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On the Azéma Martingales
(*)

M. Emery

INTRODUCTION. Let (xt)t?_0 be a martingale such that <x,x>t = t. As shown by
Meyer [5], the iterated integral

I_(f) = J f(t,,...,t )dX_ ...dX

n 1 n t t

0<t:1<...(tn 1 n

can be defined for f square-integrable on the set Cn = ((tl,...,tn) c B%:
0« tl < ... < tn), and is an isometry from the Hilbert space Lz(cn) to its
. _ 2 . 2 : th
image x = In(L (Cn)). This subspace Xy of L”(Q) is called the n~ chaos

generated by X; for n = 0, by convention, L2(C0) = R, Xo is the space of

constant random variables and I0 is the obvious identification. These chaoses

(x.) are mutually orthogonal in LZ(Q); hence they provide an orthogonal

n'n 20

expansion for the random variables Z that belong to the Hilbert sum & Xy (such
n20

random variables will be called chaos-decomposable). It may happen that this

Hilbert space is the whole space L2; such is the case, for instance, when X is
a Brownian motion or a compensated Poisson process (and F the o-field generated

by X). When this happens, one says that X has the chaotic representation

property. A problem raised by Meyer in [6] p. 262 is: Which martingales X have
this property? We shall not answer this question, but merely add a few examples to
the aforementioned ones.

Notice that this chaotic representation property is stronger than the
predictable representation property, since every chaos-decomposable Z € L2(Q) can
always be written as E[Z] + j:ﬁsdxs for some predictable process H with

2 s .
E j:HSds e (if 2 = In(f) for n 2 1, just choose

H, = J flt,,....t__.,t)ax_ ...dx ;
o ooce <L ct <t T n-1 Y n-1
1 n-1

this process has a predictable version, and any such version will do). Recall

that, if the filtration (Ft) we are working in is the one generated by X,

t20

then X has the predictable representation property iff its law is an extreme

(*) Part of this work was done in Strasbourg, during uncountable conversations with

P.A. Meyer; part in Vancouver, while visiting U.B.C.
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point of the set of all laws of martingales (see Jacod-Yor [4]).
Before starting, seeing what happens in the discrete-time case will be
helpful: the time-axis [0,») is replaced by the finite set {0,1,...,N}, we have

its increments, the

a martingale (xn) and, denoting by Yn =X

0<nsN’ n ~ Xn-1

requirement <x,x>t = t is naturally replaced by its discrete analogue

is deterministic, the

E[YiIFn_ll = 1. Supposing also that the initial value Xo

nth chaos X is now the vector space generated by the random variables T Y.

jed
where J ranges over all subsets of {0,...N} with n elements (xn is defined

only for n < N). Now, supposing that the filtration is the one generated by X,

the following turn out to be equivalent:

(1) X has the predictable representation property:

(ii) the filtration is dyadic: Fn essentially consists in 2" atoms,

each of them splitting into exactly two atoms of F

n+1;
(iii) for some Borel functions ¢n:R9_1 - R,
2 _
Y o= 1+ (Y, ...Y )Y

(iv) X has the chaotic representation property.

PROOF. The equivalence between (i) and (ii) is well known; it can be obtained by
replacing (i) by the law of X being extremal, and this amounts to the conditional

law of xn given Fn— being supported by at most two points (see Dellacherie

1

[2]). As the variance of this conditional law is 1, "at most" can be replaced by
"exactly" in the previous sentence; and this means that the natural filtration of
X 1is dyadic.

To get (iii), just remark that, given Fn—l’ Yn can assume exactly two

values; hence it must solve some quadratic equation

2
Y= ¥ (Y, Y ) F (Y, Y Y

But, since E[YnIF

_ 2
n—ll = 0 and E[YnIF

n-1] = 1., ¥, is identically 1.

Conversely, if (iii) holds, given Fn—l’ Yn can take at most two values and the law
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of X is extremal.

Last, to get the chaotic representation property (which we know is stronger
than (i)), it suffices to notice that L2(Fn) is a vector space with 2

dimensions, whereas the subspace Xn has dimension (:) (if dim xn were

smaller, some Yp would be a linear combination of Y.,...

N
1 ,Yp_l); hence ? xn,

n=0
with dimension 2N, must be the whole space. [ |
Remark that, given xoeR and the functions Qn' there is exactly one
martingale X such that (iii) holds (uniqueness being understood in law). Indeed,

if you know X.,...,X

-1 the quadratic equation (iii) gives you two possible

0
values for Yn; since their product is -1, they are real with opposite signs, so

there is exactly one way of weighting them to get a mean equal to 0 = E[YnIFn_I].

STRUCTURE EQUATIONS. The continuous time analogue of (iii) will be called a

structure equation. It has the form

(SE) d[x,X]t = dt + &tdxt;
this is, of course, a symbolic notation for the equation
X.X], =t + f§°sdxs
(by convention, all brackets and stochastic integrals are taken null at time
zero) .

In this equation, X 1is a martingale, ® a predictable process, and the
stochastic integral f¢dx is a martingale. Note that no further generality would
be gained by assuming only that X and M = f@dx are local martingales, or even
stochastic integrals with respect to local martingales: In that case, the
existence of the decomposition of the increasing process [X,X] into t + M shows
that [X,X] 1is locally integrable (see [3]); then the uniqueness implies that M

is a local martingale. So it is reduced by some stopping times Tn; and

E[[X,X] ] = E(t A Tn]' Taking increasing limits yields E[[X,X]t] = t, and,

tAT
n
on compact time intervals, X 1is a square-integrable martingale and M a
. s sy s s 1 s
uniformly integrable martingale (it is even in H™, since

sup |MS| < [x,X]t + t).
sst
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Remark also that <x,x>t = t is a consequence of the structure equation

itself, since [x,xlt -t is a local martingale. The initial value xo plays no

role in (SE); it would be possible to decide that it is zero; for the sake of

further convenience we shall take for X, an arbitrary constant x

0 0°

The structure equation is an obvious necessary condition for X to have
the predictable representation property, since [x,x]t -t, being a local
martingale, must be an integral with respect to X. The similar necessary

condition for an L4-martinga1e (xt) to have the chaotic representation

0sts<1
property, would be
(SE') [X,X], = 1+ ¥ J f(t,,...t )dX_ ...dX
1 nel 0<t <...<t <1 B L oty %
1 n
for some functions fn € Lz(Cn) with Y Ilfnll2 ¢ »; in such an equation, the
n

functions fn can be considered as the data and the martingale X as the unknown.
We shall also deal with such equations in the sequel; but since they can be
considered as a particular case of (SE), it will be convenient to use the latter
when stating a few general properties.

The two basic examples of structural equations are obtained by taking a
constant process & in (SE).
(a) Brownian case: & = 0. The equation is [x,x]t = t, and shows that [X, X]
is continuous, hence also X. Being a continuous martingale with quadratic
variation t, X is a Brownian motion.
(b) Poisson case: ® = a # 0. The equation is now

[x,x]t =t + u(Xt - Xo);
dividing by a shows that X has finite variation, so it is the compensated sum
of its jumps. These jumps verify
Axi = A[X,X]t = aAXt,

80 each jump has amplitude a, and the martingale Yt =

R I~

X a0+ @ compensated sum
at

of unit jumps with <Y,Y>t = t, must be a compensated Poisson process Nt - t. So

the solution to the structure equation is

t
X =X+ a(N - =),
(S t/e? ol

where N 1is a standard Poisson process.
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In the latter example, the law of X depends continuously upon a (for
the Skorohod topology on [0,«)); moreover, when a tends to zero, the Brownian
case is the limit (in law) of the Poisson one. This makes it possible to see (SE)
as some kind of differential equation: @ being predictable, you may heuristically
consider @ as known a very short instant before X is, and, during
this minute time-interval, solve the equation by considering ® as fixed and using

(b), or (a) if & = 0.

GENERAL PROPERTIES OF STRUCTURE EQUATIONS.

PROPOSITION 1. Let a martingale X be a solution of (SE). Then

(i) When a jump of X occurs, it is equal to Qt; the jump times are

totally inaccessible.

(ii) The continuous and purely discontinuous parts of X are given by

c d
ax" =1 dX; dX =1 dax.
{¢ = 0} {® #0}
(iii) If V is a neighbourhood of 0 in R, let
t dXs

= I -
t 0 {®s¢V}¢S

t ds
A =J"1 =,
t 0 {¢S¢V}¢2
s
Then Zt = NA - At for some Poisson process N.
t

PROOF. (i) If T is any stopping time, (SE) implies
2— -
AXT = A[X,X]T = ¢TAXT
and AXT € [O,QT) : the jumps of X are equal to &.
If T is a bounded predictable stopping time,

2 - = = 0;
E[AX7IF; ] = E[AIX, X |F, ] = @ E[AX IF, ] = 0;

hence AXT =0 and X is quasi-left-continuous.

(ii) Let C = II{Q:O}dx and D = fI(°¢o}dx. Since
[c.c] = j'Iw:O)d[x,x] = frwzo)dt
is continuous, C 1is a continuous martingale. Since f@dx = [X,X] - t has finite
variation, f¢dxc = 0, hence f02 a«x®,x% = o, J I{&#O} a«x®,x% =0 and
o€ = I I(¢¢0}dxc = 0; so D is a purely discontinuous martingale. As
d

C+D=X-Xp, ¢=x% and D =x%
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(iii) The quadratic variation of Z is

dIX. X1, ac . ¥
= —t. &, 5 - aa +az, ;
a(z.2z], I{¢t¢ Vi T 2 I{¢t¢ V)(¢2 o, ) t t
t t

hence, if Tt 1is the inverse of A (defined on the interval [O,Aw[),

d(z,z] = dA + dz =dt + dz_ ;
Ty Tt Te Tt
so, on [0,Am[, the martingale zT is a compensated Poisson process, Nt - t.
t
Inverting again, 2_ =N - A_. |
t At t

PROPOSITION 2. (Change of variable formula). Let M be a Rp—valued local

martingale of the form M = MO + fde, where H 1is a predictable RP—valued

. s et 2,.n
process and X a martingale verifying (SE). For every f € C°(R,R),

_ ¢t t
£M) - £(M)) = fo uax, + fo v ds,

with
Us = Z Ié Hinif(ms— * e¢sﬂs)d9 = f(Ms' * 05::) - f(Ms—)
i
and
vs i EJ I;H:HgDijf(Ms— * erHs) (1 -6)3d8 = f(MS_ : QSHS) - :z(MS-) "~ QSHSVE(MS_)
s

In this formula, the integrals [UdX and [vds are formal semimartingales. If

the semimartingale foM is special, then U is integrable with respect to dx,

to dt, and the formula holds in the ordinary sense.

[Recall Schwartz' definition of formal semimartingales [10]: this simply
means that, if K is any strictly positive predictable process, small enough for
all the following integrals to exist, for instance K = (1 + U2 + vz)_l, then

JRd(foM) = [(KU)AX + [(kKV)ds.
The reason why such formal integrals occur here is that foM may have very large
jumps, too large to be the jumps of some local martingale. But the small jumps of
foM can be compensated all right, and a formula involving only semimartingales
would require cutting off the large jumps and dealing with them separately.]

Only the first given expressions for U and V are rigorous. The second

ones, involving @ in the denominator, are valid only for ¢s # 0; when Os =0,
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they should be replaced by their limits Us = Hsz(Ms_) and
Vs = % Hess f(Ms_)(Hs,Hs).
PROOF. First, the formula holds if f is a constant (U =V = 0) or a linear
form (U = VE:H,V = 0).
Second, it holds for f a polynomial. 1Indeed, it suffices to check it for
fg, knowing that it holds for f and g. With the obvious notations
Uf,vf,etc..., one has
d(fgoM) = (foM_) (v%ax + vIat) + (goM_) (ufax + viar) + vfv9arx,x)
(the computation rules for formal semimartingales are naturally the usual ones).
Replacing d([X,X] by dt + ®dX, we have to verify that

uf9 = (fam)_ U9 + (gom)_ uf + oufu?

vig f9

(fod)_ v + (goM)_ v 4+ U
When Qs = 0, these formulae reduce to the identities
V(fg) = fVg + gVf
Hess (fg) = fHessg + gHessf + VfQVg + VgRVf;

and when °s # 0, to the identities

f(b)g(b) - f(a)g(a) _ g(b) - g(a) JE(b) - f(a) . f(b) - f(a) g(b) - g(a)
P = f(a) ) + g(a; ) + ¢ P ¢
f(b)g(b) - f(a)g(a) - hV(fg)(a) _ f(a)g(b) - g(a) - hVg(a)
2 - 2
¢ ]
+ glaytbL=fla) — hVE(a) , £(b) ; fla) g(b) = gla)

¢
Third, to prove the formula for f € CZ(Rn,R), it is possible to
approximate it by a sequence of polynomials fp such that fp - f, V(fp - f) and

Hess(fp - f) tend to zero uniformly on compacts. Let K be a strictly positive,

predictable process such that K, KUf and va are bounded. On the predictable

set

Ag= (e 11+ 1w+ HO Il < a),
f f £ £ f fp
uPanda vP converge uniformly to U and V. So IA kP and IA Kv are

q q
bounded, and, in the equality
f f
JI, Kd(f oM) = 1, kU Pax + [1, kv Pds,
A P A A
q q q
the integrals are true semimartingales. The index p can be dropped by taking
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limits (the left-hand side converges since fp approximates f in the

Cz-topology); then one gets rid of IA by letting q -+ « and using the

q
boundedness of K, KUf and KVf. So the formula is true for f£.

Last, if foM is a special semimartingale, it can be decomposed into a
local martingale N and a predictable process A with finite variation. Since,
for every bounded predictable K, [KdN + [KdA is the decomposition of [Kd({foM),
making K small enough gives [KUdX = [KdN and [Kvds = [KdA, hence N = [udx

and A = [Vds. So these integrals exist in the usual sense. |

REMARK. A more general formula, that we will not use, can be shown: for a function

f(Mt,t) (or f(Mt'At) with A = Ao + stds, G predictable and Rm—valued) a third
df

term must be added, namely fat(ms-’s) ds (or [ G, .V E(M _,A )ds).

PROPOSITION 3. (i) On (Q,F,P,(Ft) ), let & be a predictable process. A

t20

solution X of (SE) has the predictable representation property iff P is an

extreme point of the set of all probabilities on F for which X is a martingale

and verifies (SE).

(ii) f ® is a functional of the form

Ot = Y(t,(xs,oss<t))

and if uniqueness in law holds for (SE) with initial condition X, every

solution X has the predictable representation property with respect to its natural

filtration.

PROOF. (i) Owing to the result of Jacod-Yor [4], we just have to verify that P is
extremal in this set S iff it is extremal in the larger set M of all
probabilities such that X is a martingale. The "if" part is obvious. For the
necessary condition, suppose P = AQl + (1 - A)Q2 with Q1 and Q2 in M and

0 <A< 1. Both Q1 and Q2 are absolutely continuous with respect to P, so

{X,X] and [®dX, when computed with P, are also valid for Q, and 02. Since

1
(SE) holds for P, it also holds for Q1 and Qz, and they belong to S. So if

P is not extremal in M, it is not in S either.
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(ii) Taking for Q the canonical space of cédlég paths and for X the canonical
process, (i) shows that, among the solutions of (SE), the predictable
representation property is possessed by those with an extremal law. In particular,

if uniqueness holds, the set S has only one point, and extremality is trivial. B

(c) THE CASE WITH INDEPENDENT INCREMENTS. An important generalization of (a) and
(b) is obtained when the process ® in (SE) is a deterministic function of time.
A

PROPOSITION 4.  Let ¢ be a Borel function on [0,»); consider the structure

equation
d[X,X]t =dt + ¢(t)dxt, x0 = Xq-
(i) EXISTENCE. If B is a Brownian motion and P an independent Poisson point

process on [0,») with intensity I dc , the martingale
{$p(t)#£0} ¢2(t)
_ t
X, =%, + IoI{¢(s)=01st +M

is a solution, where M is the purely discontinuous martingale with jump times the

t

points of P and AMT = ¢(T) if T is a jump time.

(ii) UNIQUENESS. If, on some (Q,F,P,(F,)

t tzo), X 1is a solution, then, for s 2 0,

the process (xs+t - Xs)tZO is independent of Fs and its law depends upon the

function ¢l[S w) only.

(iii) CHAOTIC REPRESENTATION PROPERTY. f G is the o-field generated by X,

the chaoses are total in LZ(G).

. _ .on n+l . . .
PROOF. (i) Let An = {t:2° slp(t)] < 27 "} <= [0,»); the family (An)nez is a

partition of {¢ # 0}. The restriction Pn of P to An is locally finite. The

process with independent increments

= T pie) - S (s
se N[0, t] 07A, T o(s)

has mean zero, so it is a martingale. It verifies

o = L 6his) = [i1, (s)ds + [go(s)amd
sePnn[O,t] n

and
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E(C M) = foT, (s)ds.
n

For fixed T > 0, each (M?) is a square integrable martingale, with norm

0stst
IIMtllz = ISIA (s)ds. Depending upon Pn only, the Mn are mutually independent,
n

hence orthogonal in L2. Since %IIMQII% ¢ o, they add up to a square integrable

martingale (M ) letting T - =, we get a martingale M verifying

t!ostst!
d[M:M]t = IA(t) (dt + ¢(t)th)

with A = ngz An = {¢ # 0}. Now, adding the independent martingale

Nt = IEI c(s)st yields a solution to the structure equation.
A
(ii) Let X be a solution. If u is a bounded real Borel function with compact

ix ix

support on [0,®), since the functions 2——;:—l and 9———353—:-15 are bounded
X
for x real, the functions
iu(t) ¢(t) _ 1
h(t) = Rty oM 20
iu(t) if ¢(t) =0
iu(t) ¢(t) _ 5 _ .
Kie) = e > 1 iu(t) ¢(t) if 6(t) £ 0
¢ (t)
- 2 W) if elt) =0

are also bounded and compactly supported. The change of variable formula
(Proposition 2) applied to Yt= exp[ifgu(s)dxs] shows that
t
Y =1+ [j Y, (h(s)dX_ + k(s)ds);
hence the bounded process Zt = exp[ifgu(s)dxs - f;k(s)ds] verifies the Doléans
exponential equation
_ t
2, =1+ [z, his)ax .
So 2 is a martingale, and E[2 Z-llF 1] =1:
w”s 'Tg

Elexp i J:u(t)dxtlFs] = exp [—j:k(t)dt].
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n
Taking for u a linear combination } ajI[o t.) gives the conditional
=1

characteristic function of the process (X X )

tes ~ Xglesg given Fs. As it is

deterministic, this process is independent of Fs; taking s = 0 gives the law of

X - Y whence uniqueness in law.

(iii) The notations are the same as in (ii). For 0 < t < », the random

variables

h(tl)...h(tn)dxt ...dxt

2p =1+ T g o e et
n 1 n

n21 1
are well defined in L2 because

2n
]

2 2 _ 1
h (tl)...h (tn)dtl...dtn =5 llhI[O,t] 2

0<t, <... <t <t
1 n

is the general term of a summable series; moreover 2'

= E[zant] and 2' is a

martingale. Taking the right-continuous version shows that 2' solves the same
Doléans equation
. - t L]
2y =1+ [(2. h(s)ax
as Z; so Z' = Z. Hence the random variable
2 = exptlr(;u(t)dxt - j‘gk(t)dt]
is chaos-decomposable, and so is also its multiple expl[i j;u(t)dxt]: the chaotic

representation property will be established if we prove that the random variables

n
exp[i £ a,X, ] are total in LZ(G).
030, e/
j=1 J
This is a classical consequence of the Fourier transform being injective:

n
Take a U € L2(F) orthogonal to every expl[i I ajxt ]. The Fourier transform of
j=1 ]

the finite measure u on R® defined, for f Borel and bounded, by

ffdp = E(U (X v X )]

1 n

is fela'yp(dy) = E(U exp[izajxt 11 =0, so p=0 and U is orthogonal to every
J
,X, ), whence to all LZ(G). | |

t1 tn

f(Xx

(d) THE "MARKOV" CASE.

In discrete time, it is clear that the solution of a structure equation is
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a homogeneous Markov process iff the predictable process °n is a function of xn_1
only. This is why the special instance when the structure equation has the form
d[x,x], = dt + £(X )X,
will be referred to as the Markov case. But we shall see that uniqueness does not
always hold, allowing non-Markovian solutions (whence the quotation marks above).
It is possible to depict heuristically the solutions:

when f(xt_) = 0, X behaves as a Brownian motion, when f(xt_) #0, X Jjumps.

dt

2
£4(x, )

with intensity and amplitude f(xt_), and, between jumps, drifts with

speed _1/f(xt-) (as [X,X) 1is constant between jumps, X must obey the ordinary
differential equation dt + f(x)dx = 0). So pathological behaviours, or phenomena
such as non-uniqueness will be observed for X if they already occur in this
deterministic equation.

Taking M = X in Proposition 2 shows that, intuitively, the generator L
of the Markov process X should be, for a C2 function g,

Lg(x) = [og"(x + Of(x)) (1 - ©)de

gix + f(x)) -2- g(x) - f(x)g'(x) if f(x) £ 0
= £ (x)
% g" (x) if f(x) = 0.

The following existence result is due to Meyer [7].

PROPOSITION 5. f f is a continuous function on the real line, for every

x € R the structure equation

diX,X], = dt + £(X__)dX,

has a solution with X, = x, defined on some (Q,F,P,(Ft)

0 ).

t20

[Meyer's proof [7] consists in discretizing time, and solving step by step
the corresponding equation. By Rebolledo's criterion [9], the set of laws of
martingales X verifying <x,x>t =t and xo = x 1is tight, so passing to the
limit when the mesh size tends to zero is possible using the Skorohod theorem or a
nonstandard hyperfinite setting.]

When f is not continuous, Markovian structure equations may have zero,
one, or infinitely many solutions. Consider for instance the equation

d[x,XIt = dt - sign(xt_)dxt,

where s8ign(0) = 0. If the initial value xo is not zero, there is a unique
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solution: between the jumps, X drifts away from zero with speed 1; the jumps
are given by a Poisson process with intensity 1 and have amplitude -sign(xt_) : X
jumps towards zero and may overpass it, but not hit it (the jumps occur at totally
inaccessible times and the set {t : Ixt_l = 1} 1is a countable union of graphs of
predictable times). But if X = 0, it is possible to choose the initial value of

0
g% as 1, -1, or any random choice between these: uniqueness does not hold.

Now look at equation d[x,x]t = dt + sign(xt_)dxt. Whatever the sign of
xo, XSignxo behaves as a compensated Poisson process until it hits zero. Then it
may neither leave zero (when x_ = 0, AX = 0; and even if it succeeded in reaching
a small non-zero value, the drift would immediately bring it back to zero) nor stay
there (for on {X = 0}, d[x,x]t = dt and X must be a Brownian motion). So this

equation has no solution, mainly because the deterministic equation

0 = dt + sign(x)dx has no solution x(t) starting from 0.

(e) THE AZEMA MARTINGALES.
The rest of this article is devoted to studying structure equations of the
form
d[x,x]t =dt + (a + ﬁXt_)dXt,
where a and P are two constants. This is of course a sub-case of the Markov

case (with f affine), but also a particular instance of (SE'), with f1 = a,

f2 = f and fn 0 for n 2 3.
When B = 0, the right-hand side is dt + adxt, and we are back to the
Poisson case (b) if a # 0, and to the Brownian one (a) if a = 0 too. So we

may suppose P # 0; and now X 1is a solution of this equation (with initial

a

condition xo) iff X + B is a solution to
(*) d[x,x], = dt + X dX,
(with initial value %, + %). So, at the cost of changing the initial condition,

we do not lose any generality by assuming that a = 0.
For B = 0, equation (*) is just the Brownian case; but for arbitrary B8,
as observed by Parthasarathy, it has the same scaling property as Brownian motion:

if xt is a solution to (*), then so is also % X 2 for every A # 0; in
. ATt
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particular, if uniqueness holds (we shall establish it for B < 0), the solution

Xt starting from 0 and %X 2 have the same law. Remark that this scaling
ATt
property remains true (for A > 0 only) for the more general Markov equation
= + + - -
d[x,x]t = dt + (B*Xy_ + poX;_)dX,
with two coefficients p* and p-.
Besides Brownian motion, obtained for pf = 0, two interesting processes
can be found among the solutions of (*).
First, the process X such that Xi = t and
PIX, = Vt] = P[x
with jumps (that is, changes of sign) occurring according to a Poisson point
process with intensity dt/4t. This process is a martingale since, for
0 <8 < ¢,
-1 — N
XX~ = t/s (-1)

where N 1is independent of Fs and has a Poisson law with parameter 1 Log E. It

4 -]
verifies (*) with B = -2 since
2 t t
(X, X1, = X{ - 2j0xs_dxs =t - zfoxs_dxs.

Using Proposition 1, one can show that this solution is the only one (another proof
of uniqueness will be given below). See Parthasarthy [8] for a decomposition of
Fermionic Brownian motion as the product of this X and another commﬁtative
process, with values 1, that does not commute with X.

Second, the martingale obtained by Azéma ([1) p.464; see also Azéma-Yor
[0]) when projecting a Brownian motion B starting from 0 on the filtration of
sign (B): if Gt = sup{s : s < t,Bs = 0}, let

X, = (sign B) JETE_i_EZT

(the above mentioned projection gives a multiple of this X; the constant +2
featured here is chosen so that (X,X)t = t). Assuming that X is a martingale

(this can also be shown directly, without using Azéma's projection), we shall show

that it verifies (*), with B = - 1. First, dX clearly has finite

ITax e

variation for every € > 0; so x¢ = II(X =o}dxc = 0 (the latter equality holds
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for all semimartingales), and [X,X],_ = ¥ sz. But sz is zero unless s is
0<sst

the end of some excursion of B, in which case ij is twice the length of that
excursion; so [x,x]t = 2G_. And

-3 [X,X]_ = (t - Gt) - Gt =t - [X,X]t

establishes the claim.
We know by Proposition 5 that solutions to (*) can be found for every value
1
of PB. These processes will be called the Azéma martingales; formally they should

be Markov, with generator
g g(x + Bx) - g(x) - pxg' (x)
2.2
= B x
i, .
l 2 g"(x) if Bx = 0.
B

if px # 0
Lg(x)

An amusing consequence of this formula is that, when e” + p + 1 = 0 (this
happens for some B between -2 and -1) and X, # 0, not only the process X
(we shall see that is is unique) but also L = Log|X| is a martingale —- and X
is the stochastic exponential of L. This is easy to verify rigorously by

Proposition 2, using Proposition 1 to see that the first time when X or X_. hits

zero, having the same law as f‘gexp[—Zp(Nt - t)]dt, must be infinite.

PROPOSITION 6. Consider the structure equation

d[x,x]t = dt + th_dxt, Xy = X4

(i) If p < 0, the solution is unique in law and is a strong Markov process.

(ii) If -2 < p < 0, the solution has the chaotic representation property.

LEMMA 7. Let X be a solution to the structure equation

dIX,X] = dt + £(t)ax, + (J‘g'g(s,t)dxs)dxt

with xo =X where f and g are locally bounded, Borel functions. Every

random variable of the form 2Z = Q(Xt ,...,xt
1 n

) with Q a polynomial is in L2

1 This means: informally!
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and chaos-representable. More precisely, if Q has degree k, Z is in @& xj.
jsk

Naturally, in this structure equation, one has to take a predictable
version of the integral f;-...; so the equation actually means

t
X,X], =t + [ f(s)dx_+ ]  gir,s)dx_dx
¢ 0 5 ocresct r s

and is of the type (SE').

PROOF OF LEMMA 7. As the conclusion involves only finitely many instants ti, we
shall restrict ourselves to some fixed compact [0,T].
Define x:(a) as the set of all elements of Xp of the form

i) $(t,, ...t )dX_...dX
0¢t, <.\ <t <T 1 oty ta

1
for some ¢ with |I¢l] < a.
The conclusion clearly holds for k < 1; to establish it for all k, it

suffices to prove ‘the following claim, where k 2 1: if M = fgutdxt for some

Borel, bounded function u, and if Z is in xi(a), then ZM is

k+1 T
in @ x.(ckallull ), where c
j=0 ”

depends on f, g, T but not M nor 2Z.

k
The important point is that this implies by induction on n that every

product of the form Xt ...xt is chaos-representable. The estimate involving a
1 n

and u is not particularly interesting, but it will be useful when proving the
claim (the reason why the proof may be easier with a stronger conclusion is that it
goes by induction).

To prove the claim, suppose that it holds when k is replaced by any

smaller value, and write

Z = t,,...,t dx, ...dx
o<t <.f PP A S 1 x
177" " "k-1""k

with |¢| < a ; so the martingale Zt = E[ZlFt] can be written I;Hsdxs' with

H = J it ,...,t,__,t)dX_ ...dx

t 1 k-1 t t

0<t1(...(tk_1(t 1 k-1
. T
(if k=1, 2 = f0¢(t)dxt and H_ = ¢(t)). Similarly, the martingale

: t : .
Mt = E[MIFt] is fousdxs. The integration by parts formula gives



82

ZM

T T
jozt_dmt + fo”t-dz: *+ (2,M],
- (T T

= J‘o(zt_ut + M _H o+ uH)dX + Ioututdt

(the given structure equation has been abbreviated as d[x,x]t = dt + thxt). The
conclusion will be checked separately for each of those four integrals. Clearly,

T T
u H _dt = J Iy $(t.,....t___,t)u(t)dtldx, ...dx
R R P k-1 1 k-1

. . T
is in Xk—l(Tallullw)' and

T
J7z, u = i) ¢t ..., t )u(t)dx_ ...dx_ dx
ot 0<t, <.ty <t 1 k 1 k

t

in x§+1(a||u||m); breaking @t into f(t) + fg_g(s,t)dxs, the first part of

T
Ioutﬂtatdxt,

T
Jlu f(t)H dX, = J (t,,....t, ., thu f£(t)ax_...dx_ dax_,
CETEE el 0t k-1t 21 k-1

. . T
is in x (I1£l1 allull).
Both remaining terms will be dealt with using the induction hypothesis.

Since, for every t, Ht is in xz_l(a), the product

T . . T .
Mt'Ht = HtfoI[o,t)(s)usts is in j:k xj(ck_lallullm), hence the integral
T, . . T .. t-
IOMt'thxt is in lsjGs)k+1xj(ck_1a||ullw). Similarly, the product HtIO gls,t)ax

. . T T t- . .
is in ® xj(ck_lallgllw), and the last term fouthfo g(s,t)dxs dxt is in

jsk
0 x?(c llgll _allull ). So the result holds, with
. J k-1 © o
1<j<k+1
e, =1+ T+ el +c 1+ llgll). i

PROOF OF PROPOSITION 6. (ii) We know by lemma 7 that for an Azéma martingale X,

each polyndmial Q(xt ,...,Xt ) is chaos representable. The chaotic

1 n

representation property follows if these polynomials are dense in LZ(G) (where G
denotes the o-field generated by X). For -2 < B < 0, this is true simply
because X is bounded on each compact interval [0,T]. Indeed, from the structure
equation

d[X,X]t = dt + pxt_dxt
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and the integration by parts formula
2
d(Xt) = 2Xt.dXt + d[X,X]t,
one deduces easily
(8 + 2dX,XI+ (-B1A(X]) = 2dt,
2 2 2
whence X, S x, + —pt'
(i) The proof of Lemma 7 is constructive: at each step, the expansion of ZM as a

sum of iterated integrals is obtained in terms of u,f,g and the coefficients in

the expansion of Z. So the chaotic expansion of Q(xt ,...,xt ) involves

1 n
Q,tl,...,tn,f and g only. This applies in particular to the first term
E[Q(tl,...,tn)]. So, for the structure equation of Lemma 7, uniqueness in law

holds as soon as X 1is bounded on compacts, for in this case approximating the

function exp[i(alx - anxn)] uniformly on compacts by polynomials gives the

1+

characteristic function of (X ). As we have seen, such a boundedness

reerX
t1 tn

holds for -2 s B < 0, whence the uniqueness in that case. The strong Markov

property follows by using the uniqueness of the conditional law of (X )

T+t  t20
given FT , for a stopping time T.
Now for B < -2. In that case, the above equality
(-B)d(xi) = 2dt + (-B - 2)d[X,X]t
gives xi 2 xg + %Et. We shall first study the case when Xy # 0. The preceding

equation shows that X 1is bounded away from zero. Proposition 1 applies, and, for

some standard Poisson process N,

NAt “BA
X, = xy(1+p) e
t _ds
A= [
t 0 Bzxi

Considering N as given, this system has a unique solution, that can be
constructed pathwise from N: replacing xz in the second equation by its value
from the first one yields an equation of the form dAt =C exp(ZﬁAt)dt between the

jump times. So the law of (Xt,At) must be the image of the law of N by this

t20

deterministic operation on paths, whence uniqueness.

Observe that the change of time A transforming the filtration of N into
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that of X is continuous, strictly increasing and a.s. unbounded (else, X would

have a limit X contradicting xi 2 xg + %Bt), realizing an isomorphism of
filtered probability spaces. If T is a stopping time for X, AT is one for N,
and the conditional law on FT of the process
N - N
A, A -B(AT -A)
_ T+t t +t Tt
xT+t = XT(l + B) e

is the law of X, with initial condition xo replaced by XT; so X has the

strong Markov property.

When X, = 0, uniqueness is a little more difficult. The estimate

2 2

xt 2 :E shows that X is bounded away from zero on every interval [Te,w),

where T, = inf{t:lxtl 2 €}. On this interval, the above applies, and the law of

(xTe+t)tzo can be obtained by replacing X, by xT€ in the preceding formulae

(with XT and N independent). As IxT | <ell + Bl we just have to show that
€ €

the law of X . starting from Xy # 0 has a limit when Xy ™ 0. Repeating the
same argument, we just have to show that for each € > 0 the law of XT has a
€

limit when the initial condition x tends to zero (for then the law of

0
. . : 1 22 .
(xTe+t)t20 will be determined, and, since Te < —zb(l + B)“e”, the law of X will

necessarily be its limit for € - 0).

By scaling, X is a solution of our equation with initial condition x

0
iff %x 2 is a solution starting from xo/e. So it suffices to check it for
€t
€ = 1: we have to show that the law of xT has a limit when X, 0.
1
Using the time change A, this amount to saying that the first value
N, -pt
exceeding 1 or -1 of x0(1 + B) e has a limit law. Taking logarithms,
_ loglxol
i =—0B B = - d T = inf{t:N_ + at 2 x}, we
letting a Togll + Bl >1, x Togll + Bl an { t }
N,

have to check that the law of ((-1) T,NT + aT - x), carried by ({-1,1} x [0,1),
has a limit when x - +», invariant by the symmetry exchanging -1 and 1. This
law can be expressed in terms of the two functions

u(x) = P[NT even, NT + aT = x]

P[NT odd, NT + aT = Xx]

v(x)
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Indeed, for x 21, 0<y <<y+dy <1 and dy infinitesimal,

P[N even, X +y <N_ + aT £ x + y + dy]

T T
+y - +y + -
= 3 PN, =n XFXY-D g xtytdy-n
T a a
n even
= T BN, _ =L N, g =R
n even
a a
=z PN, =n-11F
n even +
= z P[Nx+z n 1=n]g¥
p -
n odd 2

v(x+y—1)£;-z

(the probability that more than one jump of N occurs during an interval g! has
been neglected as an infinitesimal of higher order).

So on {1} x [0,1), the probability is u(x)e0 (dy) + % vix +y - 1)dy;
similarly, on {-1} x [0,1), the probability is v(x)eo(dy) + % u(x + y + 1)dy.
All we have to do is prove that, when x - », u(x) and v(x) both have the same
limit a; and the limit law will be

(el + (-:_1) 2 a[eo(dy) + i-I[O,l] (y)dy] .
This could be done by using an explicit expression of u(x) and v(x): they are

respectively the contribution of the even and odd terms in the series

1 a
I =1 e X -nn
>0 n! ~{x2n} (———-—a )

But it is quicker and simpler to use some probabilistic information on u and v.

First, wu(x), v(x) and u(x) + v(x) are probabilities, so they are in [0,1].

N,

Second, the law of ((-1) T, NT + aT - x) has a total mass equal to one, whence,
for x 2 1,

u(x) + vix) + = [X [v(t) + u(t))at = 1

a vx-1 *
_ _ a s s __ 1

So o(x) = u(x) + v(x) a2+ 1 verifies o(x) = a x—lo(t)dt for x> 1. As
lo(x)] 1 for x> 0, this implies by induction that |o(x)| € a® for x> n.
Since a > 1, this gives o(x) - 0 for x - », and (u + v) (x) = 2+ 1

N N _+at-x

Last, using the fact that (-1) tI1 + Bl t is a martingale (up to the
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N
time-change A, you have recognized our Azémartingale xo(l + B) te_pt) bounded

on [0,T], its expectation at time T is its starting value:

11+ 8™ =) - v -2 [711+ ¥ ulx + y - 1) - vix +y - 1)]dy

_ _ 1 x t-x+1
= 3(x) 3 Jx-plt * Bl 5(t)dt
with & = u - v. Now the total mass of the measure i 11 + plt—x_ldt on the

interval [x - 1,x] is

It +B] -1 _-p-2
alogl|1i + Bl ~ -B

<1,
so ¢ = max(b,|1 + pl—l) is also less than 1. By induction on
n,|d(x)| £ (n + 1)cn for x2n, so 8(x) =0 for x - oo, and u(x) and v(x)

have the same limit Uniqueness is proved. [ |

—a
2(a+l)”
REMARK. What about the chaotic representation property when # is not in
[-2,0]? I do not know.

And uniqueness for B > 0? I do not know either; but, letting

>1 and S = sup(N_ - at), it is possible to show that, for

t20 ©

. B
Log(1l + B)
x20
L+p *lsrs>x s 1+
and that uniqueness holds if and only if (1 + b)xP[S > Xx] has a limit when

x = », I have not been able to decide this question, although the law of S can

- *
be computed explicitly: it is 2 2 L ) un , where pu is the uniform measure on
n20

[0,1] with total mass % (this is the (sub-probability) law of the (not
everywhere defined) random variable NU - auU, with U the first time when

Nt - at > 0); alternatively, for x 2 0,
n Xx-n
a-1 (-1) a x-n
a X ( )

I e
1
>0 n! {x2n} a

n

P[S < x] =

(this function of x verifies f'(x) % [f(x) - £(x - 1)] for x > 1); and the

Laplace transform is
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Letting T = inf{t : Nt - at > x}, uniqueness is also equivalent to the

conditional law

L[NT - aT - x|T > =]

having a limit for x - o,
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Note de la rédaction (Azéma)

L'unicité dans le cas B8 > 0 (page précédente du présent article) semble avoir été
€tablie par Emery a son insu ; en effet, '"l'estimation de Cramer" (Feller t.2, XI 7,
p. 364) fournit précisément ce dont on a besoin : P[S > x] est équivalent quand x

tend vers 1'infini a Ce”

, avec K = Lopg(1+8).

Note de la rédaction

La proposition 4 (p. 74) a éte établie indépendamment par A. Dermoune.



