KALYANAPURAM RANGACHARI PARTHASARATHY

KALYAN B. SINHA
Markov chains as Evans-Hudson diffusions in Fock space

Séminaire de probabilités (Strasbourg), tome 24 (1990), p. 362-369
<http://www.numdam.org/item?id=SPS_1990__ 24 362_0>

© Springer-Verlag, Berlin Heidelberg New York, 1990, tous droits réservés.

L’acces aux archives du séminaire de probabilités (Strasbourg) (http:/portail.
mathdoc.fr/'SemProba/) implique I’accord avec les conditions générales d’utili-
sation (http://www.numdam.org/conditions). Toute utilisation commerciale ou im-
pression systématique est constitutive d’une infraction pénale. Toute copie ou im-
pression de ce fichier doit contenir la présente mention de copyright.

NumMmpam
Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=SPS_1990__24__362_0
http://portail.mathdoc.fr/SemProba/
http://portail.mathdoc.fr/SemProba/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

Seminaire de Probabilitées XXIV

MARKOV CHAINS AS EVANS-HUDSON DIFFUSIONS IN FOCK SPACE
by K.R. Parthasarathy & K.B. Sinha

Indian Statistical Institute, Delhi Centre
7,5.1S. Sansanwal Marg, New Delhi 110016

1. Introduction. M.P. Evans and R.L. Hudson have recently formulated and developed
an algebraic theory of quantum diffusion processes in a series of papers [1-4]. In his
two recent notes [6,7] P.A. Meyer has pointed out how a classical finite Markov chain in
continuous time can be viewed upon an an Evans-Hudson diffusion, and also exploited to
develop chaos expansions or, more specifically, Isobe-Sato expansions in terms of multiple
stochastic integrals with respect to a fixed finite family of martingales determined by the
Markov chain. The present note is motivated by some of Meyer’s observations on Markov
chains. It is shown that whenever the structure maps of Evans-Hudson are defined on a
commutative *-algebra of operators the whole diffusion is commutative or, equivalently, is a
classical stochastic process eventhough the driving quantum noise is noncommutative. This
striking fact enables us to construct a whole class of Markov processes as Evans-Hudson
diffusions by using general group actions. Such processes are realized by conjugations
with respect to unitary operator valued adapted processes satisfying a quantum stochastic
differential equation in the sense of Hudson—Parthasarathy [5]. In the special case of a cyclic
group acting on itself by translation our construction reduces to that of Meyer. An ergodic
theorem is proved for the homomorphisms that describe the Evans-Hudson diffusion in
some special cases.

2. Abelian diffusions in the sense of Evans—Hudson.

All the Hilbert spaces that we deal with are assumed to be complex and separable with
scalar product <,> linear in the second variable. For any Hilbert space H we denote
by T'(M) and B(H) respectively the boson Fock space over H and the ™-algebra of all
bounded operators in M. For any u€H we denote by e(u) the exponential or coherent
vector in I'(H) associated with u. Let

H=Ly(R,)®C" ; H=H,@I(H) (2.1)

where M, is a fixed Hilbert space. Denote by £ the set of all vectors of the form f@e(u),
f€H,, ue™M. We adopt the convention of writing f@e(u) as fe(u). It is important to
note that £ is total in H.

Suppose that A C B(Hy) is a unital *-subalgebra of B(H,). Consider a family of
bounded linear “structure maps” {r},0 <4,k < n} mapping A into A and satisfying the
Evans-Hudson structure equations
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(N)=0, (£4(X)) = fJ(X*)

(2.2)
. . . n . )
XY = 50Y + X7i(V)+ X (X)rk)
=1
and the inequality
IO < M|IX)| forall X €A, 0<ij<n (23)

M being a positive constant. Let A;-(t) y 1 £ 4,7 < n be the conservation or gauge
processes in H with reference to the standard orthonormal basis e, 1<1< nin C*.
Denote by Aj(t)=4i(t), AJ(t)=Af(t), 1<i< n the annihilation and creation processes
with respect to the same basis. Write AJ(t)=t where ¢ denotes tI, the identity in . By
the quantum Ito formula we have

dAYdAf =Fpdak 0 <kt <n (2.4)
Q;. =0 if +=0 or £=0, & otherwise (2.5)

Define 0
Ty(X)=e'"(X) forall t>0, X ¢ A. (2.6)

THEOREM 2.1.  There ezists a unique adapted famsly { j;, t > 0} of identity preserv-
ing contractive *-homomorphisms from A into B(H) satisfying the quantum stochastic
differential equations

pX)=X, di(X)= 3 ji(rh(X))dAk) (2.7)
0<s,k<n
for all X € A. Furthermore, the map ¢ — (X 15 strongly continuous Jor each X and
<1e(0),50,(X1)3,(Xa). .. 5, (Xp) ge(0)> =
< Ty(Xi Tty (Xy... Ty o (X)) )g>  (28)
for0<t <ty .. <t < o0, X;€A and fgeH,.
PROOF. The first part is proved in [1,2]. For fixed [L9€Hy, u,v €M write

M(X) =< fe(u), 51(X)ge(v)> .

Then (2.7) implies
dh(X) :
= L v N(ri(X)) (29)
0<s,k<n
where we have expressed M in (2.1) as the n—fold direct sum of Ly(IR;) and denoted by
u* the +-th component of u in Ly(Ry), uj=%" for 1 <3 < n and =1’ =1 for
every u in M. In particular, the map ¢ — Ay(X) is continuous. Since (X)) < |1 X
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the totality of £ in # implies the weak continuity of j;(X) in ¢. The required strong
continuity follows from the relation

1G(X) = 3s(X)I? = < Fe(s), (G(X*X) + 5(X*X)) fe(u)>
—2Re <ji(X)fe(u), 3s(X) fe(u)> .
Equation (2.8) is a straightforward consequence of (2.7). )
THEOREM 2.2. In theorem 2.1. let A be abelian. Then
JX)Y) = 3T )5X) forall X,¥ €4, 0<st<o0.

PROOF. Without loss of generality we assume s < ¢. Since j, is a homomorphism and
A is abelian we have

jv(X)fv(Y) = j:(XY) = j,(YX) = f:(Y)jv(X) .

By (2.7) we have t
HY) =)+ 3 [ inri(r)) ank(r)
Thus . .
(00, 51 = [ X ik D] (210)

thanks to the fact that j(X) is adapted and 7,(X) commutes with the increments of A},
in [s,00). Fix f,g€M,, u,v€H and put

K(s,t; X,Y) = < fe(u), [3s(X), 51(Y )] ge(v) > (2.11)
and write (2.10) as
K(s,t;X,Y)= /:Z,;u,'(a)vk(a)K(s,a;X, L (Y))da (212)

where we have adopted the notations in (2.9). Iterating (2.12) N times we get

{ 1
K(s,t; X,Y) = Y _/ dtN“iN(tN)”kN(tN)detN~1 us'N_l(th)”kN‘l(tN-J

(i1k).- iy ky) )

Ki 5 s R
j; dtlu,'l(tl)vkl(tl)K(s,t;X, Tkirk;“‘rkx(y)) (2.13)
Restrict u,v to be C"-valued bounded functions, set
B(T)= :ung&x{llu(a) I Ho(s) U, NuCs)llliwCs) N, 1} (2.14)
0<s<

and note that
K (5,6 X, )| < 20 £] gl 1X | ¥ el +hel)2 (2.15)
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Inserting (2.14) and (2.15) in (2.13) and using (2.3) we conclude

(BT)M(t— )"
N

forall 0 <'s <t < T where C is the constant on the right side of (2.15). Since the
right hand side of (2.16) tends to 0 as N — 0o and the set of all fe(u) with f € M,
and u a C"-valued bounded Borel function is total in H it follows from (2.11) that
[]l(X)).H(Y)] =0.

THEOREM 2.3.  In Theorem 2.1 suppose there exists a bounded linear map Too : A — A
such that

|K(s,8; X,Y)| < C(n +1)*N (2.16)

Jim |IT(X) - T(X)]| =0 forall X € A (217)

Then there ezists a unique contractive linesr map joo : A — B(H) such that ( w.lim
denoting a weak operator limst)

w.ili_xgojg(X) = joo(X) forall X e A (2.18)

(md jm=j°°0Tm.

PROOF. Fix any 0 < ¢, < oo. Considering any element in H as a C™-valued function on

IRy choose u,v€H such that u(t) = v(t)=0 forall t >t and f,g€M,. Then consider

M(X) = < fe(u), ji(X)ge(v)>. The differential equation (2.9) now assumes the form
dM(X
YD) X)) 5 Xed iz

Thus
M(X) = Mo(Ti—p(X))  for t > ¢
By (2.17) we have
Jim M(X) = My(Teo( X)),

The totality in H of the set {fe(u)} where f€H, and u has compact support, and the
inequality ||74(X)|| < | X|| imply (2.18). Since Too = T T, for each ¢ > 0 it follows that

700 = Joo 0 T -

COROLLARY 1. Jf joo(X*X) = joo( X™*) joo( X ), the weak limit in (2.18) can be replaced
by a strong limat.

PROOF. For f € M, u € H we have from Theorem 2.3

Jim [1(3(X) = oo X)) fe(u)|? =

Jim {< fe(u), {7(X* X)+joo(X*) joo( X)} fe () >—2Re < ju( X) fe (), joo(X) fe(u) >}
= < fe(u), {Joo( X*X) = joo X*) joo( X)} fe(u)>. 1[I
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COROLLARY 2. If joo(X™Too(X)) = joo( X*) joo( X ), we have in theorem 2.3
1

o lim 71 /0 J(X) ds = joo( X)

PROOF. Let f € My, u € H with compact support. We have
1
17 [ 5:()ds = s X)) fe(w) =
2 /0 oy PRI felw), Ja(X)fe(w) > drdsy (2.19)
1
+ fe(w), joo(X)jool X) fe(w)> = 27" [ Re < ja(X) fe(w), ool X) fe(w) >ds .

If u(t)=0 for all ¢ > ¢ and & < 8, < 3, < 0o then the adaptedness of {jy(X)} implies
that

<jny(X)fe(), jaoX)fe(u)> =< In(X)fe(u), I (Toy—n, (X)) fe(u)> .
This together with (2.17) and elementary analysis yields

Jim ¢ fo ercnrc 2R SIn(X)Je(w), (X Fe(w) > desds
= < fe(u), joo( X* Too( X)) fe(u)> -

Now (2.19) becomes

. - t . .
Jim 17 [ 52(0)ds = oo X)) (@) =
< fe(), (oo X* Too(X)) = Joo( X )jeo( X)) fe(u)> - D
REMARK. We may say that the semigroup {Ty} is ergodic if (2.17) holds and Too(X) is
a scalar multiple of the identity for each X . In such a case, since joo = Joo 0 Too and

joo(I) = I the condition of Corollary 2 holds for all X € A and t=1 [t 5,(X)ds converges
strongly to Too( X )] a8 t — co.

3. Markov chains as Evans-Hudson diffusions.

Let G be a measurable group acting on a separable o-finite measure space (X, F, »)
so that p is quasi invariant under G action. For any g € G define the unitary operator

Sg in Ly(p) by
(SE)= | () (g™'5) 1 € o) 1

where (ug)(E) = u(gE), E € F. Then the map g — Sg is a unitary representation of
G in Ly(p). Let m be any complex valued bounded measurable function on the product
Borel space G x X. Forany ¢ € Loo(ps) denote by the same letter ¢ the bounded operator
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of multiplication by ¢ in Ly(s) with nom ||¢||,,. Then Loo(ps) = A is an abelian *-
subalgebra of B(L,(u)). Define bounded operators Ly, g€ G in Ly(p) by

(Lof)(z) = m(g,9™ 2)(Sgf)(z) - (32)
For any finite set F' C G consider the Hilbert space
Hp = L(k) @ (La(Ry) ® Lo(F)) (33)

where Ly(F) is the Hilbert space when F is equipped with the counting measure. If the
cardinality of F' is n then Ly(F) can be identified with €” and we may write

dAg=dt , dAg = dAY, dAf = dAy, dAS=dA,, g€ F

with respect to the orthonormal basis of indicators of singletons in F. Now consider the
following quantum stochastic differential equations

- 1 ,
ger ger
with initial value Wp(0) = 1. By the basic results of quantum stochastic calculus [5] there

exists a unique unitary operator valued adapted process {Wg(t), t > 0} satisfying (3.4).
Define

WX)=Wp(t)" X@1Wp(t), X € B(Ly(p)). (3.5)

Then

di(X) = ZF{ji(Sg_ "X, Lol dAb 4 5i(S;1 XSy - X)dAg + #([Lg, X]Sg) dAg}
[S

+j1(Lp(X))dt (3.6)

where
Lp(X)=-3 Y (LyLeX + XLyLg-2L3XLy) . (3.7)

geF
We now specialize to the case when X = ¢ ¢ Loo(p). We then have
(S5 '[p) Lelf)(2) = m(g,2){p(gs) - p(2)} (=) (338)
(Sq'054f) (=) = p(g) (z) (3.9)
([Lg, #154f) () = m(g,2) {p(gz) =~ p(#)} /(=) (3.10)
(Lr(e)f)(z) = %lm(g,z)lz{w(w)— p(z)} f(z) . (3.11)
ge

Equation (2.8) and Theorem (2.2) imply that the *-homomorphisms {j;, ¢ > 0} of the
abelian algebra Loo(ss) constitute an Evans-Hudson diffusion which describes the classical
Markov process with infinitesimal generator Ly given by

(Lr(p))(z) = 3 Im(g,)* (p(g3) - p(2))) . (3.12)

geF
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EXAMPLE 3.1. Consider a continuous time Markov chain with finite state space X and
stationary transition probabilities py(z,y), z,y € X such that

d
E;pi(r)y) |t=0= l(z)y) y Y€ X. (313)

Then £(z,y) > 0 if  # y and ¥ £(z,y) = 0. We can realize such a Markov chain as an
Evans-Hudson abelian diffusion in several ways. For example impose any group structure
on X so that G =X, p is the counting measure and G acts on itself by left translation,
F = X\ {e} where e is the identity element and put

m(s,5) = VL3, 59) "D iz e

=0 otherwise

where 8(z,y) is an arbitrary real valued function. Then j; defined by (3.5) and restricted
{o the algebra A of all complex valued functions on &' yields an Evans-Hudson diffusion

with
(Lre)(z)= Y Uz y)e(y) -

yeX

We may interpret m(z,y) /dt as the probability amplitude for a transition from the state
y to the state zy in time dt. When 6 =0 and X is the cyclic group with n elements we
obtain Meyer’s construction in [6,7].

EXAMPLE 3.2. Let £(z,y) be as in (3.13). Choose G to be the group of all permutations
of X. Define .
m(g,z) = Uy, 29) V) ifgz=y s 4y
=0 otherwise.

By a transposition we mean an element g satisfying the following : there exists a pair 7,y
in X such that gz = y, gy = 7, gz = z whenever z is different from both z and y. Let
P be the set of all transpositions. Then (3.12) becomes

(Lrp)(z) = Y Uz y)e(y) -

yeX

In this description, for any g € F, m(g,7) \/dt is the probability amplitude for a transition
from z to gz in time dt. Thus we obtain another realization of the finite Markov chain
described in example 3.1 as an abelian Evans-Hudson diffusion.

EXAMPLE 3.3. Choose G = X = T, the additive group of all integers, F = {1, -1},
m(g,5) = Az)"/? ifg=1

= ;4(1:)1/2 fg=-1
=0 otherwise,



369

where ), g are nonnegative bounded functions on 7Z satisfying A(z) = 0 if z < O,
p(r) = 01f 2 < 0. When Z acts on itself by translation the generator Ly in (3.12)
assumes the form

(Lre)(z) = Mz)(p(z +1) - ¢(z)) + p(z)(p(z - 1) - ¢(2)) .

In this case the Evans-Hudson diffusion restricted to Loo(Z) becomes the classical birth
and death process with bounded birth and death rates A and p respectively.
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