SHIGETOKU KAWABATA

TOSHIO YAMADA
On Newton’s method for stochastic differential equations

Séminaire de probabilités (Strasbourg), tome 25 (1991), p. 121-137
<http://www.numdam.org/item?id=SPS_1991__ 25 121_0>

© Springer-Verlag, Berlin Heidelberg New York, 1991, tous droits réservés.

L’acces aux archives du séminaire de probabilités (Strasbourg) (http:/portail.
mathdoc.fr/'SemProba/) implique 1’accord avec les conditions générales d’utili-
sation (http://www.numdam.org/conditions). Toute utilisation commerciale ou im-
pression systématique est constitutive d’une infraction pénale. Toute copie ou im-
pression de ce fichier doit contenir la présente mention de copyright.

NumMmpam
Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=SPS_1991__25__121_0
http://portail.mathdoc.fr/SemProba/
http://portail.mathdoc.fr/SemProba/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

On Newton’s method for stochastic differential equations

SHIGETOKU KAWABATA AND TOSHIO YAMADA

1. Introduction.
The aim of this paper is to propose a formulation of Newton-Kantorovich’s method

for Ito-type stochastic differential equations. This note has three sources;

(1) Newton’s method on Banach space by L.V. Kantorovich[6],
(2) Chaplygin-Vidossich’s method for ordinary differential equations [3] [7],
(3) Newton’s method for random operators by A.Bharucha-Reid and R. Kannan
[2].
As is well known, S.A. Chaplygyn[3] introduced a process for the approximation of
solutions for non-linear Cauchy problems for ordinary differential equations;

(1.1) ' = f(t,z), =(to) = zo
consisting of the iterative solution of a sequence of linear Cauchy problems;

Ung1 = ftun(t)) + fa(t, un(t))(uns1(t) — un(t))

(1.2) Un41 (to) = Zp.

At the end of seventies, G.Vidossich [7] has shown that the Chaplygin sequence is
exactly the Newton sequence for the operator;

(1.3) F(z)(t) = 2(t) — z0 — [ (s, 2(s)) ds

For stochastic initial value problems;
(14) dX(t) = o(t, X (t))dB(t) + b(t, X (t))dt, 0<tLT
X(0)=¢,

one may propose heuristically an analogue of Chaplygin’s method in the following iterative
scheme;

XO(t) = Er
KXo (t) = X(O) + [ (s, Xa(s))dB(5) + [ b(s, Xa(s)) ds

1.5 t
(19) + [ 020, Xal) Knta (6) = Xa(s)) dB(s)

+ [ (s, Xal8))(Knta(s) - Xa(s)) ds

We shall show in this paper that the above sequence is the Newton sequence for the
stochastic operator;

(1.6) F(2)(t) = 2(t) - 2(0) - /ota(s, Z(s)) dB(s)

- /Ot b(s, Z(s)) ds
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We will also discuss the local as well as the global convergence of the sequence to the so-
lution of the equation ( 1.4 ). Our investigation is motivated by the paper by Bharucha-
Reid and Kannan [2], where they have developed a probabilistic analogue of Newton-
Kantorovich’s method for solutions of random operator equations. Applications of their
theory are being considered by their school [1], although no explicit application to so-
lutions of Ito-type stochastic differential equations seems exist. To avoid complicated
notations, we deal in the present paper with oné dimensional case only, but one may gen-
eralize the results obtained in this paper to multi-dimensional case without any difficulty.

2. Preliminaries.
Let o(t,z) and b(t, z) be defined on [0,00) x R! and Borel measurable. We consider
following Ito-type stochastic differential equation;

(2.1) X(t) = X(0) + /0 ‘ o(s, X(s)) dB(s) + /0 “b(s, X (s)) ds .

By a probability family space with an increasing family of o-fields which is denoted
as (2, F, P; F;), we mean a probability space (2, F, P) with right continuous increasing
system F; of sub-o fields of F, each containing all P-null sets.

Definition ( 2.1) By a solution of the equation ( 2.1 ), we mean a probability space
with an increasing family of o-fields (2, F, P; F;) and a family of stochastic processes
{X(¢t), B(t)} defined on it such that

(1) with probability one, X(t) and B(t) are continuous in ¢ and B(0) =0,
(2) X(t) and B(t) are Fi-measurable,
(3) B(t) is a Fi-martingale such that

(2:2) E[(B(t) - B(s))* /[Fs]=t—s, t2s,
(4) X(t) and B(t) satisfy
(2:3) X () = X(0) + /0 (s, X(s)) dB(s) + /0 “b(s, X(s)) ds,

where the integral by dB(s) is understood in the sense of Ito integral.
Condition A We say that o(t,z) and b(t, z) satisfy the Condition A, if
(1) o(t,z) and b(t,z) are continuous in (¢,z) and differentiable with respect to
z, moreover D;o(t,z) = 04(t,z) and D;b(t,z) = bz(t,z) are continuous with
respect to z.
(2) there exist positive constants K and M such that,

(2.4) lo@t, z)|* < K(1+2?),

(2.5) lb(t, 2)|* < K(1+2?),

(2.6) loz(t, z)| < M,
and

(2.7) |b=(t, )| < M.
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Remark 2.1.  Since the inequalities ( 2.6 ) and ( 2.7 ) imply the global Lipschitz
condition for ¢(¢,z) and b(¢,z), then with the conditions ( 2.4 ) and ( 2.5 ), there exists
a solution X (t) of the equation ( 2.1 ) defined on [0, T}, such that

(2.8) sup E[|X(t)|*] < +o0,
tefo,1]
where T < +o00 is an arbitrally given positive number. Furthermore a solution with the

property ( 2.8 ) is pathwise unique. ( see for e.g., [4] and [5] ). In the following in this
paper, we assume E[|X(0)|?] < +oo .

3. The Gateaux derivative.
Let Lr be the set of ¢ : [0,00) x @ — R, such that (i) ¢ is F;-adapted and continuous
with respect to t, (i) E[ sup |¢(s,w)]’] < co. Then L7 is a Banach space with the
0<s<T

norm
llell” = B[ sup_Jo(s,w)|’]
0<s<T

Consider the following operator F' defined on Ly;

o F(2) = F2)(0) = 2(t,0) - 20,0) - [ * o(s, Z(s,w)) dB(s)
' —/otb(s,Z(s,w))ds 0<t<T, Zeclr

LEMMA (3.1). Under the condition A the operator F maps the space Ly into itself,

PROOF: Let a process Z belong to Lr. It is obvious by the definition of F' that F(Z)(t)
0<t<T,is Fi-adapted and continuous in ¢. To prove that

E[ sup |F(Z)(t)]*] < 400 holds,
0<t<T
we first observe that
B[ sup |F(Z)(t)|*] < 3E[ sup |Z(t,w) — Z(0,w)|?]
0<t<T 0<t<T
t

+ 3E[ su ,Z(s,w))dB(s)|?

(32) e, | [ o(s,2(5,)) dB(a)]

t
+ 3E[ sup I/ b(s, Z(s,w)) ds|?] holds.
o<t<T JO

By Doob’s martingale inequlity and Schwarz’s inequlity, we get from the above (3.2)
that

E[o?:fT IF(Z)@)) < 6E[021:£T 1Z(t,w)*] + 6 E[|2(0,w)|?]
(3.3) + 12E]| /0 : o(s, Z(s,w)) dB(s)|"]

T
+ 3TE'[/0 b(s, Z(s, w))|? ds]
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holds.
Noting that

Bl [ oo, 2(5,) dBO)) = BL [ 0*(5,2(5,0))ds ],
we can conclude from (3.3) with (2.4) and (2.5) in the condition A that
Ef sup |F(2)(t)*) < 6E[ sup |Z(t,w)I’]
<t<T 0<t<T
T
+6E[|Z(0,w)["] + 12K E[ /0 [1+|Z(t, w)|?] dt]

T
w 2
54 +3TKE] /0 [1+ |Z(2t, 7] ] 2
< 6E[osup |Z(t, w)|*]+ 6E[|Z(0, w)|"]
<t<T
+ 12KT[ 1+ E[oi?gr 1Z(t,w)|?]]
+3KT[ 1+ E[ sup |2(t,w)["]] < +oo.
0<t<T
q.e.d.

Now we are in a position to introduce the Gateaux derivative of the operator F.
Definition 3.1 Let Z belong to Lp . If for any h € Lr,

lim %[F(Z +uh) = F(2) ]

exists in norm convergence sense in the space L, we call the limit the Gateaux derivative
of the operator F at Z. This limit element in L7 will be denoted by

dF(Z;h) = dF(Z;h)(t), 0<t<T.

LEMMA3.2. For any Z € Lr, there exists the Giteaux derivative of the operator F' at Z
and it satisfies

dF(Z; k) = dF(Z; h)(2)
(3.5.) = h(t,w) = h(0,w) - /0 * 02(s, Z(s,w))h(s,w) dB(s)

t
- /0 ba(s, Z(s,w))h(s, w) ds.
PRrOOF: By the definition of the operator F', we observe that

S F(Z+ub)(t) - F(2)1)]
= 2tun(t,u) ~ [ [o(s, 2(5,0) + uh(5,0)) = o5, Z(s, )] dB(s)
~ [ (s, 2(5,) + uh(s,w) = bls, Z(s,w)]ds]
= h(t,) ~ [ ouls, 2(s,))h(5,) dB(s)

- /Ot bz(s, Z(s,w))h(s,w)ds + R(t,w), say.
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Note by the condition A that the functions o4(t,z) and b;(t,z) are continuous with
respect to x. Then we have

R(t,w)
(6) =~ 1oa(s, Z(s,0) + Buh(s,0)) ~ 025, Z(s,)uh(s, ) dB(s)

+ /:[b,,(s, Z(s,w) + Buh(s,w)) — bz(s, Z(s,w))]uh(s,w) ds]

where 6,0 < 6 < 1, depends on (s,w,h) .
To complete the proof it suffices to show that

(3.7 lim E[ sup |R(t,w)|’]=0, holds.
ul0  o<i<T

By a similar way as in the proof of Lemma (3.1), we observe that

E[ sup |R(t,w)[’]
0<t<T

<28 sup | [ (0a(s, Z(s,w) + Buh(s,w)) — aa(s, Z(s,w)))
o<t<T Jo
h(s,w) dB(s)[*]

+ 2E[ sup I/t(bz(é‘, Z(s,w) + fuh(s,w)) — bz(s, Z(s,w))h(s,w) ds|*]
(3.8) oge<T S0

T
< 8E[/0 loz(s, Z(s,w) + Ouh(s,w)) — 04(s, Z(s,w))|2h*(s, w) ds]
+2B( " ba(s, Z(5, w) + Buh(s,w)) = bo(s, Z(s, w))[? ds)

T
2
(f) #(s,w) ds)]
=J; +J;,say.

Since the function o, and the function b, both are continuous with respect to z, it
follows that

liﬂ)l[ 0(s, Z(s,w) + uh(s,w)) — 04(s, Z(s,w)) ] =0
u
and also
liH)l[ ba(s, Z(s,w) + Buh(s,w)) — bs(s, Z(s,w))] = 0
U
hold. Furthermore, we know by the condition A that
loz| < M and |b;| < M hold.
Hence, Lebesgue’s convergence theorem implies
lui.i](}[Jl +J;]=0.
Thus by (3.8)
lim E[ sup |R(t,w)|?] = 0.
ul0  o<i<T

The lemma is proved. q.e.d.
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4. Stochastic analogue of Newton’s method for stochastic differential equa-
tions. ‘
First of all, we will discuss the existence of the inverse the Gateaux derivative of F' at

Z which will be denoted by dF~1(Z2).

LEMMA 4.1. Let Z be a given element in L1. Let ¢ belong to L1 such that ¢(0,w) = 0.
Then, there exists one and only one element h in L1 such that,

(41) o(t,w) = dF(Z; h)(t);
(4.2) o(t,w) = h(t,w) — /0‘ az(s, Z(s,w))h(s,w)dB(s)

-/ b (s, Z(s,w))h(s, w) ds.

PROOF: Since the linear stochastic differential equation (4.2) satisfies the global Lipshitz
condition for its diffusion coefficient as well as for its drift coefficient, then the existence
and the pathwise uniqueness hold for the equation (4.2). From this fact, the lemma follows
immediately. q.ed.

LEMMA 4.2. Let ¢ belong to Lp, such that ¢(0,w) = 0. Then, there exists a positive
constant L < +oo, which is independent of Z and also of t € [0,T),such that

(43,) ldF1(2)(@)II} < 3llellfe™, 0<t<T
where ||p||? stands for E[ sup |p(s,w)|?].

0<s<t
Proor: Let h(t,w) be

h(t,w) = dF'l(Z)(go)(t,w), 0<t<T.
Then by (4.2), we get

Ikl = E[ sup_|h(s,w)|”] < 3E[ sup |e(s,w)’]
0<s<t 0<s<t
3

(44) + 38 sup | [ ox(u, 2w, ), w) dB(u)]

+ 3E[ sup | /s bz (u, Z(u, w))h(u,w) du|?]

0<s<t YO
It follows from (4.4) that
t
1B < 3llgll? + 12 | o2(s, Z(s,w))h*(s, w) ds]
t t
2 2
+ 3E[( /0 b2(s, Z(s,w)) ds) /0 h2(s, w) ds]
' t t

3|o|2 + 12M2E] /0 h?(s,w) ds] + 3M>TE] /0 h?(s, w) ds]

t
3llell? + & [ I3 ds,

(4.5)

IA

IA



127

where we have used (2.6) and (2.7) in the condition A, and L stands for 12M? 4 3M2T.
By Gronwall’s inequality, it follows from (4.5) that

Il = Il dF~(2)() I} < 3lleliie™, 0<t<T.
q.e.d.

We are now in a position to introduce the Newton sequence for the operator F.
Let

Xo(t) = X(O, w),
Xn41(t) = Xa(t) — dF 7N Xp)(F(X))(t) n=1,2,..

We call X,(t),n = 1,2,..., the Newton sequence for the operator F.
It follows from (4.6) that the sequence satisfies that

(4.6)

Xa1() = Xo(t) + [ (s, Xa(s) dB(s)
(47) + [ 86, Xn(5)) ds + [ (5, Xa())(Xnt(s) - Xa(s)) dB()
+ [ belo, Xn(s))(Xns1(s) = Xals)) ds

Thus the Newton sequence introduced in the above (4.6) is exactly the same sequence
as the stochastic analogue of Chaplygin sequence (1.5) discussed in the introduction.

The following theorem concerns the convergence in local sense of the Newton sequence
to the solution of the stochastic differential equation (2.1).

THEOREM 4.1. Let X(t) be the solution of the equation (2.1). Choose a positive number
6 such that,

(4.8) 1206M*e™ = o < 1

holds. Then,

(4.9) lim E[ sup |X,(t) — X (¢)|*] =0
n—0 05:56

holds with error bound,

[E[ sup |Xa(t) = X OHIRE
(4.10) =
< m[E[ sup |X1(t) — Xo(t)*)]"/?,
0<t<s

where f = (/o .

PRrOOF: we will devide the proof in two steps. Without loss of generality, we can suppose
that § < 1 holds.

First step. In this step we will show that

(4-11) ”Xn+1 - Xn“% < alIX,. - Xn-ﬂl?



128

holds.
By the definition of the Newton sequence (4.6), we know

(4.12) Xn41(t) = Xn(t) = —dF 1 (Xn)(F(Xa))(2) -
Hence, Lemma 4.2 implies that
(4.13) X1 = Xallj < 3e™ILF(Xa)II3

holds.
For n > 1, we observe by (4.6)

F(Xn)(t) = F(Xn)(t) - F(Xn~1)(t) + F(Xn—l)(t)
= F(Xa)(t) = F(Xa-1)(t) = dF(Xn—1; Xn — Xn-1)(t) -

Hence, we have

FO6)(0) = [ o5, Xna(s)) dB(s) = [ o(s, Xa(s)) dB(s)
+f *b(s, Xn_1(s)) ds — /0' b(s, Xn(s)) ds
+ [ 05, Xara())(Xn(s) = Xn-1(5)) dB(s)
+ [ bels, Xana(5)) (Xa(5) = Xn-a(s)) ds
= [ o2(s, Xn-1())(Xa(s) ~ Xn-1(5)) dB(s)
+ [ 820, X (5))(Xa(5) = Xn-1(s)) ds
— [ 0uls, Xnoas) + 8Xn(5) = Xn-1(5))(Xa(s) = Xams(s)) dB()

-/ “b(s, Xn1(5) + 8'(Xn(s) = Xn-1(5))) (Xa(s) = Xn-1(s)) ds

where 0 < 6,0 < 1.
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Thus, we have
P13
< 2E[os<l:1<>6 I /o ‘(az(s,Xn-x(S)) — 02(8, Xn-1(s) + 0(Xn(s) — Xn-1(5))))
(Xa(s) = Xn-1(s)) dB(a)]
+2B[ sup | ["(be(s, Xan1(5)) = be(s, Xar(5) + O(Xn-1(5) = Xa(s))
(Xa(s) = Xn-(s)) dsf’]
< 8B [ (9u(s, Xn-1(5)) = 92(s, Xn-1(5) + 8(Xa(s) = Xn-1(s)))?
(Xa(s) = Xn-1(s))" ds]
+ 2E[/ot(b,(s,Xﬂ..1(s)) — bz(8, Xn-1(s) + 8(Xn(s) = Xn-1(5))))% ds
[ CXa(s) = Xnca()? ]

Hence, by (2.6) and (2.7) in the condition A, we observe that

|F(Xa)lI2 < 32M%68|| X — X1} + 8M282|| X — X ||}

4.14
(4.14) < 4OM|| X — Xna]l2, (0<6<1).

Combine (4.13) with (4.14). Then, we can conclude that (4.11) holds.
Second step. Put § = \/a. The inequality (4.11) implies
(415) a1 = Xalls < BllXn = Xocills
From this it follows immediately
(4.16) 1 Xn+1 = Xalls < B™|| X1 — Xolls
Since || ||5 is the norm of the Banach space L5, we get from (4.16) that
1 Xntp = Xalls < (B4~ + -+ + ™)1 X1 — Xolls
w1 < 125 - Xoll

Hgnce, the sequence X, n = 1,2,..., is a Cauchy sequence in the Banach space L;.
Put X(t) 0 <t < 6 the limit of the sequence X, n = 1,2,.... Since the process Xp(t)
satisfies

X)) = X + [ 05, Xn_1(s)) dB(s) + / *b(s, Xn_1(s)) ds
+ [ 0205, Xaa(8))(Xals) = Xncs(5)) dB(s)

+f ba(5, Xno1(5))(Xa(s) — Xns(s))ds 0<t< 5,
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then, the limit process X (t) satisfies the equation (2.1);
Xm=X@+A%@X@MMﬂ+£M%ﬂmM,Ogtg&
Since the Pathwise uniqueness holds for the equation (2.1), we observe that
(4.18) X(t) = X(t) holds.
Hence we get (4.9). (4.10) follows from (4.17) and (4.18). g.ed.

5. The convergence in the large of the Newton sequence.
In this section we assume for the coefficients the following condition B.

Condition B : We say that the coefficients o (¢, z) and b(t, z) satisfy the Condition B
, if they satisfy the Condition A and moreover there exists a positive constant N < 400,
such that

(5.1) lo(t,z)] < N and [b(t,z)| < N

hold for all ¢ and z.
Under the condition B, we have the following theorem which concerns the convergence
in the large.

THEOREM 5.1. Let T be a fixed positive number. Then the Newton sequence X,(t) n =
1,2,... defined by (4.6) converges in the large to the solution X(t) of the equation (2.1)
in the following sense;

(5.2) lim E[ sup |X,(t) - X(t)]}]=0,
n=00 Togt<T
if and only if
(5.3) sup E[ sup |Xn(t)])] < 400
n 0<<T
holds.

PROOF: The necessity is obvious. To prove the sufficiency, we will devide the proof in
several steps. In the proof K, < oo stands for sup E[ sup |X,(t)|?]
n 0<i<T

First step : Let T1 be defined by

. 3 _ 2]
(5.4) Ty = sup{t;t € [0,T] and lim E[osg:]é‘ | Xn(s) — X(s)|*] = 0}.

Then Theorem 4.1 implies
(5.5) 0<6<T <T.

Second step : In the present step, we will show that

(5.6) Aim, B[ sup [ Xu(t) - X @Pr1=0
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holds.
Let € > 0 be an arbitrary positive number. Choose Sy such that
0 < S < min(Ty,1)

(80M2K, + 20N%)S, < %

(5.7)

By the definition of T}, we get

lim E[ sup |Xa(t)—X(t)*]=0.
R0 0<t<T S,

Hence, for sufficiently large N1, we observe that

(5:8) B[ swp |[Xa(t)-X@)P] <=, n2M
0<t<T,-S, 0
holds.
On the other hand, we have
(5.9) E[ sup |Xa(t)— X(t)|*) < 30 + 31, + 315,
TI—SoStSTl
where

hi=E[ sup |Xn(t) = Xa(T1 — So)|*),
Ti—-So<t<Ti

I = E[|Xa(T1 — So) — X(T1 — So)|?],

Ii=E[ sup |X(¢)—X(T1 - So)|’].
Ti-50<t<Th

First, we will deal with I;. We have

Xn(t) = Xo(Ti — So) = /T' 4 705, Xar1(5)) dB(s)
(5.10) + /T‘ g M Xaca(s)) ds + /T‘ g, 9508 Xa-1(5))Ya(s) dB(s)
[ bels, Xnca(s)¥als) ds,

where Yy, (t) = X, (t) — Xp-1(2).
By Doob’s martingale inequality with Schwarz’s inequality, it follows from (5.10) that

E[  sup |Xn(t) — Xn(T1 — So))?]
T1 =S <t<T\

<165[[ T_S lo(5, Xn-1(s)* ds] + 40 B[ | T_S [b(s, Xn-1(s))|? ds]
+ 16E[/:l_so loz(s, Xn-1(s))Yn(s)|? ds]

T
+4S0E[ /T g lbs(s, Xns () Ya(s)] ds].
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Hence, by the condition B, we observe that

E[ sup |Xn(t) = Xa(Ti — So)}]

Tl—SQStSTl
T
(5.11) < 16N2Sp + 4N?Sp + 16M%( / ' B[ sup |Ya(t)]2]ds)
. Ti-So  0<t<T
ms [ B ’)d
+4M*S, [ sup |Ya(t)|*]ds
Ti-So 0<t<T

Here, note that by the condition (5.3) that
EY sup |Ya(t)|”] < 2E[ sup |Xa(t)|’]
<t<T 0<t<T

(5.12) )
+2E[ sup |Xp-1(t)|’] <4K2 < 400, n=12,...
0<t<T ,

Then the inequalities (5.11) and (5.12) imply that
I < B80MXK,Sy+ 20N%S,.

Hence, by (5.7),

€

5.13 < -
(5.13) L < 10
holds.
Second, for I3, we can choose a number N, such that
(5.14) I = E[|Xn(Ty — So) — X(Ty — So)|?] < %, n> N,
holds.

Finaly for I3 , it is easily seen that

L<8E[["  o¥s X(s))ds]+ 256l [ (s, X(s))d

s <8E[[ " o™(s, X(s))ds] + 250B[ [ " (s, X(s)) s
< 8N%Sy+2N2S,.

Hence by (5.7) we get

£
10°
From the inequalities (5.8),(5.9),(5.13),(5.14) and (5.15), we can conclude that

(5.15) I <

n—o0

(5.6) lim E[o sup. [ Xn(t) = X ()"} =0

holds.

Third step : In this step, we shall show that T3 = T, using the method of reduction
to absurdity.

Assume T) # T and let us find a contradiction.



133

By what has been proved in the second step, we can choose a sequence of positive
numbers an, n=1,2,... such that

an | 0 (n—o00)

(5.16) BlXa(T1) - X(@)P] < an.

We will devide the step in two substeps.

(4): First, we will find a positive number h > 0 such that

Ti+h < T,

(5.17) lim E[ sup [Ya(t)]=0, where Ya(t) = Xn(t) = Xn-1(2),
T1<t<T1+

holds.
By the definition of Yx(t), we have for T} <t < T,

Ya(t) = Xa(T1) — Xn-1(T1)
+ /T .("(3’ Xn-1(5)) = 0(s, Xn—2(5))) dB(s)

+ /T (6(5, Xn—1()) = b(s, Xn-2(s))) ds
+ [ 02(s, Xnma(6))¥ale) dB() = [} 205, Ko@) ¥a-1(s) dB6)

t t
+ [ bels, Xaca(5)Ya(s) ds = A be(s, Xn-a(s))Ya-1(s) ds
Thus, we get from the above that

Bl sup_[Ya(s)I']

1<s<t

< TEXa(T1) = Xas(T1)P]

+ 78 sup_ | [ (o(, Xnma () = o (s Xn-3())) B[]

Ti<s<t

+ 78] sup | [ (o, Xaa () = blos Xn-2(u) du’]

|<S<t

+ 7E[ sup |/j(bx(u,X —1(w)) Yo (u) dul?]

|<J<t

+ 7E[T.ng<: I /T, (b2 (4, Xn—-2(u))Yn-1(u) dul?]

+ 7B sup | [ (0(t, Xoo1(w))Ya(u) dB()P]

lst

+ 78] sup | [ (0(s, Xn-a () Yoor(w) dB()]

§) <8<t
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Hence, by Doob’s martingale inequality with Schwarz’s inequality, we observe that
E[ sup [Ya(s)|*] < TE[|Xa(T1) — Xa-1(T1)|?]
Th<s<t
t
+28B( [ |o(s, Xn-1(w)) = 0(t, Xn-(w))[? du]
1
t
(518)  +7(—TOBL[ Ib(s Xa-1(w)) — b(us Xn-a(u))? d
1
t t
+7(t — Ty)M2E] / Yo (w)|? du] + 7(t — Ty) M2E[ / Y1 (w)|? du]
Tl Tl
t t
2 2 2 2
+ 28M2E] /T Ya(w)l? du] + 2822 B /T Y2 ()] du]

holds, where we have used the inequlities (2.6) and (2.7) in the condition A.
Note, by the condition A again, that

(5.19) |6(ts) Xn—1(u)) — b(u, Xn—2(w))] < M|Xn-1(u) — Xn-2(u)|
and

(5.20) lo(u, Xn-1(u)) — o(u, Xn-2(u))| < M|Xn-1(u) — Xn-2(u)]
holds.

Then, the inequalities (5.18),(5.19) and (5.20) imply that
Bl sup |Ya(s)I?]
(5.21) < TE[|Xa(Ty) — X(T1)|] + (56 M? + 14(t — T1) M?)E[ /1: |Yn—1(u)|? du]
+ (7(t — T M? + 28M?)E[ /T‘ (Yo (w)|? di

Choose h > 0, such that

(5.22) n = (56 M2h + 14M2h?)TM W’ +28M’h o 4
Note that
(5.23) E[|Xa(T1) = Xn-1(T1)|?] € 2a5 + 2a5-1 < 4a5-1

Then the (5.21) implies for T} <t < T + h,
E[ sup [Ya(s)[’]
Ti<s<t
(5.24) < 28ap-1 + (56M? + 14M*h?)|||Yau]l|
t
+ (28M? + TM?R) / E[ sup |Ya(u)|]ds
i  T,<u<s '

where |||¢||| stands for E[ sup  |p(t)%].
T <t<T +h

1
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Hence, by Gronwall’s inequality, we observe that

E[ sup [Ya(s)I’]
(5.25) Tigs<t
2 2
< {28an_1 + (56 M2h + 14M?R2)||| Yoy ||| Je(PM B+28M7)(e-Th)
Put
(5.26) Yn = 280ne7M2"2+28M1h.

Then we get from the above inequality (5.25) that

(5.27) IYalll = E[ sup len(S)IZ]S('rn—1+n|||Yn-1lll)

1<s<Thi +

holds. Now we are in a position to prove

5.17 lim E[ su Y,(0)*] = lim |||Ya]l| = 0.
(5.17) fim Bl sup )= Jim Il

Let € > 0 be an arbitrary positive number. Choose an positive integer NV such that,
€
(528) Ta-1 S 5(1=m), n2 N,

holds.
We have by (5.27) that

YN +mlll < ¥ 4m-1 + nlllYN +mall
< YM+m-1 + YN, 4m—2 + 772”|YN1+'"—2”|
(5.29) < ic1(L 0472+ ™) + ™| Yo,

TN -1 m+1
< —/— +4K. .
S1-4 + 4K

Choose a positive integerV2 such that
(5.30) At < % m> Ny,
holds. Hence we can conclude that

MYalll < ¢, n > Ni+ Ny,

holds.

(4):  Here we will show that
5.31 lim E| Xat) - X(@®)]=0.
(5.31) Jim | [T.gf‘gl%ul ) - X@®)I°]

holds.
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Note that (5.16) and (5.17) hold. Then we can choose a sequence of positive.numbers
bn,n=1,2,... such that

6n 1 O(n — 00)
(5.32) SE[|Xa(T1) = X(T1)[*]

+ (60M%h + 15M2R?)E[ sup  |Ya(t)|?] < 6n
Ti<t<T\+h

holds.
By the definition of the processes X;, and X, we have

E[ sup |Xn(s) — X(s)[*]
Ti1<s<t
< 5E[|Xa(T1) - X(T1)]"]
+58[ sup | [ (o(u Xacs(0) — o X(u) dB)]
(5.33) +55 sup | / " (b, Xno1(w)) — b(u, X (4))) dul?]

+5E[ lséxap< | (a,(u Xn-1(u))Yn(u) dB(u)|?]

+5E[ sup | (b,,-(u, Xn-1(w)Ya(u)du|?], T1 <t<Ti+h.
T <s<t Ty

By (2.6) and (2.7) in the condition A, it follows from the above (5.33) that
E[ sup |Xn(s) = X(s)I"]
Ti<s<t
< SE[|Xa(T1) - X(T1)[’]
+ 20M2/ E[ sup |Xn-1(u) — X(u)|*]ds

i Ty<u<s
(5.34)
+5hM? / E[ sup |Xn-1(u) — X(w)|*]ds
T Ti<u<s
+ 20hM2E[ sup  |Ya(t)]]
Ti<u<Ti+h
+5M2RE[ sup |Ya(t)!], Ty <t<Ti+h
T <u<Ti+h
Note that
E[ sup |Xa-1(u) — X(v)|"]
T <u<s
<2E[ sup |Yu(w)|?]+2E[ sup |Xa(u)—X(u)|*], 1 <s<Ti+h
Ti<u<Ti+h T1<u<ls

Then, we observe from (5.34) that
E[ sup |Xa(s) = X(s)|’)
T1<s<t :

< SBXa(T) = X(T)[] +40M* [ B[ sup Xa(s) = X())ds

+10M?h / Bl sup IX,,(u) X (u)[?)ds
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+ (40M2h + 10M?h% + 20M%h + 5M?R)E[ sup  |Ya(t)|%]
T <t<Ti+h

t
< 6 + (40M? + 10M2R) / E[ sup |Xn(u)—X(u)[*]ds, T, <t<Ti+h.
i Ti<u<s

Hence, by Gronwall’s inequality, we have

E[ sup |Xn(s) = X(s)|*] < bpeUOM'MHIOME) 1y <4 <y b
Ty Sagt

Thus we can conclude that

lim E[ sup |Xn(t)—X(t)]*]=0.
n—oo T StST|+h

But this contradicts the definition of Tj. q.e.d.
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