($)p+3. Assume that ¢ ~ (F™)) and Rg ~ (G(™).
By (3.17) ¢ has the following “ Stratonovich” decomposition

é(z) = Z <z®", G > ze S_p(IR).

n=0
Renormalizing ¢ consists in transforming chaos by chaos Stratonovich multiple integrals

into Wiener multiple integrals. We obtain the Ito-Wiener decomposition of R¢:

Re(z) = Z <:z®": 6" > ze S_p(IR).

n=0

The following theorem improves Theorem 3.1.

Theorem 8.3 Let po be teh number such that |T}|;_,, = 1. Let p > pp and B > 0 be
such that 272f 4 2-2(r—Po) < 1. The operators R and R~ can be extended to continuous

mappings from (§),, to (§),—p. Moreover, for ¢ € (§), and F € (§)—p+p we have

(v2)
ar > (3.19)

<K R$,F>=<¢,F:8 > <R 4, F>=<¢F:
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Proof. Let @ > 0, be such that 2728 4+ 272 = 1, Then p — a > pp, so we have

-
a = ll6ollz—p+a = 1|25 lz—p+a < oo (see Yan [7]). Let F,G € (S)*. By Yan [7] we

have
[IF : Gll2,-p < ”Fllz -p+8||Gll2,~p+as (3.20)

Let ¢ € (). By (3.20), (3.9) and (3.10) we obtain
| < R$, F > | < ||¢ll2.plIF|l2,~p+5l60]l2, —p+a
dp(
| < R71¢, F > | < 8l2,p]|Fll2,—pisll—— llz;—p+a-.
Thus we conclude the theorem and we have

[1Réll2,p-5 < call$llzips 1R ll2,p-p < calldllz,p-

Remark. Let po be as above and ¢ € (S§),, where p > po. Since for each ¢ € S(IR) we
have 6 = £(€) : & € (S)-p(by (3.19)), we can put

$(€) =< p,6¢ >, £ € S(IR).

¢ is a continuous function on $(IR). We call § the restriction of ¢ on S(IR). By (3.9), we
have
3(¢) = S(Re)(€), €€ S(R)
Thus, ¢ is completély determined by its restriction $
Recall that if a Hida distribution ¢ corresponds to a sequence (F(™)), we can write

formally
= Z <: 28", Fn) 5

n=0

Suggested by the above remark, we propose the following general definition of the renor-

malization.

Definition 8.1 Let ¢ € (5)* with ¢ ~ (F(")). If ¥ is a formally defined functional on
§'(IR) and if ¥ admets the following formal expansion:

¥(z) = E < z®" F(n) >

n=0
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then we say that 4 is renormalizable and ¢ is its renormalization. We denote ¢ also by R.

We give below some examples.

Example 1. Let y(z) = exp < z,y >, where y € §'(IR). We have formally

©0
_ <z,y>" on V2"
p=3 —o—=3 <>
n=0 n=0
Therefore, we get
d y®n
Ry = Z <:z%": = E(y).
n=0 .

Example 2. Let ¢(z) = expcf_°°°° z(s)?ds, where ¢ # 0 is a constant. Then we have

® " < 202 n
¥e) = exple <292, T >} = Y L E LT 2T
n=0 n!
_ o < z®2n,chr®n >
B n=0 n!
Therefore, we obtain
= C"T@n
= . 2®2n v
Rb= 2, <ia®n >
If ¢ > 0, then
) \/2—6)2"T®" d (v3)
Ry = <: ®2n . (__,._ _ u
’ ,,X;: 2 e = T (V) ”
If c <O, then

el /—o-\2n(_1\n n
Ry=>)_ <:29%" (V=2) 2"(11' VT I'(V-2c)bo
n=0 )

In each case, we have

S(R$)(€) = expel¢f3, € € S(IR).

Example 8 Let ¢(z) = expcfo' z(s)ds. Then we have

oo R ©o Cn‘II%';]
'/’(I) = § : _nT <z, Ilo,t] >h= 2 : < z@'l’ _|—‘_ >
n=0 n=0 n:

Thus we get

Ro =S < gon . S04
Y= Z <z 5 T >

n=0
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whose S-transform is

t
S(Rp)(€) = Z < €%, 0:] >= expc/ £(s)ds.

n=0

Finally, we leave the reader to verify the following identities:
R(¢9) = R¢ : Ry, R¢™) = (R¢)(s).

where ¢ and ¢ are supposed to be renormalizable.
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