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A Probabilistic Approach to the Boundedness of Singular Integral Operators

Richard F. Bass*
Department of Mathematics, University of Washington
Seattle, WA 98195, U.S.A.

1. Introduction.
Suppose K is a real-valued function and the linear operator T is defined formally
by
T1(e) = [ K(e =Sy

A central area of harmonic analysis has been to find conditions on K so that T is a

bounded operator on LP(dz),p € (1,00). A typical theorem is

Theorem 1.1. Suppose K is an odd integrable function and suppose that there exist
c1,¢2 > 0 and § € (0,1) such that

(1.1) |K(z)| <elz|™, «eR-{0},
and

ly — z|° 7
(1.2) |K(y) — K(z)| < ERme ly = 2| < glal.

Then for all p € (1,00), there exists a constant c3(p), depending on p,c;, and ¢y, but
not on the L' norm of K, such that

(1.3) ITfllLr(az) < es(PIF Nl Lr(az)-

There are two main approaches to proving Theorem 1.1. One involves the Calderén-
Zygmund decomposition, establishing a weak (1, 1) inequality, and using the Marcinkie-
wicz interpolation theorem (see Stein [17], Ch. 2). The other involves Littlewood-Paley
functions and Fourier multiplier techniques (see [17], Ch. 4).

The purpose of this paper is to give a probabilistic proof of Theorem 1.1 For
a € (0,6) and r > 0, define w,(z) by

2
(1.4) wi(z) = car=1(1 + Ii:l_)—((ua)/?),
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where cq is chosen so that [ w(z)dz = 1. In Section 2 we use the Burkholder-Davis-
Gundy inequalities and another well-known inequality from probability theory to show
that to prove Theorem 1.1, it suffices to obtain the L? inequality

(1.5) NTf(-) - /Tf(v)w"(v)dv”L’(wr(z)dz) < eall fll L2 (we (2)dz)

with ¢4 depending on ¢; and ¢; but not on r or the L! norm of K. (We also give an
analytic proof of this fact.)

In Section 3 we prove (1.5). The tool we use is the elementary Cotlar’s lemma
(see Theorem 3.2), which reduces the proof of (1.5) to obtaining suitable estimates for
certain nonsingular kernels. These estimates are obtained in Section 4.

A side benefit of our method is that with virtually no extra work we obtain the
H?' and BMO boundedness of the operator T. Also, although we do the case d =1 for
simplicity, our method extends, with only minor modifications, to the case K : R? - R,
d>1.

Ours is by no means the first probabilistic approach to singular integrals. A prob-
abilistic proof of the L? boundedness of the Hilbert transform has been known for some
time (see Durrett [8] or Burkholder [5]). The Riesz transforms have been studied by
Meyer [15], Gundy-Varopoulos [12], Gundy-Silverstein [11], Bafiuelos [1}, and Bennett
[2]. The Littlewood-Paley approach has been viewed probabilistically by Meyer [15],
Varopoulos [19], McConnell [14], Marias [13], Bouleau-Lamberton [3], and Bourgain [4].
Our approach is quite different from all of these. In particular, we make no use of
Littlewood-Paley functions, Fourier multipliers, nor the method of rotation. Rubio de
Francia [16] has some results related to our Theorem 2.1.

The letters ¢ and B will denote constants whose value is unimportant and may
change from line to line. We will henceforth denote both the operator T' and the
function K by T. The adjoint of T will be denoted T*. When we write f * g, we mean

the convolution of f and g in the usual sense, i.e., with respect to Lebesgue measure.

2. Probability
In this section we show that to prove Theorem 1.1 it suffices to establish (1.5). We

prove

Theorem 2.1. Suppose T is odd and integrable, let o € (0,1), and suppose there

exists a constant ¢4 independent of r and the L' norm of T such that

(2.1) NTf(-) - /Tf(v)wr(v)dvllL?(w,(z)az) < el fllL2(w, (2)dz)s T > 0,
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where w, is defined by (1.4). Then there exists a constant cs(p) depending only on a, c4
and p, but not the L' norm of T, such that

(2.2) T fllLr(azy < es(D)|| Sl Lr(dz)-
We first give a probabilistic proof, then an analytic proof.

In this section we work in the half space R x [0, 00) with points z = (z,y), z € R,
y € [0,00). Let X, be a standard Brownian motion on R and let Y; be a Bessel process
of index « on [0, 00), independent of X;, where v = 2 — a. Thus Y; is a strong Markov
process with continuous paths and infinitesimal generator 3 f"(y) + Jﬁ f'(y). Since
v € (1,2),Y; hits 0. Let
T =inf{t:Y; = 0}.

We will only need to consider Y; up to time 7, so its boundary behavior at 0 is irrelevant.
Write Z; = (X¢,Y:). The infinitesimal generator L of Z; is given by

(23) L1 = 3816 + L2 26), 2=,

We first compute the P(°¥) distribution of X.
Lemma 2.2. (cf Marias [13]). PO)(X, € A) = S, we(z)dz.

Proof. Since 7 < oo, a.s., then PO7)(X, € dz)isa probability density. So it suffices to
show P(®7)(X, € dz) = cw,(z)dz. We do this by calculating the characteristic function
of X,.

Using the independence of X, and Y;, hence of X; and 7,
(2.4) E©Y exp(iuX,) = / EOY exp(5uX,)PO¥(r € dt)
Ooo
- / exp(—u?t/2)POY (r € dt)
0
w2
= EY exp((—?)r).
By [10, Prop. 5.7 (i)], (2.4) is equal to c(uz)™"K,(uz), where v = 1 — /2 and

K, is the usual modified Bessel function. Lemma 2.1 follows by inverting the Fourier
transform (see [9]). m|
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Next we recall an elementary probability inequality (see [7], for example). For

completeness and to emphasize its simplicity, we give a proof.

Lemma 2.3. Suppose A; and B, are two increasing continuous processes with Ay = 0.

Suppose for some constant cg > 0,
(2.5) E(Ax — A¢|Ft) < ce E(Bo|Ft), a.s. forall t.

Then for p € [1,00),
EA?, < c1(p)EBE,

where c7(p) depends only on p and cg.

Proof. The case p = 1 follows by taking t = 0 in (2.5), and then taking expectations,
so suppose p > 1. Suppose first that A, is bounded. By integration by parts,

R oo
EA&, = PE/ (Aoo - At)dAf_l = pE'/ E(Aoo _ Atlj:t)dAf—-l
0 - 0 -
< CGPE/ E(Boolj:t)dA?—l = CGPE/ BoodA:"'l
0 0
< csp(EBR,)'/?(EA? )5

Dividing through by (E’Ago)x-v—l gives our result with ¢;(p) = (cep)?-
If A; is not bounded, note that the process ATy satisfies (2.5), where Ty = inf{t :
A; > N}. Apply the above argument to A¢ary to get EA?}N < c;(p)EB?,, let N — oo,

and use monotone convergence. [
Proposition 2.4. Under the hypotheses of Theorem 2.1,
(2.6)  ECYTf(X,) - E®VTf(X,)? < s BV [f(X,) - EEY f(X,)].

Proof. Let fi(:) = f(-) — [ f(v)wr(v)dv. Since T is odd, T1 = 0, hence Tf = Tf;.
Applying (2.1) to f1, we get

(2.7) ||Tf(-)—/Tf(v)w,(v)dvllLz(.,,,(,)d,) < 64||f—/f(v)wr(v)dv”Lz(wr(,)d,).
Using Lemma 2.2, (2.7) can be rewritten as

(28)  EOD[Tf(X,)- ECVTF(X,)? < SECD[f(X,) - EODf(X,)).
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Let f(-) = f(- + z). By the translation invariance of X; and of the operator T,
applying (2.8) to f, gives (2.6). 0O
Suppose f € Cg, that is, C*® with compact support. Define
us(z) = BECVf(X,), urs(z) = E*VTf(X,), z=(z,y),

and define
M{ = us(Zins), M = urs(Zenr).

Since T is in L!, Tf is also, hence ury is finite everywhere. As is well-known, uy is

L-harmonic in R x (0, 0), and by Ito’s lemma, M,f is a local martingale with
tAT
(2.9) )= [ 1vus(zpas

with a similar statement holding for MtT ! Let

(2.10) A= (MTT),, B, = (M),

Proof of Theorem 2.1 (Probabilistic). Since T is in L!,

(2.11) ITfllLecazy = IT * fllzeazy < IT||z2(azy | Fll Lo (az)-

This is not what we want, since in (2.2) it is important that c5(p) not depend on the
L' norm of T. But (2.11) does show that 7T is a bounded operator on L?, and so to
establish (2.2) for all f € L?, it suffices to verify (2.2) for f € C%. So suppose that
fecg.

We do the case p > 2 first. By the strong Markov property, if ¢t < T,
(212) E@ (A, — A|F)) = EZ A = EZ < MTS >

= BZ(MT! - MT')? = B%([Tf(X,) - E*Tf(X,)},

with a similar expression for B;.

By Proposition 2.4 with (z,y) = (X,(w), Yi(w)), we get

(2.13) EC®9 (A — Ay F) < 4B (Bo — By|F,) < caEC*) (B |F,).
So by Lemma 2.3, with p replaced by p/2.

(2.14) E(",&)Agé2 < cs(p)E("")B[,’({Z.
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Now by the Burkholder-Davis-Gundy inequalities (see [7] or [8]),

(2.15) ECONTf(X- )P = B |MII|P
< cE(o”)IM(TfP’ + cE© <MTI>2/2
= cECNMIT|P + cE®*) AP/2,

Similarly,

(2.16) E©2)pr/2 = EOS) cpfsp2< BOO(\MI P+ <M P>, )P/
< cE®I|M]|P = cECI|f(Xo)PP.

Putting (2.14), (2.15), and (2.16) together,
(2.17) EC)|TH(X,)IP < | EOITF(X, )P + cEC2|f(X)P.

Note
SEONFXP = [ 1@ swia)ds = ca [ If(E)7 do

as s — 0o by monotone convergence. Similarly, sE®)|Tf(X,)|? — co [ |Tf(z)|Pdz.
Finally, since T € L and f € Cg, Tf € L'. Then

S|E(0,9)Tf(XT)|P = 31_P|/Tf(x)sw,(x)dx|p

< o' ([ [Ts(@)ldey 0

as § — 0o, since p > 2 > 1.

So multiplying (2.17) by s and letting s — co gives the required result when p > 2.
Since T* = —T, we also have ||T*|| s (4z) < ¢s(p) for p > 2. The usual duality argument
(see [17], p.33) gives (2.2) for p€ (1,2]. O

Actually the above proof gives us more.

Corollary 2.6. Under the hypotheses of Theorem 2.1, there exists co depending only

on o and ¢4 and not the L' norm of T such that

ITfllarwy < coll fll e wys T fllBmom) < collfllBMOMR)

Proof. By an argument very similar to that in [8], the BMO norm of f is equivalent to
sup, 4 EEN[f(X,) — E@Y f(X,)]?. The BMO boundedness of T follows from (2.6),
and the H! boundedness follows by duality. O
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We also give an analytic proof of Theorem 2.1. Although short, the proof uses the
Calderon-Zygmund decomposition.implicitly when interpolating between BMO and L2.

Proof of Theorem 2.1 (Analytic) As in the proof of Corollary 2.6, T is a bounded
operator on BMO. Arguing as in the probabilitic proof of Theorem 2.1 (the paragraphs
following (2.17)), we multiply (2.1) by r and let r — oo to get that

T fllL2(dz) < call fllL2az)

for f € Cg. This says that T is a bounded operator on L?(dz). Interpolation between
L? and BMO gives Theorem 2.1 for p € 2, 00), and the result for p € (1,2] follows by
duality. 0O

3. L? theory

In this section we prove the following

Theorem 3.1. Suppose T is an odd integrable function and suppose that there exist
¢1,¢2 > 0, and 6§ € (0,1) such that (1.1) and (1.2) hold. Suppose a € (0,6). Then there
exists a constant c4 independent of r and the L' norm of T such that (2.1) holds.

In fact, more is true. It is not hard to show that w,(z) is an A, weight (see [18]),

and therefore

(3.1) 1Tl L2(w, (z)dz) < €ll fllL2(w, (z)dz)-

The proof that (3.1) follows from w, being an A, weight is not elementary.

The inequality (2.1) may be shown to be equivalent to the L?(dz) boundedness of
an operator related to T. This operator, does not, however, satisfy the hypotheses of
the “T'1” theorem of David-Journé [6].

The main tool we use to prove Theorem 3.1 is Cotlar’s lemmas:

Theorem 3.2. Suppose H is a Hilbert space and that T;,j = —N,...,0,...,N are
bounded operators on ‘H. Suppose a : Z — [0, 00) satisfies

[e o]

co= ) a'’G)<oco and ||TITullu+|TjTe % < ali—Fk) for all =N < j k < N.
Then || S _ 5 Tjlls < co.

The proof of Cotlars lemma is both elementary and short. See [18, pp.285-286],
for example.
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We will also use the following well-known lemma.

Lemma 3.3. Suppose V(z,y) is a nonnegative kernel with respect to u, a o-finite

measure. Suppose

sup / V(e, y)u(dy) < cro, sup / V(z,y)u(dz) < en1.
Then ||V”L2(p(dz)) < (610611)1/2-
Proof. By Cauchy-Schwartz,

V@I =1 [V @) < ([ Ve[ Ve o)
Then
[s@ru) < e [ [V nr@mdu)
< croenn / A(yudy). O

Let ¢ = o be a nonnegative even C* function with support in [—1,1] satisfying
Jo(z)dz = 1. Let p;(z) = 279 p(2277),j € Z.
Define
Ti=T*p; =T *pj41.

Define the operator U] by
(32) UTf(z) = Tf(z) - / T; £ (v)w(v)dv.
Since [ T;f(v)w,(v)dv = — [ Tjw,(v)f(v)dv, we see that

U3 5@) = [ U3t i@,

where

Ti(y — z) — Tjwr(y)
w(y) ’

The key estimate we need is the following. We defer its proof until Section 4.

Proposition 3.4. There exist constants c;2 and B, > 0 depending only on a, §, ¢, and
¢z (and not on the L' norm of T) such that

(3.9) sup / U3 (2, ) lor (v)dy < crz;

T
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(35) sup [ 1032, plwr(z)ds < exz
r,y
59) sup [ (U5) VLo, lwr )y < 2™, k>0
r,z
and
(3.7 sup/ U (UD)*(z, y)|we(z)dz < 1227k k>0.
ry

With this proposition we can now prove Theorem 3.1.
Proof of Theorem 3.1. By Lemma 3.3, (3.4), and (3.5), we get
(3.8) sup |Ug | 12w, (z)dz) < C12-

r

Fix j for the moment and let T(z) = 29T (227). Observe that T satisfies the
hypotheses of Theorem 3.1 with the same constants c;,cz,6. Define ﬁg in terms of
T the same way U was defined in term of T (see (3.2)). A simple scaling argument
(i-e., a linear change of variables) shows that ||UT||L2(w,(z)dz) = Hﬁoﬂ—j 22w, ,-; (z)dz)-
Applying (3.8) to Uy yields

(3.9) sup [Uj |l 2w, (2)az) < er2-
Similarly, |

(3.10) sup / Ui (z, y)|wr(y)dy < c12

and

(3.11) S:’lg)/ |US (2, y)|wr(z)dz < cr2.

Next, observe that by Fubini, (3.4), (3.10), and (3.11),
[1wsrvie plwne)iz < [ [ 105,201 1050, 0lwn0) do v, (2) de
< e [ @, w)lwr()do < s
By Lemma 3.3, (3.6), and (3.12),

(3.13) sup [(UF) Uk llL2(w, (1) < S2o=kau/2,
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Scaling as in the derivation of (3.9), if j < k,
(3.14) U5 Uk p2(uw, (myazy < 357275082,

Observing that if j > k,

U Ukl L2(wr (2)az) = 1) U | L2(w, (2)de)

= (UL Ul || 12 (wn (2)aey < €572~ G0/

by (3.14).

So in any case we have

(3.15) U Vil ey < Sf21H,
Similarly, starting with (3.7), we get

(3.16) N 1415 o PR YREov s

We now apply Cotlar’s lemma (Theorem 3.2) and obtain

N

(3.17) 1> Ufllequn myaz) < 1,
j=-N

c13 independent of N and r.

Finally, observe that

N
(318) = Y Ujf(@) = (T o-m)f(@) = [(T o-w)f(o)uro)do]

j=~—N
~ (@ om)f@) ~ [T om)f)ur(o)do)

So to conclude the proof, it suffices to show that for f € Cg, the right side of (3.18)
converges to Tf(z) — [ Tf(v)w,(v)dv in L?*(w,(z)dz) norm.

If f € CR, then f € L?(dz), and since T € L*(dz), Tf € L*(dz). So (T*p_n)f =
Tf*ep_n — Tf in L?(dz) norm. Since w,(-) is bounded above by a constant, it is
not hard to see that this implies that the first term on the right of (3.18) converges to
Tf — [Tf(v)w,(v)dv as N — oo as desired.

On the other hand,

T+ on(2)| < / IT(z - )2~ ¥ o(v2~V)dv < 27V ||| o | Tl 2 (a) — O
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as N — oo, which shows that the second term on the right of (3.18) converges to 0 in
L*(w,(z)dz) norm. 0O

Proof of Theorem 1.1. Immediate from Theorem 2.1 and 3.1. 0O

Remarks. 1. We have shown that T' is a bounded operator on L?(dz) with a bound
independent of the L! norm of T. So one could dispense with the hypothesis that T is
integrable by a suitable limiting process (cf. [17]).

2. Operators such as the truncated Hilbert transform T° ([17], p. 38) can be
written as a sum T5 + T3, where T} satisfies the hypotheses of Th.1.1 with constants
¢y and c; independent of € and T is integrable with L' norm independent of . Hence
Theorem 1.1 and (2.11) shows such operators are bounded on L?(dz).

3. Only minor modifications are needed to handle the case T : R* —» R, d > 1.
The condition that T' be odd gets replaced by

/ T(z)dz =0 forall0< R; < R,.
R, <|z|<R2

4. The bounds in (3.15) and (3.16) are much stronger than are necessary to obtain
convergence in Cotlar’s lemma. It would be interesting to see whether our method could

be extended to the case where (1.2) is replaced by Hormander’s condition:

sup/ |K(z — y) — K(z)|dz < c,.
¥>0 J|z|>2]y|

5. Necessary and sufficient conditions are know on a weight function w for T to be
a bounded operator on L?(w(z)dz). Can such theorems be proved by our method? One

would need to replace our Brownian motion X; be another diffusion whose invariant
measure is w(z)dz.

4. Estimates

In this section we prove Proposition 3.4. It is here that (1.1) and (1.2), unused so
far, come into play. Define

plz) = (1+[e"**) 7,

let pj(z) = 279p(x277), and define

M(z)=1A|z|.

We start with an elementary lemma.
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Lemma 4.1.
(4.1) [ M(2)w,(z)dz < cM(r*);
(4.2) [p(z)M(227F)dz < c27%5;
(4.3) if |z|,r < 2¥/2, then [ M(%5%)w,(2)dz < c27%8.

Proof. The only one requiring comment, perhaps, is (4.3). If |z| < 2¥/2 and |2| < 22%/3,
then M(%52) < c27%/3. So

/ M(z;cx)wr(z)dz < c2-k/3 /

|z|<22k/3

wy(2)dz +/ wy(2z)dz
|z]>22k/3

< c27k3 4 / wy(2)dz < 27k,
|z|>r-122k/3

since r—12k/3 > 2k/6 o
Next, we have

Lemma 4.2.

(4.4) Ul =o;
(4.5) Un1=o.

Proof. Since T is odd, using Fubini gives

Til(z) = / Ti(y)dy = / / T(y — z)(pj — pj+1)(z)dzdy = 0.

Substituting in (3.2) gives (4.4),
As for (4.5), recalling (3.3) we have

UH(=z) = —/ Tie—v) - Tjw'(z)wr(y)dy

w,(z)

= —w,(2)"[Tjwr(z) - Tjw,(z) / wr(y)dy] =0. O

The next three lemmas give the required estimates on T}.

Lemma 4.3. (cf. [6], Lemma 4)
(4.6) |Tj(2)| < cpj();
(4.7) |Tj(z) — Ti(y)] < M (554 [ps(2) + £s(y)]-
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Proof. We will do the case j = 0. The case when j # 0 can be reduced to this one by
scaling, as in the derivation of (3.9).
Suppose first that |z| > 8. Since [(po — ¢1)(y)dy = 0 and the support of vy — ¢;

is contained in [—4, 4], we have, using (1.2),

(49) To(@) =1 [ T = )0 ~ er)w)a
=1 [ - ) - T@po ~ 1) w1l
6
<[ pslvo=ellim dy < cna).

Suppose now that |z| < 8. Since T is odd and (¢o — ¢1)(z — y) = 0 if |y| > 16, we
have

@9)  I@I=| [ T4)eo - er)e - v)as
=1 [ T6)to0 ~ 1)z~ 1) - (90 — o1)(e )11
< /MS“s ITW)] 19l llvo — 1)l dy < e,
using (1.1). Putting (4.8) and (4.9) together gives (4.6).
To prove (4.7), again when j = 0, we observe that if |z — y| > 1, then

ITo(z) — To(y)| < |To(2)| + |To(y)| < elp(z) + p(y))

by (4.6). If |z —y| < 1, (withz < y, say)

(4.10) To(2) = To(v)| < |z — y| sup |Ty(v).
ve z,y
Now Tj = T * (o — 1)’ and repeating the proof of (4.6) with ¢g — ¢, replaced by
(po — 1), we get
sup [Tg(v)| <c sup p(v)

v€[z,y] vE[z,y]

< clo(z) + p(y)],
since [z —y| < 1. O

The most technical lemma is
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Lemma 4.4.

(4.11) |Towy(z) — To(z)] < cM(r*)p(z).

Proof. If |z| < 64, the proof is easy. Using (4.1),

(Tyw,(z) - To(z)| < / ITo(z — y) — To(2) wr (y)dy

<c [ Mo - ) + Hlur()dy
< eM(r%),
since p is bounded by 1.
So suppose |z| > 64, and without loss of generality, assume z > 0. Define s, t,,u,
as follows. For y € [3z/4, 5z /4], let t,(y) = w(y). Define ¢, so as to be nonnegative, 0
on [z/2,32/2]°, and with |t,(y)| < cwr(z), [t1(y)] < cz ™ wr(2), and |[t7 ()] < cz™?wr(z)
for y in [¢/2,3¢/4] and [52/4,32/2]. Let 5,(y) = [1r() ~ t-()]L(ere)(¥) and ur(y) =

we(y) — t-(y) — s-(y)
Now write

Tyw,(c) - To(z) = / [To(z — v) — To(e)lwr (y)dy
- / (To(e — 4) ~ To(esrw)dy = [ To(@)lun(y) = s-(w)ldy
+ j To(z — y)ur(y)dy + / To(z — y)te(y)dy
=h+L+I3+ 14

By the definitions of s, and t,, we have s.(y) = 0 unless y € [~z,3z/4]. For y in
this range, p(z — y) < cp(z), and so by (4.1)

mise [ oo Mol =)+ ol (s)dy < eotz) [ M@y

< cM(r®)p()-

For all

2| < ep(2) wr(y)dy < cp(z).
lyl>=/2

Andifr <1,

L] < cp(z) / wn(y)dy < cp(e)r / W< oy,
ly|>=z/2 ly|>z/2 Y
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Since u.(y) = 0 unless y < —z or y > 5z/4, and p(z — y) < cp(z) for y in this range,

|| <c / p(z — y)w.(y)dy < cp(z) / we(y)dy
ye[-z,52/4) lyl>=
< ep(z)M(r%),

as in bounding I,.
Finally, we look at I,. Write % for o — ;. Since ¢, is supported in [z/2, 3z/2],
then @ * ¢, is supported in [z/4,7z/4]. Since T is odd,

(4.12) L= | / To(z — y)to(y)dy] = | / T(5)(@ * t,)(z — y)dy]
-y /l BRI G EERTY
- /| o Tl =) =7t (o)l
Yy S z

< / Tyl suwp @+t (2)ldy
lyl<3z/4 z€ 4]

z/4,7z/
Scz  sup |(F*t)(2)],
2€[z/4,7z /4]
using (1.1).
Since [ P(y)dy = 0 and % has support in [—4, 4],
(@t @ =1 [ Pwhz - vay
= | [Pt - ) - flas
< [PWlsldy _sup 1)l
z—4<v<z+4

So

(4.13) sup  [(B*t.)(2)| <c sup |tl(v)| < cz 2w (z) V wy (z).
2€[z /4,72 /4] z/8<v<2z

Plugging (4.13) into (4.12) and estimating w!'(z) (do the cases z < r and z > r
separately), we get |I4| < cM(r*)p(z).

Summing our bounds for I, I,, I3, and I4 proves the lemma. O

The final estimate we need is
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Lemma 4.5. Ifr > 1,

(4.14) |Towy(2)| < er™*(r=F 4+ M( @))

Proof. Since T is odd and ¢ is even, Tp is an odd function. Recalling that c, is the
normalizing constant for w, (see (1.4)), we have

(4.15) Tywy(z) = /

ly|>rt/

, To(y)wr(z — y)dy + /

To(y)[wr(z — y) — car™]dy.
lyl<ri/?

Since w, is bounded by co/r, the first term on the right of (4.15) is bounded by
cr~178/2  using (4.6). For similar reasons, the second term on the right of (4.15) is

bounded by ¢/r for all z. But if in addition |z| < r, then the elementary inequality
(1+a2)¥* <1+4a forael0,2]

yields

[we(z —y) — car ] S er 2z —y| < er” x| + cr=3/?

when |y| < r'/2. Substituting this better bound into (4.15) when |z| < r and using
(4.6) again completes the proof of (4.14). O

We are now ready to prove Proposition 3.4. We break the proof into a number of
steps.

Proof of Proposition 3.4.
PROOF OF (3.4). By (4.11) and (4.6),

(4.16) (Towe(2)] < [Tow(z) — To(z)| + [ To(=)| < co(z).
Using the definition of U(z, y) in (3.3), (4.6), and (4.16),

[z vtondy < [T =) + T (w)ldy < [ty =)+l < <,
which is (3.4).

PROOF OF (3.5). Since sup, ,(...) < sup,<y4(-..) + SUpP,>1,(- - ), it suffices to look
at the cases r < 1 and r > 1 separately. Suppose r < 1.
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By (4.7) and (4.11),

(4.17) [To(y — =) — Tow.(y)| < |To(y — =) — To(y)| + |To(y) — Tow.(y)|
< eM(z)[p(y — z) + p(y)] + cM(r*)p(y).

Then

/ UG (z, y)|wr(z)dz < cwr(y)™? / M(z)p(y — z)w,(z)dz

lz|<|yl/2

ron) [ M@y - zwle)is
lz|>yl/2

+ ep(y)wr(y)™" / M(z)w,(z)dz + erw,(y) " p(y) / we(z)dz
=L+ L+1:+ 1,

Treating these in reverse order, we see that
I = crwe(y) ' p(y) < c

by looking at the cases |y| < r and |y| > r separately and recalling that o < 6.
By (4.1), I5 reduces to I4.
When |z| > |y|/2, w,(z)/w,(y) is bounded by a constant independent of r, and so

L Sc/p(y—z)d:c <e.
Finally, when |z| < |y|/2, p(y — z)/p(y) is bounded by a constant. So

L < cwr(y)'lp(y)/M(x)wr(x)dx < cls.

Summing gives (3.5) when r < 1.
Now suppose r > 1. In place of (4.17), we write

(4.18) To(y — ) - Towr(y)| < |To(y — 2)| + |Tow,(y)|
Sply—z)+c(r™ Ap(y)),

using (4.6) and either (4.14) or (4.16). Then
J 15 Dlun(@de < e [ oy - 2o e)a

+c(r7 A p(y))we(y) ! /w,(z)dx =I5+ Is.



32

If |y| > r, we break up the range of integration in I5 into |z| < |y|/2 and |z| > |y|/2, we
handle the first range similarly to the way we bounded I; and we do the second range
similarly to the way we bounded I,. If |y| < r, we simply observe that w,(z)/w,(y) is
bounded. To bound I, consider the cases |y| > r and |y| < r separately.

PROOF OF (3.6), r < 1.
By (4.5),

419) [ 105 Ui(e,wlunt)dy = [ 1 [ U, Ui Ge00) - V(e plun(e)delo ey
< [ [ 105621 1052,) — U3, (e () .

Substituting from (3.3), we see that we must suitably bound

(420) Fr=u @) [ [Tl — )~ Towr(@)l Iz — ) ~ Tule = ldy w. ()

Bounding the first factor of the integrand as in (4.17) and the second factor using (4.7),
we have

zZ—T

(421) Ir < cwe(z)™ /{M(Z)[p(z = 2) + p(2)] + M(r®)p(2)} M (—5—) %

/ [p(z = y) + p(z — y)ldywr(2)dz
< @)™ [(M)ole = )+ )+ Mol M (g ()
cw,(z)7! M(z z—fo-:—zw,zdz
< cwn(2) /|z|>|=m (2olz — Mo Dy, (2)

+ cw (z)™! M(2)p(z — ) M( zz;kx)w,(z)dz
Iz1<|=|/2
+ cp(z)we(z) ™! /M(z)M(‘z 2_:; Ywy(z)dz
Fapeun(a) [ M (a)d
= Iy + Iy + Lo + In:-

When |z| > |z|/2, wr(2)/wr(2) < ¢ independently of r, and so

z —

Is < c/p(z —z)M( 2km)dz < c27kf

by (4.2)
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When |2| < |z|/2, p(z — =) < ¢cp(z), and so Iy < clyo.
We turn to Iyo. If |z| > 2¥/2, then p(z)/wr(z) < c|z|*%r~* < ¢27%r= and in
this case -
Iip < c2‘kﬂr—“/M(z)wr(z)dz < 27k

by (4.1). If |z| < 2¥/2, then p(z)/w,(z) < cr™®. But

[MEMEGE o (a)de < a7t /|

z|<22k/3

M(2)wr(2)dz + c/ wy(2)dz

|z|>22k/3
< 2 kBpe,
by (4.1). So for |z| in this range also, we have I < c27%8,
Finally, we look at Iy;. If |z| > 2%/2,

Ii; < ¢Jz|*® /w,-(z)dz <278,

If |z| < 2%/2,

z 2kx Ywe(2)dz < 278

I; < c/M(
by (4.3).

PROOF OF (3.6), r > 1. -
We bound |To(z — z) — Towr(z)| by p(z — z) + |[Towr(z)|- Using this bound and
arguing as in (4.19), (4.20), and (4.21), we see that it suffices to bound

(4.22) Iz = we(z)™! / [p(z — z) + lTowr(a:)HM(zz——kx)wr(z)dz
= w,(z)™! ,/|z|>|l|/2 p(z — x)M(f—;c—x)wr(z)dz

Z2—T

+ w (o) /|z|5|z|/2p(z—x)M( D wi()dz

Zz —

zk’”)w,(z)dz

+ [Town (@) e ()" / M(
= ILis+ I14 + I;s.

When |z| > |z|/2, wr(2)/wr(z) < ¢, and so 13 < c27%F by (4.2).

Next we look at I 4. If |z| < r, again wr(z)/wr(z) < ¢, and we bound I 4 as we
did I;3. When |z| < |z|/2, p(z — z) < cp(z).

If r < |z| < 2¥/2, then by (4.3),

Zz2—X
2k

I14 < cp(z)wr(w)_l /M(

Ywr(z)dz < 2758,
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If || > 2¥/2 v r, then
Ls < cp(z)we(z) ™! < clz|*™% < c27*b,

In any case we have the desired estimate for I 4.
Finally, look at I 5. First consider the case |z| > r. Using (4.16),

(4.23) | Towr(2)|/wr(z) < ep(2)/wr(z) < clz|*~°.

If |z| < 2%/2, 15 < 2% by (4.3). And if |z| > 2%/2, then I15 < c27F# by (4.23).

Next consider the case |z| < r. If r < 2¥/2, we use (4.14) to see that |Tow,(z)|/w.(z)
< ¢, and then use (4.3) to get I1s < c27%8. If |z| < r1=%/% and r > 2%/2 we use (4.14)
to see that

(4.24) |Tow,(z)|/we(z) < e(r™? + |z|/7) < c27F.

And lastly, if r > 2¥/2 and r1=%/4 < |z| < r, then by (4.16),

(4.25) |Tow,(z)|/wr(z) < erp(z) < erle| =+ < rt~(A-8/9U+) < —kF,
So in any case I15 < c27 %8 and the proof of (3.6) is complete.

PROOF OF (3.7),r < 1.
We write, using (3.3),

(@20)  [1 050D G pur(e)stun(e)ds

< /Mg / U3 (2, 2)UL (s 2) e (2w (2)dz de

+/|/T0(z—x)U,:(y,z)dz
—/Towr(z)U,:(y,z)dzlwr(x)dx

< /|:|51 / (U (2, 2)UL (3> 2) 0 (=)0 (2)dz dz
+ /I . / (T, (2)) [U (> 2)lwe(z)dz dz
+/| o1 |[_ s To(z — z)UL(y, 2)dz|w,(z)dz
+ ]| o /| g B~ D el (a)

=L + L7 + Iis + Iie.



35

By (4.17),

ho<e [ [{MEe—0) o H Mol ur(e) pelu=2 ou(e) (),
lzl<1

Since |z]| £ 1, p(z — ) < ¢p(2), and by (4.1),

(4.27) hie < M) [ pur() M only = 2) + i)l

< cM(r%) +cM(r°‘)/ .
|z|<24/2 2| >2%/2

Since r®p(z)/wr(z) < c and py is bounded by 27, the first term on the right of (4.27) is
bounded by ¢2~%/2. When |z| > 2¥/2, r®p(z)/w.(2) < c|z|*® < 27, Since pr(y — 2)
and pi(2) are integrable, the second term on the right of (4.27) is also bounded by
c27*B; hence so is Is.

Since fllel wy(z)dz < cr®, then using (4.16),

Ln<e /|| [ #eoea) M onty = ) + pu(Ndewe (oo
<o [ pe)une) oaly = ) + pr(a)ld:

But this is bounded by c2~*? by (4.27).
Next,

(4.28) ILig < c//p(z — z)we(2) " pr(y — 2) + pr(2)]we(z)dz dz
A

<e [[ o+ [[

An(|z|>12l/2)  An(|zI<]=]/2)

where A = (|z| > 1,|z — z| > 2%/%). When |z| > |2|/2, we(z)/w(z) < c, and so the
first term on the right of (4.28) is bounded by

C/ |z—z|>24/8 p(z — z)dz][pr(y — ) + pr(2))dz < 274,

If |z| < |2]/2, then p(z — z) < ¢p(2), |z| = 2 > r, and |z| > c2¥/8. So the second term
on the right of (4.28) is

Sc/|z|2c2"/“ p(2)wr(2)  or(y — 2) + pk(z)][/lz'>1 wy(z)dz]dz

sert /lzlzzus p(2)we(2) 7 [ok(y — 2) + pi(2))dz,
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which is < 278 as in (4.27).
We now turn to I1g. In the proof of Lemma 4.5 we showed that Tj is odd. So
f|z_z|<2,,,s To(z — z)g(z,y)dz = 0 for any function g(z,y). Hence

Lo = /MN | /lz—z|52'=/° To(z - 2)Uf (4, 2) - Ui (y, 2)ldzlwr(z)da

< [ [ote-a0i ) - Uity ) ()dz e

|z|>1 By

+ / / oz = 2)\UL(y, 2) — UL(y, 2)lwr(e)dz dz = Io + Iy,
B

where By = (|z — z| < 2¥/8,|2| < 2¥/4) and B, = (|z — z| < 2%/3,|z| > 2¥/4). When
2| < 2%/ and |z — 2| < 2*/8, then |z| < c2¥/4, w (2)™! <1+ EI; < c2%/?r= and
similarly for w(z)~!. Since T} is bounded by c27*, we get

I < c/ / 2—k/2r_°wr(a:)dz dz < c27%8,
l21>1 Jjz1<2ra

The last integral to bound is I;;. We have
(4.29)
Ti(y —2)  Ti(y — <)

ITe(y —2) = Te(y = )| | 1Tk (y — )l|wr(x) — wr(2)|
we(z) we(z) ’

we(2) we(z)we(2)

When |z — z| < 2%/8 and |2| > 2¥/4, the first term on the right of (4.29) is bounded by

M( 2—"3 )pk(y - ZlIzp)z(y —z) < ot Py — zi:;zp)k(y —2)

Routine estimates show that the second term on the right of (4.29) is bounded by
2 %8 pi(y — z)/wr(z). Also wy(z)/we(2z) < c. Then

(4.30)/ /p(z —z)
B2

<2t //p(z —2) {Pk(y —2) + pr(y — =) + pr(y — x)} wy(z)dz dz < 2.
B2

we(2) we(z)

w,(z)dz dz

Ti(y—z) Ti(y—<)
we(2)

we(z)

Similarly, using

Tew(2) ~ Town(2)]| = | [[Telz = v) = Tele = o)lr(o)s

< M(Z

;‘z) /[p;,(z —v) + pr(z — v)]we(v)dv,



37

we get

(4.31) / / p(z — 1)
B,

Together (4.30) and (4.31) bound T3;.

Tiwr(z)  Tiwr(z)

we(2) we(z)

we(z)dz < 278,

PROOF OF (3.7), r > 1.
Similarly to (4.26), we write

(832) [ 1| [05a, 2)VD" (2, ypwn(2)dehn o)
< / / Tows (2)I|U] (y, 2)|w»(2)dz dz
; / / ITo(z — )|y, ) wr(z)dz do
|z—z|>2k/8
+ / | / To(z — 2)UL (v, 2)dzlwy(2)dz = Iy + Iyg + Ipa.
|z—z| <24/
For I,5, we have

(4.33) B < [ 1Town(a)lun(z) oaly — ) + ou(e)lds

- / +/ ’
lriszrz - Jjsi>znre

Using either (4.14) or (4.16), |Towr(2)|/we(2) < c. Since pi is bounded by 2~, the
first term on the right of (4.33) is bounded by c2=%/2 = c2=*4. Since px(y — z) + pr(2)
is integrable, to bound the second term on the right of (4.33), it suffices to bound
|Towr(2)|/we(2) for |z| > 2%/2. If |z| > r, we use (4.23). If |z| < r, we use (4.24) and
(4.25).

We turn to I;3. We see that

(4.34) Lz<c / /I e pz — x)pk(y —wj ;; Pk(z)wr(z) dz dz
= c/C/ +c/cz/,

where Cy = (|z — z| > 2*/8,|z| > |2|/2) and C; = (|2 — z| > 2/, |z| < |z|/2). When
lz| 2 |2|/2, we(z) < cwe(2), and the first term on the right of (4.34) is

= c'//I- [>2%/8 p(z = 2)lpr(y = 2) + pa(2)ldz dz < c27%4.
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When |z| < |2|/2, p(z — z) < cp(2) and |z| > c2¥/8, so the second term on the right of
(4.34) is

<e /D/ p(2)wr(2) " [orly — 2) + pr(2) ] (2)da dz,

where D = (|z| < |2|/2, |2| > c2*/3). When |z| > r and |2| > ¢2*/8, then p(z)/w.(z) <
c|z|*~% < c27%f. When |z| < r, then w,(z)/wr(2z) < ¢, and

[o@ont- )+ ou@ldsds < [ alptelouty - )+ pulldz < 27,
DN(|z|<r) |z|>c2k/8

since |z]p(2) < |2|7% < ¢27%8. So the second term on the right of (4.34), hence I»; also,
is bounded by c2*2.

As Wlth I19,

Ie = / | / To(z — 2)[Uf (v, 2) — UL (v, 2)ldzlwn(2)dz

|z—z|<24/8

<c [ se-2)Viw) - Vi )lur(e)ds ds
|z—z|<2k/8

=C//+C//=I25+I26.
Ey B,

where E; = (Jz — z| < 2¥/8,|2| < 2¥/4) and E; = (|2 — z| < 2¥/8,|2| > 2¥/%). When
|z| < 2%/% and |z — 2| < 2%/%, then |z| < c2¥/4, and both w,(z)™! and w,(z)™! are
bounded by cr + c(2%/4)1+ < er + c2F/2. Let F = (|z| < 2¥/4,|z| < c2¥/*). Since Ty is
bounded by 2%,

(4.35) Is < c27%r / / p(z — z)we(z)dz dz + c27*/? / / p(z — z)wy(z)dz dz
F F

< 27k

using the fact that w,(z) < cr~! to handle the first term on the right of (4.35).
The final term, 26, is handled just as I; was. O
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