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ON PATHWISE UNIQUENESS AND
EXPANSION OF FILTRATIONS

by Martin T. Barlowl'2 and Edwin A. Perkins2

t
Abstract. Suppose that pathwise uniqueness holds for the SDE xt =%, + f o(xs)st
0
where |o| is bounded and bounded away from 0, and B is a Brownian motion on a
filtered probability space, (Q,E,Et,P). We give conditions under which pathwise
uniqueness continues to hold in the enlarged filtration (gt), where L is the end of

an (gt)-optional set.

1. Introduction

Let (Q,g,gt,P) be a filtered probability space ((gt) satisfies the usual
conditions) carrying a Brownian motion B, and let o: R - R be a measurable function
satisfying

(1.1) k1< o s K, xeR

for some constant K € (0,»). We consider the stochastic differential equation
(SDE)
t

(1.2) (x,,0,B) X, =%y + fo o(X,)dB,

Let L be the end of an (gt)—optional set, and (gﬁ) be the smallest filtration
containing (gt) which makes L a stopping time - see Jeulin (1980). 1In this paper
we discuss the following question: Suppose pathwise uniqueness holds for (1.2).
Then does it continue to hold for (1.2) in the enlarged filtration (Ei)?

Note that B will be a semimartingle, but not in general a marti;gale, in the
filtration (Ei) (see Barlow (1979)). Thus the SDE (1.2) continues to make sense,
and the stoc;astic integral has the same value in both filtrations (see Stricker
(1977)). However, to explain what 'pathwise uniqueness' means in the enlarged
filtration we need a few definitions.

As these will not involve any special structure of the SDE (1.2), we will

consider the more general SDE

1. Partially supported by an NSF grant through Cornell University.
2. Research partially supported by an NSERC of Canada operating grant.
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t
(1.3) (xy,0,2) X, = %)+ Io o(s,X)dz_ + T (X,32)
. . s . . d d nxd
where Z is a d-dimensional semimartingale, X, e R, o: R+ x D(n+,R ) * R is

bounded and predictable with respect to the canonical filtration on D(R+,Rp), and
T (X,2) is a jointly measurable adapted functional of X and Z. (An example of such

a functlonal would be a version of the local time L (X-2)).

Definition 1.1 Let (Q, F P) be a probability space carrying an

(gt)-semlmart1ngale Z. Un1queness of solutions (UOS) holds for (1.3)(x0,o,z) in
(gt) if there is at most one (Et)—adapted process xt satisfying (1.3).

In the case where Z is a Brownian motion, pathwise uniqueness holds if UOS
holds for (1.3)(xo,c,Z') in (gé) for every (gé)—Brownian motion Z' on a probability
space (n',g',gé,r').

To generalize this to semimartingales we need the concept of the adapted
distribution of a semimartingale Z in a filtration (gt), which we denote
adsn(z,(gt)). For the definition we refer the reader to Hoover and Keisler
(1984, Def 2.6): here we just remark that if z1 is an (F )—semimartingale and z2 is
cadlag then adsn(zl,(gt)) = adsn(z (F )) implies not only that Z1 and z have the
same law, that 22 is ;n (gi)—semimartlngale (Hoover-Kiesler (1984), Thm 6.5) and
that z1 and 22 have the s;ﬁe predictable characteristics, but that the whole

'information environment' of the Z' in their filtrations (gz) are the same.

Definition 1.2 Let (Q,g,gt,P) be a filtered probability space carrying an (Et)
semimartingale Z. Pathwise uniqueness (PU) holds for (1.3)(xo,o,z) in (gt) if

whenever (Q',z',gé,?') is a filtered probability space carring an (Eé)
semimartingale z' and adsn(z,(gt)) = adsn(Z',(zé)), then UOS holds for
(1.3)(x0,o,z') in (gé).

Remark While this definition may appear both clumsy and sophisticated, something of
the kind seems essential. In much of the literature pathwise uniqueness is only
discussed for SDEs driven by a Brownian motion, or functions of a BM. If Bi are
(gi)—Brownian motions for i = 1,2, then adsn(Bl,(gt)) = adsn(Bz,(gi)) (see Hoover
and Keisler (1984, Thm 2.8)), so in this case the definition given above reduces to
the standard one.

Jacod and Memin (1981, Def (2.24)), in a paper which predated the introduction
of adapted distributions, gave a definition of pathwise uniqueness for a general SDE
which involved product extensions. It follows from a recent result of Hoover (1989,

Theorem 5.1) that their definition of 'very good pathwise uniqueness' is equivalent
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to our 'pathwise uniqueness’'.

In the course of our proofs we will require the space (Q,E,gt,P) to be
'rich' enough to carry processes independent of B. This could be done by taking a
suitable product extension of (Q,g,P) on each occasion. However we feel that it is
technically easier to work on a saturated space, and we recall the definition of
this interesting class of spaces from Hoover and Keisler (1984). A stochastic
process on (Q,A,ét,P) is a g([o,w)) X é measurable mapping X from [0,») x Q to a

Polish space.

Definition 1.3 A filtered probability space (Q,A,A ,P) satisfying the usual

conditions is saturated if for any process X, on (Q,Q,ﬁt,P) and for any pair of

1
stochastic processes (X',Xé) on a second space (9',5’,5&,?') such that adsn(xl,(ﬁt))
= adsn(xl,(ét)), there is a process X2 on (Q,é,ét,P) such that adsn(xl,xz,(ét)) =

adsn(x',Xé,(éé)).

Remarks 1.4 (a) Hoover and Keisler (1984, Cor 4.6, Thm 5.2) prove that saturated
spaces exist, by showing that any adapted Loeb space (Q,Q,ét,P) which carries an
(ét)—Brownian motion is saturated. Henceforth all our adapted Loeb spaces will
carry an (ét)-Brownian motion, and so will be saturated. Adapted Loeb spaces are
constructed using nonstandard analysis - see for example Hoover and Perkins (1983,
Section 3). Hoover (1989, Section 5) sketches a direct model-theoretic construction
of a saturated space.

(b) If the processes X Xi,x' in Definition 1.3 are cadlag, then the process X

1’ 2 2
also be taken to be cadlag (Hoover and Keisler (1984, Cor 5.8)).

may

The usefulness of saturated spaces in determining whether or not PU holds is

exhibited in the next theorem.

Theorem 1.5 Let (Q,E,Et,P) be a filtered probability space carrying an
(gt)—semimartingale Z and let (Q,Q,At,PA) be a saturated space carrying an
(ﬂt)—semimartingale Z such that adsn(z,(gt)) = adsn(z,(ét)). Then PU holds for

(1.3)(x0,c,Z) in (Et) if and only if UOS holds for (1.3)(x0,o,i) in (ét)‘

The proof is given in Section 2.

In this paper we obtain two main results on pathwise uniqueness (or lack
thereof) in an enlarged filtration. The first (Theorem 1.6) characterizes PU in
(1.2)(x0,o,B) in enlargements (gt) in terms of PU in a related equation in the
original (gt). This immediateli gives a sufficient condition on o for PU to hold
for (1.2) in any enlargement (gt)(Corollary 1.9). The proofs of Theorem 1.6 and

Corollary 1.9 are given in Section 3.
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Notation If X is a semimartingale let L:(x), t 2 0, a € R denote its local time -

see Yor (1978, p 20).

Theorem 1.6 Let (Q,g,gt,P) satisfy the usual conditions, let B be an (gt)—Brownian
motion and o satisfy (1.1). Consider the equations
t
(1.4) X, o= x) + fo o(x )dB_ ,
(1.5a) Y, =x, + ] o(Y )dB_ + L LO(Y—X)
: t 0 0 s'77s 27t !
t 1.0
(1.5b) Y= X, + fo o(Y:)dB, - 5 L (X-¥')

The following are equivalent:

(a) For any L which 1s the end of an (F )—-optional set, pathwise uniqueness
holds for (1.4) in (F ).

(b) Pathwise uniqueness holds for the system (1.4), (1.5a), (1.5b) in (gt).

Remarks 1.7 (a) Note that any solution X to (1.4) is also a solution to (1.5a) and
(1.5b).

(b) If pathwise uniqueness does not hold for (1.4) in (F ) then, as any

(F )-adapted solution of (1.4) is also an (F )—adapted solutlon, both (a) and (b)
fa11 trivially. So the theorem has content only in the case when pathwise

uniqueness does hold for (1.4) in (gt).

The implication (a) => (b) is easy. The plan of the converse argument is as
follows. We suppose that PU holds for (1.4) in (F ) and let X denote the unique
solution. Let X' be an (F )—adapted solution to (1 4). We first prove (Lemma 3.2)
that X and X' can only separate at L. We then construct various "approximations" to
X, which converge to the processes Y and Y' satisfying (1.5). We show that the
paths of X' cannot cross the paths of these approximating processes. Hence, if X =
Y = Y' then the paths of X' are trapped between the paths of processes which
converge to X, and so X = X',

The following condition was introduced in Barlow and Perkins (1984).

Definition 1.8 o satisfies (LT) if whenever Vt and Vz are continuous adapted

processes of bounded variation on some (Q,F,zt,P) and xt (i = i,2) are adapted

solutions of
: t . :
i i i
= .+ i
X, = x; fo o(X )dB_ + V, i

0]
[y
~
[\

(xl,x € R), then Lo(x1 xz) =0 for all t 2 0.

2

This condition together with (1.1) implies PU for (1.4) in any (Et) (see the
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remarks following Theorem 2.1 in Barlow-Perkins (1984)). We do not know if (LT) is
equivalent to PU, but all known conditions on o sufficient to establish PU for (1.4)
in (gt) (as in LeGall (1983)) also establish (LT) for o. Explicit conditions on o
which imply (LT) may be found in Barlow and Perkins (1984, Thm 2.1).

Corollary 1.9 If o satisfies (LT) and (1.1), then conditions (a) and (b) of Theorem
1.6 hold.

Our second main result (Theorem 1.11) was used in Barlow-Perkins (1989, Thm.
5.1) to prove that for a large class of o's, which satisfy (1.1) and change sign at
0, PU fails for (1.2)(xo,o,B) in (gt). In that paper we first constructed a second
solution to (1.2) on an enlarged filtration. This solution exhibited a certain path
property which allows us to apply Theorem 1.11 (stated in Barlow-Perkins (1989) as
Theorem 5.B) to conclude that PU must fail for (1.2)(x0,c,B) in the original (gt).

We first state a preliminary result which shows that (on an adapted Loeb space)
if PU holds for (1.4) in (ét) but not in (ét) then the new solutions in the
enlargement must separate from the (ét)-adapted solution in a rather implausible

manner.

Proposition 1.10 Let (Q,é,ét,P) be an adapted Loeb space, B an (ét)—Brownian
motion, and L be the end of an optional set. Suppose PU holds for (1.4) in (ét)'
and fails for (1.4) in (ét). Let X be the unique (ét) adapted

solution, and let X' be an (é:) adapted solution. Suppose that P(L<») = 1, and that

P(xt # xt for some t) = 1. Then w.p.1l xt = xt for 0s<ts<L, X #X L+t for all

L+t

sufficiently small t > 0, and the event [xI"+t > xL+t for all sufficiently small

t > 0} is A measurable.

(We recall that A, = o(YL: Y is an (ét)—optional process).).

L
Theorem 1.11 Let (Q,Q,Qt,P) be an adapted Loeb space carrying a Brownian motion B.
Let X be an (Qt) adapted solution to (1.4), and let

T = inf(s: IXs - xol =1}, L = sup {8 < T: Xy = xo}.

Then if there exists an (52) adapted solution Y to (1.4) with the property that
sign(YL+t
uniqueness fails in (1.4) relative to (ét)'
).

- xo) = - sign(xL+t - xo) for all sufficiently small t > 0, then pathwise

(Here sign(x) = 1(x > 0) 1(x < 0)

Proposition 1.10 and Theorem 1.11 are proved in Section 4: we use the same

basic strategy as in the proof of Theorem 1.6.

Acknowledgement. We thank Doug Hoover for his helpful remarks on saturation and

product enlargements.
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2. Preliminary Results

We begin this section with some elementary results on adapted distributions,

required for the proof of Theorem 1.5.

Lemma 2.1 Assume X is a cadlag process on (Q F E P ) taklng values in a

I t
Polish space M, Yl is a stochastic process on (Q F Ft P ) (1 =1,2)

and : R x D(R M) - M' (M' is another Polish space) 1s unlversally measurable.
If adsn(x1 Yl,(F )) = adsn(x Y ,(F )), then adsn(x ,Y (e ,x )., (F )) =

-5

adsn(x Y (e, X7), (F ).

Proof. If ¥(t,x) = ¢(t,x(t1),...,x(tn)) where ¢: R X M - M s continuous,

the conclusion follows easily from the definition of adapted distribution.
Proposition 2.19 of Hoover-Keisler (1984) shows that the class of y¥'s for which the
conclusion holds is closed under pointwise convergence. A monotone class argument
gives the result for Borel ¢ if M =R and also for general M' if ¥ is Borel and
finite-valued. In general, however, a Borel ¥ is the pointwise limit of a sequence
of finite-valued ¥'s and hence the result holds for Borel y. The extension to

universally measurable ¢ is trivial. N

The following result on stochastic integration follows easily from the above
lemma and Theorem 7.5 of Hoover-Keisler (1984).

Proposition 2.2. Let z* be a d-dimensional semimartingale on
(Ql,zl,gt,Pl), x* be a cadlag RP—valued (gt)—adapted process, and Y1 be a stochastic
process on ot (i =1,2). Let u:R+ x D(n+,Rn) - npxd be bounded and predictable

(use the canonical right-continuous filtration on D(R+,R9)). If adsn(Y x1 Zl,(F ))

.

= adsn(v?,x%,2%, (£2)) then adsn(v',x',zt, [ o(s,x")az’, (ED))

0

adsn(¥?,x2%,22, [ o(s,x? yaz2, (£2)).
0

Proof of Theorem 1.5. The "only if" assertion is trivial. To prove the converse,

suppose PU fails for (1.3)(x0,o,z) in (gt). Then there exists a filtered space
(Q',g',;&,?') carrying an (gé)—semimartingale Z2' with adsn(z',(gé)) = adsn(z,(gt))
such that (1.3)(xo,o,Z) has two distinct solutions, X' and Y' say. By saturation
(see Remark 1.4(b)) there are cadlag (A )-adapted process X and ¥ such that
adsn(X',Y',Z',(gé)) = adsn(x,Y,Z,(ét)). Lemma 2.1 and Proposition 2.2 imply that X
and Y are distinct solutions of (1.3)(x0,o,2) on (QA’é'ét’PA) and so UOS fails in
). i

Lemma 2.3. Let X be a stochastic process on the filtered space (Q, F F ,P) and
let X be a stochastic process on the saturated space that(Q A A P ) such that
adsn (X, (F )) = adsn(x (A )). Assume L is the end of an (Et)-optlonal set.



200

(a) There is an L, which is the end of an (ét)—optional set, such that adsn(x,(gt))
= adsn (X, (Alt' )).

(b) If (Q,,

! : =t A) is an adapted Loeb space, then so is (Q A (A ). P ). In

particular, (Q ,A,(At),PA) is saturated.
(c) 1If (2.9
is finite a.s., then (QA,§,5T+',PA) is an adapted Loeb space, and so is also

) is an adapted Loeb space and T is an (gt)—stopping time which

saturated.

Proof (a) Let A be an (gt)-optional set such that L = sup{t: t € A}, let
gt = sup {8 < t: 8 € A} and Vt =t - gt: we have L = sup {t: Vt = 0}. Set At =
1[L'm)(t), and let °At be the (cadlag) (gt)-optional projection of A. (See
Dellacherie and Meyer (1982), VI.47). By saturation there exist cadlag

(ét)—adapted processes V, °A such that adsn(x,V,°A,(£t)) = adsn(i,V,°§,(§t)). Let L
e = 0}: by Lemma 2.1 adsn(X,°A,L, (F )) = adsn(X,°A,L, (A ))., and hence

°Kt = P, (L < tla ) P,-a.s. for all t > 0. It follows that °A is the (A,)-optional
progectlon of 1 _ . If ¢ € L (F) then (see Barlow (1979, Lemma 2.2, 3.1)),
[L,=)
L - - - - -
E(¢|£t) = (At/°At) E(¢At|§t) + ((i At)/(l °At)) E(¢(1 At)lgt) (here 0/0 = 0),

= sup (t: V

and a similar equation holds for E(-Iét). Thus conditional expectations relative to

(gt) and (52) can be reduced to conditional expectations relative to (Et) and (Qt).
It follows easily that adsn(X,V,°A,(F,)) = adsn(X,V,%A, (A )) implies

adsn (X, V, °A, (g't‘)) = adsn(X,V, °R, (5’{) ).
(b) The first assertion is proved just as in Theorem 5.A in Barlow and Perkins

(1989), where it is shown that (Q, A (A ), PA) is an adapted Loeb space. The second

=L+t
assertion is then immediate from Remark 1.4(a).
(c) Any stopping time T is also an end-of-optional time, so this is immediate from

Barlow and Perkins (1989, Theorem 5.a). W

Remark. We have been unable to decide whether or not (b) remains valid if we
replace "adapted Loeb space" by "saturated space" in both hypothesis and conclusion.

This is why we have used adapted Loeb spaces in this work.

We close this section with a result on the convergence of It8 integrals, which

is required in the next section.

Notation. Given a process Y we define Yt by Y: = Yths'

Lemma 2.4 Let o be a bounded measurable function satisfying K—l < lox)] <K

for x € R, let B be a Brownian motion and let (Yn)lsnsw be a sequence of
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semimartingales with decomposition Y? = Yg + Mn + An, where Mn is continuous.
Suppose that
(a) 11m Yn Y a.s. for each t,
t
(b) <Mn>t = fg Hs ds, where K;1 < HZ S K, for each s, for lsnsw,

(c) sup II(¥Y") IlH = c(t) ¢ o for each t.
n 1
Then

t t
(2.1) E [J‘ o(vd )as, - f o(vs_)aB1% + 0 for each t 2 0,
and so in partlcular there exlsts a subsequence (n ) such that

t
(2.2) I o(y, J)dB - I o(Y _)dB,  a.s. uniformly on compacts.
0

Proof. To prove (2.1) it is enough to prove
t

(2.3) LmE [ (oY) -o(¥))2ds =0 .
8 S
n-o 0

(A8 {s: Y:_ # Y:} is countable, we can replace Yz_ by Yg).
If o is continuous, (2.3) is immediate from dominated convergence. From
El-Karoui (1978, Proposition 1.2, Remarque 3) and Barlow (1983, Theorem 5.5) there

exists a universal constant cy such that

(2.4) E LY < clll(yn)tll LScclt), fort20 aek.
H

So, if g is any bounded continuous function, and 1 € n < =,

t t
(2.5) Ef gy -owsn?as = £ J @) Hged) - o)? aas
0 0

<k EJ (gla) - ota)? 13(¥") da s c g - ol

—c0

Here c depends on K, and c(t), but not on n.

2
Using (2.5) we have

t o 2 t © ©
E [g (0(¥y) - o(¥])) s < 3E [g(o(¥D) - g(vi)) s + 38 [Sio(rD) - g(¥))%as
+ 38 [§ (g(¥D) - g(v3)) %as

s 6c llg - olly + 32 [§ (g(¥]) - g(vD))%as.
The second term converges to 0, so (2.3) follows on approxlmatlng o in L by a
continuous g (which is possible even though o is not in L ). Passing to a

subsequence nj(t), and using Doob's inequality and a diagonalization argument we
obtain (2.2). N
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3. A Characterization of Pathwise Uniqueness in an Enlargement

We now fix a Loeb filtration (Q’é'étp)’ an (ét) Brownian motion B, and an
(ét)—end of optional time L. We begin with a technical result on pathwise
uniqueness.

Lemma 3.1 Suppose pathwise uniqueness holds for (1.4) in (gt) for some initial

point Xy Then pathwise uniqueness holds for all initial points x.

Proof. Let X be the unique solution with xo =x,. Suppose pathwise

uniqueness fails for some initial point x,, and let T = inf{t 2 0: X, = xl}. As X

1’ t
is a time-changed Brownian motion and <X> =, P(T <) =1, The filtration (AT+-)

is saturated by Lemma 2.3(c). By Theorem 1.5 there exist distinct solutions Yl, Y2

to

.

. t .
i_ i
Y, = x + { o(Y_)dB,

i i
Let 2, = xtlit ¢m Y hrlie e

(1.4) with zo = Xy giving a contradiction.

From now on we will assume pathwise uniqueness holds in (1.4) (relative to

Y the 2z' are distinct (A,) adapted solutions to

(At)). Let At = At(x,B,s) be the unique (At)—adapted process such that
A_=x 0stss
t
t
X + fs o(A,)dB, t>s .

A

From the continuity of paths, and the pathwise uniqueness, it is clear that if x >

xz, then A _(x.,B,8) 2 At(xz,B,s) for all t. (These solutions may meet, however).

t'

Let °At be the (At)—optional projection of 1 , 8o that for every

[L,)
- 1 i o =
(ét) stopping time T we have AT P(LST IéT)' Set

R = inf{s 2 0: °As =1} ;

R is "the time at which the enlargement comes to an end", and we have é; = éR' by
Barlow (1979, Lemma 2.2). N

Lemma 3.2 Let (Yt), (Yi) be (Qt) adapted solutions to (1.4), and let
K= inft20: Yy# Y2}, Then (K] € (L.

Proof By Jeulin (1980, Prop 5.3, p. 75) there exist (At) previsible processes

ij i_ i1 i2
Y such that Y = Y 1[0,L] +Y 1(L,°)'

Let T = inf{t: Ytl # At(xo,B,O)}. As Y1 solves (1.4) we must have T 2 L a.s.,
and so °AT = 1. Thus T 2 R, so that Yll is a solution of (1.4) on [O,R].

Similarly, Yz1 is a solution of (1.4) on [0,R], and so, by the pathwise uniqueness,

Yl1 = Y21 on [0,R]. Thus, as L < R, we have K é L.

It remains to show that, for each € > 0, K=o on {K > L + €}. Let € > 0 be
fixed: by Barlow (1979, Theorem 4.5) there exists a sequence (Sn) of (At)—stopping
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© . N .
times such that [L + €] € U [S.]. Let T = inf(t 25 : v'2 #a (v}, p,5)).
n=1 n n t t sn n
As Y is a solution to (1.4), and equals le on (L,»), ™o on [S = L +€}.
12 _ .1 .2 .22 n

Also, on {K > L + €}, we have Y° = Y = Y° = Y*“ on (L,K). Hence, on (S =L + ¢,
K>L + €} le-Yzz and'rl-'l‘z-w 8o thatle-Yzz A(Y B,S ) forall
! Sn - Sn n n ' t 't '7'%n

t 25, and hence K = w. [ |

Corollary 3.3 With the notation of Lemma 3.2 let

8 = inf{t > L: Y:: = Y:}.
Then Yl = Y2 on [S,=].
Proof. It is enough to show that Yl Y: for all t 2 Sn’ where
Sn « inf{t > L + n 1: Y1 = Y ), for each n. Let n 2 1 be fixed, and let
3 1 2 . _ 3 _ .1
Y =Y 1[0'Sn) +Y 1[sn'~). Since [Sn] I] [L] = §, by Lemma 3.2 we have Y~ = Y, so
1.2 _
that (Y~ - Y%) 1[sn,~) =0. B

Now fix x, € R, and let Xt = At(xo,B,O) . Let €0 } 0, and define processes

© as follows:
Y0 = e,

and forn 21, k 2 0,

(3.1) (a) Y2=xo+en, T:=0,
s n, n n, _
Tﬁﬂ = inf(t > T} At(Yn(Tk):B,Tk) = X

n n
Y“ = A (Yn(Tk),B /Ty) on [-r" Tk+1

) -mm(Yn 1 n

(Tipy) X (T

(3.1) (b) (r ) +e).

k+1 k+1

Proposition 3.4 (a) Yn > x for all t.

(b) Yn { Y , where Y is a contmuous semimartingale satisfying the equation
t

x, +J‘ a(Y)dB +§'Lt(Y - X)

(3.2) (a) Y

(3.2) (b) Y 2 Xt .

ct

Proof. We may take x, = 0. We begin by showing that ™ is well defined. Note that

0
Y? can only fail to be well defined if sup T: < + », and that Y’é > xt for 0 £ t <
k
sup 'rrl:. Since the jumps of Yl are all of size el, and as |o| < K, the times Ti

k
cannot accumulate, so sup 'ri = +®», Suppose that Yn-l is well defined. If AYn(Txi‘) <

. © = Yn—l n .n n_ . n Yn—l
en for some i, then t = Y on [Ti’si]’ where Si = mf(t)Ti: A t > en}, and so
. . n _n
Y is well defined on [Ti'si] . As the T: cannot accumulate outside an interval of

this form, we have sup T: = + o,
k
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From the definition of ¥ we may write
t
_ n
Y: = fo c(Y:)st + R
where An is increasing and AA: < en. Now AAn(Tl) = Yn(T ) - x(T ), and Yn(T1+1 =
n n s n
x(Ti+1) on {Ti+1 ¢ @»}. So, setting H = c(x ) - o(Yn), we have

n, n n
(3.4) AA (Ti) = Yn(Ti) - Yn(T —) - (X(T ) - X(T1+1))
T?+1 Hn n
= an s st B on {Ti+1 < «}
i
Let s1 < S be stopplng times, and let N,M be such that '1‘N 1 < 51 < T;,
n n n
TM < 52 < Tm+1. If ASZ > Asl then M 2 N. From (3.4) we have
A'S‘ —A‘; = I . Aa™ (1)
2 1 i: S <T.sS o
1°7i772
™
M
S 1) [“ +In ]
N
t
se +1 | n SUP J HZ B, .
(TN < Sz) TN<t<S2 TN

So, by the Burkholder-Davis-Gundy inequalities, for p 2 1

-aM P p P _ p/2
(3.5) E(As S1) < cp en + cpK E(S S )
and
- p p p _a \P/2
(3.6) Ely‘s‘2 Y’gll < c, € + ¢ kP B(5,75,) .
By the definition of (Yn), Yn is decreasing, and we have Yz > xt.
Let Y: = lide: : Y: 2 xt. Using dominated convergence and the estimate (3.6) we
see that Yz - Y: in Lp. Let n +» » in (3.6): we have
° p p p/2
(3.7) E|lY Y I¥ €<c_K E(S,~S ) .
5, 5 P

By Dellacherie and Meyer (1982, VI. 48), Y Y is right continuous. But taking p>2
in (3.7) and applying Kolmogorov's continuity theorem, we also have that Y has a
continuous modification. Hence YY" is continuous.

Now Y is l.s.c., and so Y° is a limit of a decreasing sequence of l.s.c.

t
processes. Hence 2y uniformly on compacts, and by dominated convergence
lim || supIYn - Y | H 0 for each t.
n-e sst

Thus (Yn) satisfies the conditions of Barlow and Protter (1990, Theorem 1), and so
Y* is a semimartingale with decomposition Y =M+ A, and

. t, . N _
(3.8) lim " - W) Cll, = o, lim |17 - Al

n-co 1 n-eo
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t
Thus W = J hsds, where x_l < Ihsl < K. So (Yn) satisfy the hypotheses of Lemma
0

2.4, and (passing to a subsequence and relabelling) we deduce that
t t
. _ -]
M, = lim [ o(Y:)st = Jo())as, .
n~» 0 0

As A: are increasing, At must also be increasing. So we have proved that

t
] [
Y = fo o(Y)dB_ + A

tl
where A is increasing.
Let [Sl,szl be an interval on which Y~ > X: then YE > X on [sl,szl for each n,

so A" is constant on [s SZ]’ and hence A is constant on [31'82]‘ Thus dA is

11
supported by {t:xt = Y:].
By Tanaka's formula

(Yp-X,) = (Yp-X N

tt
t t
=f 1 (o(Y:)—o(xs))st +J1 a4+ % Lg(y‘”—x)
0 (Ys>xs) 0 (Ys>xs)
t t
© 1.0 o
_‘%‘ o(Y )dB, - £ O(X,)dB_ + 5 L (Y -X)
© l 0 Cl
-Yt—At—xt+2Lt(Y X) .
1.0, @ s .
So At =3 L (Y -X), and the proposition is proved. |

We may define a similar sequence of processes ¥ which approximate X from
below, by replacing (3.1)(a) by Yg =X, - en, and (3.1) (b) by

0
'’ _ (n-1)', . n' n' _ : s
“ (Tk+1) = max (Y (Tﬁ+1), x(Tk+1) “.en)’ Then an almost identical proof shows
that Y increase to a limiting process Y < X, which satisfies
3.9 = +ft Y )as, - &0 x-v*'
(3.9) (a) £t =% . ol s ) s T 2 ( )
wl
(3.9) (b) Yt < xt .

Proof of Theorem 1.6. By Remark 1.7(b) it suffices to consider the case when PU
holds for (1.4).

(b) => (a). By Theorem 1.5 and Lemma 2.3 we may take our filtered space to be the
adapted Loeb space (g’é'ét'P)' That is, we will assume UOS in (1.4),(1.5a) and
(1.5b) in (ét’ and show UOS for (1.4) in (ét) where L is a fixed end of optional
time for (ét)' (Lemma 2.3 (a) shows that any end-of-optional time on a filtered
space can be modelled on a Loeb space, and Lemma 2.3 (b) and Theorem 1.5 would then
give PU in (1.4) for (ét).)

Let Yn, Yn' be the processes defined by (3.1). By Proposition 3.4, and our
hypothesis that pathwise uniqueness holds in (1.5), Y° = YP' = X, and

(3.10) Yo lx,, ™ot X, foralltz0, a.s.



206

Let X' be an (Qt)—adapted solution of (1.4), We now show that

(3.11) X s Y‘t‘ for all t 2 0.

By Lemma 3.2 X = X' on [0,L], so (3.11) holds for 0 s t s L. Let S = inf{t > L:
é 2 Yz}: as X' is continuous and AYn 2 0, we must have xé = Yg. Further, as
Y: > xL' S > L. By Corollary 3.3 if 52 = inf{t > S: Y? = xt), we must have
X =Y, = A_(Yg,B,S) for 5 <t <S5, Similarly, X' =X on [5,,®). Thus X' 5 Y
on each of the intervals (0,L}, [L,S], [S,Sz] and [sz,w], proving (3.11).
Letting n - « in (3.11), and using (3.10) we deduce that X' < X. Similarly,

using Yn. instead of Yn we have X' 2 X and so X' = X.

(a) => (b). Suppose that pathwise uniqueness fails for either (1.5a) or (1.5b):
let us assume it fails for (1.5a), and let Y # X be a solution. Let T be a stopping
time such that P(YT # XT) > 0, and let

L = sup{t < T: Yt = Xt), R =inf{t 2 T: Y_ = X_},

t Tt
and set X£ = x 1[0 L)(t) + Y 1[L,R) [R,®)

we have L (Y-X) - L (Y-X) = 0. It is now easily checked that X' is

(t) + X 1 (t). Then, since Y # X on [L,R)

an (F ) adapted solutlon to (1.4), and that X' # X. So pathwise uniqueness fails

for (1 4) in (F ), and we are done. W

Proof of Corollary 1.9 The condition (LT) implies pathwise uniqueness for (1.4),
and that if Y, Y' are solutions of (1.5a) and (1.5b) then LO(Y-x) = LO(X—Y') = 0.
Thus Y and Y' are also solutions of (1.4), and so X=Y=Y', so that (b) holds. W

4. Consequences of Non-Uniqueness

To prove Proposition 1.10 and Theorem 1.11 we will need a different
approximation to X, where the jump of +en by Y® at the times T: is replaced by a
jump with a random sign. _

We continue with the notation and hypotheses of Section 3. 1In particular, we
continue to assume PU holds in (1.4) in (ét)’ Let

§ =o(X, B, °A, L t20).

t
Let € > 0: we define a process ze, a sequence of stopping times, T , and a

sequence, Er’ of A e measurable random variables as follows:
€ Zr €
(4.1) T0 =0, Z0 = xo + ezo
€ _ . €, €, m€ €, .
Tr+1 = inf{t 2 T : A (2 (T ),B,T ) Xt},
2
t A(Z (T)BT) on [T,Tr+1)

(1) = 28(15-) + eE,

P(ES = + 11a V@) = P(E] = -1I1A V8 =1/2 .
3 Ve A e V¢
r r



As (Q,A,Qt,P) is saturated, random variables (55) with these properties can be
found. As in the proof of Proposition 3.4 we can check that z€ is well- defined.

Let
pat € - €
A: =1 (), Ne= I &1 (%)
r=0 [Tr,M) r=0 [Tr,w)
Then
€ t € €
(4.2) Z, =Xy + g o(zg)dB + eN,

so that 2z is a perturbation of a solution to (1.4).

We wish to show the term eN® is small. Applying Tanaka's formula to z:

t
have
€ t € €
(4.3) lzg - x| = fo(o(zs)—o(xs))sgn(zs_-xs)st + €A

€
t
= X} is countable, and (t:zi =X} =9, Xz

Since {t:z:_ e
= Vt + eAi, where V is a continuous martingale satisfying <V>t
(r:T < t}: then e = lzg - %, | = Vo <

R R R
Hence, for each t 2 0,

(4.4) EaS<e v e E(sup IV |)
t 8
sst
seliel cktl/?,
by the Burkholder-Davis-Gundy inequalities. So, as <N€> = Ae,
(4.5) E(eN§)2 = ezEA: S €+ ecKt1/2.
Set U: = zi - eNi; (4.5) implies that
(4.6) B( sup |0f - zjlz) -0 as e -0, for each t 2 0.

0ssst

Let (ﬁt, it' ﬁt) denote the co-ordinate process on C=C(R+,R3), and let QF be the
probability law on C induced by (Ue,x,B). The estimate <U€>t - <U€>s < Kz(t—s),

0,6€e
+ Lt(Z X) .

+ eA; + 80 that A= A; <e
R R
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- xt we

€
X) = 0, and so IZt xtl
Let R = max
1(1 + sup Ivs')'

and the similar estimates for <X> and <B> imply that [Qe, 0<e<1} is tight. Let e, |

€ €

0 be a subsequence such that Q k converges, and let Q = lim Q k.

Lemma 4.1. On the space (C,B(C),Q),

(i) B is a Brownian motion,
_ t _ t
(ii) X = X, + Io o(X )dB, and U =x,+ fo o(U,)dB,

The proof is as in Barlow (1982). The additional problems which arise when o

is discontinuous can be handled using the methods of Lemma 2.4.

k
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Proposition 4.2 With notation as above we have

€
(4.7) E(sup |2 k_ X |) -0 as k ~ o for each t 2 0.
sst ° 8

Proof. By the assumption of pathwise uniqueness for (1.4) we must have X = U under
% _x
Q. Thus using the uniform bounds on X and U given by the Burkholder- Davis-Gundy

inequalities we have, for any t 2 0,

€
(4.8) 0 = lim [ sup 1T, - X ldQ k
k+o  sst
k
= lim E (sup IUs - Xsl)-
ks sst

Combining (4.8) and (4.6) we obtain (4.7). H

Proof of Proposition 1.10. Let S = inf{t > L:X£
on [0,L] and xL+t # xL+t for small t follow from Lemma 3.2 and Corollary 3.3,

respectively. For the latter note that X = X' on [S,») and X # X' a.s. implies

= xt}. The assertions that X=X'

S > L, and so sgn(xé - xt) is constant on (L,S).
€ €

Let 2 n be the processes constructed above, let En = sgn(ZLn-xL),
n v ®n
T =e1nf{t >L: 2, =X} and set ¢ =%y MECT}+XI{t2 T}
n
As Zt - xt a.s., we have Vt - xt a.s.

€
If En = 1 then, as in the proof of Theorem 1.6, we have X' < 2 D on [L,Tn], and

hence X' < V" on [L,»). Thus xe < inf(Vﬁ: En = 1} on [L,»), so that on

G = {E_ = +1 for infinitely many n} we have X' € X on [L,»). Similarly, on
€
G = (gn = -1 for infinitely many n} we have X' 2 X on [L,»). As 2 " are

(A, )-optional processes, 6" and G~ are A, measurable, and the result follows. |

Proof of Theorem 1.11 Note first that P(L<») = 1. Suppose that PU does hold for

(1.4), and let Ny (respectively, nY) be the common value of s1gn(xL+t - xo)

(respectively, sign(Y xo)) for small t > 0. By hypothesis Ny="Ny- However, by

L+t

Proposition 1.10 Ny is AL measurable, and so Ny is A -measurable. But by Yor (1979,

=L
Proposition 10)
E(XT - xoléL) = E(“xléL) = 0.

This implies ny = 0, which gives a contradiction. [ |
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