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Multiplicative Functionals and the Stable Topology

J.R. Baxter and R.V.Chacon
Department of Mathematics, University of Minnesota, Minneapolis, MN 5455, and
Department of Mathematics, University of British Columbia, Vancouver, BC V6T 1Y4

Abstract
The notion of a randomized stopping time has various applications in probability. Here it is shown that
stable compactness for randomized stopping times is especially useful in the case of randomized
stopping times which happen to be multiplicative functionals . The general results on convergence of
multiplicative functionals are used to simplify the analysis of the convergence of diffusions in regions
with many small holes.

1. Introduction

The stable topology for stopping times and time changes was originally developed as an aid
to various constructions in the study of Markov processes and martingales [2],[14]. It was later used in
the study of optimal stopping problems [11]. More recently [3],[4] it has proved useful in studying the
behaviour of a diffusion in a region with many small holes (see Section 7). Some additional properties
of stable convergence for stopping times associated with multiplicative functionals, which are especially
useful in dealing with convergence of diffusions, were found in [5]. The purpose of the present paper is
partly expository, to draw together these recent results on stable convergence and explain their
applications. We will also give some new results on which relate to pointwise convergence of diffusions
(Section 3), and a uniqueness condition for multiplicative functionals (Section 5). This allows us to
make a considerable simplification in the proofs of earlier results on convergence of diffusions (Section
7). We will also discuss the connection between stable convergence and the variational I'-convergence
(Section 6).
2 ing Tim

Let (Q,F,F,X,P) be a stochastic process taking values in RS, (Fp assumed to be right
continuous, and for convenience we also take F to be countably generated mod P. Let Q=Q x[O0, 1], and
let P =Px\A{, where A1 is ordinary Lebesgue measure on the
Borel sets Bl of [0,1]. We will consider any function on Q to be defined on{) in the obvious way. Let
G =Fx{@,[0,1]}, G, =Fx{@,[0,11}. We will speak of a map T:  —[0,20] which is a stopping time
with respect to the fields G; as an ordinary stopping time for the process (X{), and a stopping time T
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with respect to the fields FtXBl will be referred to as a randomized stopping time for the process (X¢).
As a convenient regularization, we will assume that for any randomized stopping time T we consider,
T(w, -) is nondecreasing and left continuous for every m, and T(w, 0)=0 for every ®. We should useP
and E to refer to probabilities and expectations on Q, but we will often just use P and E when the
meaning seems clear from the context.

For each we Q, we can define a probability measure F(w, -) on the Borel sets of [0,0] by

2.1) F(®,[0,t]) = sup {a: T(w,a) <t}.
F(w,) is a regular version of the conditional probability distribution of T given G, which
we will refer to as the path distribution of T. We will denote F(,(0,o<]) by Fy(w), and will refer to the

family (Fy) as the survival function of T. It is easy to see that the survival function of a randomized
stopping time determines the stopping time, and the fact that Fy is G;-measurable expresses the stopping
time measurability of T. Thus the notion of survival function contains the same information as the
notion of randomized stopbing time. Throughout this paper we will refer to the path distribution of a
randomized stopping time and its survival function by the same letter, using the t subscript to distinguish
the two quantities.

Definition 2.1 Let Ty, T be a randomized stopping times. We will say that Ty, converges stably to T
(with respect to P) if Tp, | o converges in distribution to T |5 (with respect to P) for each A in G. We
emphasize that stable convergence is always with respect to some probability measure P. If T;,,T are
randomized stopping times with survival functions Fy,,F respectively, and Ty, converges stably to T with
respect to P, then we will say that Fj, converges stably to F with respect to P.

It is shown in [2] that there is a compact metrizable topology on the space of all randomized
stopping times, which we will call the stable topology, and that stable convergence is just convergence
with respect to the stable topology. We will not bother to define this topology explicity, since we will
only need to deal with sequential convergence. Since stable convergence is just a slightly enhanced
form of weak convergence, its properties follow a familiar pattern. Probably the clearest reference for
general properties of stable convergence is Meyer's paper [14]. We will need the following result from
[5], which follows easily from Theorem 7 of [14]:

Lemma 2.1 Let T(n) converge to T stably with respect to P. Let Y : Qx[0,o2] — R be given. We will
write Y(-,t) as Y { where convenient. Suppose Y is bounded and Gx B measurable, where B denotes the
Borel sets on [0,e<].

@) Suppose Y(w,) is upper (lower) semicontinuous for P-a.e. ®. Then
lim Supp — oo (lim infy, — o0) [Y T(n)dP < ) [YTdP.
(i) Suppose Y(,) is continuous at T, P-a.e. Then

limy —y o JY T(n)dP = [YTdP.

Corollary 2.1 Let Ty, T be randomized stopping times.
(i) Let o be an ordinary G-stopping time. If Ty, — T stably then Thac — TAG stably.
(ii) Let Sj be a sequence of ordinary G-stopping times, GjToo. If Tn/\cj — T/\O'j stably for each j, then
Ty — T stably.
Corollary 2.2 Suppose that the process X. is continuous P-a.e.. If T(n) — T stably then X1(n) — XT
in distribution.

Corollary 2.1 says we can truncate stopping times if we find it convenient to do so, when
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studying their stable convergence. This allows us to localize arguments, as in the proof of Theorem 7.3
below.

It should be noted that the result of Corollary 2.2 actually holds for any reasonable process,
not necessarily continuous [2] [14]. However, this result is not quite as elementary as Lemma 2.1, and
will not be needed in this paper, so we omit it.

Corollary 2.2 is a statement about the part of the process X which is stopped at time t. It is
natural to also examine the convergence of the part of the process which is not yet stopped at time t.
Before doing this, let us add a little more structure.

Let (Q,F F,B,8.,PX) be a Brownian process taking values in R4, Here PX is the

probability measure such that PX(Bg = x) = 1, and we will as usual let PV denote the probability measure

such that B has distribution v with respect to PV. Also, et denotes the usual shift operator, so that
BB = Bg,t. We do not assume that Q is the space of continuous functions, but we do assume that B.
is continuous with probability 1.

Our previous definition of stable convergence applies to the Brownian motion case, of
course. Since there are many probability measures PV available now, we will use the following
terminology: if a sequence of randomized stopping times Ty, converges stably to a limit T with respect

to PV, we will say Tn converges to T y-stably, and we likewise say that the survival functions converge

v-stably. If Ty, converges v-stably to T for some v such that Lebesgue measure m on R4 is absolutely
continuous with respect to v, then we will say that Ty, converges to T Lebesgue-stably. If Ty converges
v-stably to T for v equal to the point measure concentrated at x, we will say Ty, converges to T x-stably,
Theorem 2.1 Let Ty,,T be randomized stopping times for Brownian motion with Ty — T stably with
respect to PV. Let v(n,t), v(t) denote the (defective) distributions of B; restricted to {Tp>t}, {Tq > t},
respectively. Let sp,s be such that s, — s and PV(T=s)=0. Then v(n,sp) — V(s) in total variation norm
asn — oo,

Theorem 2.1 is proved in [3]. Itis a straightforward consequence of the continuity of the
Brownian transition probabilities. It is significant here because it provides the link between stable
convergence and Problem A of Section 7.

The following trivial consequence of the definition of stable convergence is sometimes
useful:
Lemma 2.2 Suppose Ty, converges stably to T with respect to a probability measure P. Let P; be any
probability measure which is absolutely continuous with respect to P. Then Ty, also converges stably to
T with respect to Py.
3. Multiplicative Functional

Once again let (Q,F F(,B,6,,PX) be a Brownian process taking values in Rd. We will say
that a property which holds PX-a.e. for all x holds almost surely (a.s.). A stopping T will be called a
terminal time if
3.1) T=t+To6; on{t>t}as..
Any first hitting time has this property. The analogous property for randomized stopping times is
conveniently expressed in terms of the survival function: let T be a randomized stopping time with

survival function (F). We will say that (Fp) is a multiplicative functional if forall s 2 0, t> 0,
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3.2) Fi s =F; Fgob; ass..
Naturally, the survival function of a terminal time is a multiplicative functional. Unless otherwise
stated, we will always assume that a multiplicative functional is gxact (see [17]), by which we mean that
for every t > 0 and every sequence €(k) of positive real numbers with £(k)40,
(3.3) limg _ o Ft_e(k)oee(k) =F; as..
The survival function of a first hitting time is exact.
A general reference for multiplicative functionals is [6].
Theorem 3.1 The space of multiplicative functionals is a closed set under Lebesgue-stable convergence

with respect to PV, in the following sense: if a survival function F is the stable limit with respect to PV of
a sequence of multiplicative functionals, where Vv is a probability measure which is mutually absolutely
continuous with respect to Lebesgue measure, then we can find a multiplicative functional M, such that
F=M, PV-ae..

Theorem 3.1 is proved in [5]. Theorem 3.1 simplifies the conceptual picture of convergence
of hitting times, as we shall see.

The next lemma gives a typical property of multiplicative functionals. It follows (cf.[5])
from the fact that the Brownian transition densities are absolutely continuous with respect to Lebesgue
measure.

Lemma 3.1 Let T be a randomized stopping time whose survival function is a multiplicative functional.
Then for any t > 0, PX(T=t)=0 for all x.

Definition 3.1 Let M=(M}) be a multiplicative functional. A point x such that Px(M0=0)=1 is called a
permanent point for M. By the Blumenthal 0-1 law, if a-point x is not a permanent point for M then
PX(Mp=1)=1 (Note My2=1}.

Lemma 3.2 Let M(n), M be-multiplicative functionals such that M(n) converges Lebesgue-stably to M.
Let x be permanent point for M. Then M(n) converges x-stably to M.

Proof Let | denote the distribution of By with respect to PX. For t > 0, 14 is absolutely continuous with

respect to m. Hence, by Lemma 2.2, M(n) converges stably to M with respect to pHt. Using Lemma
2.1, or simply noting that stable convergence implies convergence in distribution, for any s20 lim

SUPn—300 EIM(n)([s,29))] € EMIM([s,9)]. EXM(n)t.5] < EM[M(n)([s,e))] for all n, by the
multiplicative property and the Markov property, s0 lim supp—yecEX[M(n)t45] SE"lt[Mr] foralls >r>0.
For any u>0, taking O<s<u, letting t approach 0, and using exactness, we have lim supy,_3.EX[M(n)y1=0
for all u> 0. The result then follows from the definition of stable convergence, since T(n)—0 in PX-
probability.

Lemma 3.3 Let M be a multiplicative functional, T the associated randomized stopping time. Let f be
bounded and continuous on [0,e<], such that with probability 1 f is continuous at T. Let Y be integrable
and G-measurable. Suppose M, is a sequence of multiplicative functionals and Mp—M Lebesgue-

stably. Then for every €>0 and every measure v, EV[Yo8cM ((n)o0g] »EV[ Y08 M¢o0], for all t>0.
Proof Let p be distribution of B¢ with respect to PV.

EV[Yo0 M(n)o0g]=EH[Y M(n)] >EH[YM]=EV[Yo8M8¢], using Lemmas 2.1 and 3.1.

Lemma 3.4 Let M(n),M be multiplicative functionals such that M(n)—M Lebesgue-stably. Let v be
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any probability on Rd. Then for any t>0, and any nonnegative integrable G-measurable function Y,
3.4 lim supp 5o EV[ YM(n)J<EV[YM{].
If F is any survival function which is a stable limit point of (M(n)) with respect to PV then F<M, PV-a.e.

Proof Let f be a bounded nonnegative continuous function on (R)d, and let Y=f(Btl,...,Btk). Fix t>0.
Let O<e<t.
EV[Yo0:M(n)]<EV[Y°0M{.g(n)8e] EV[YoBeM.goB¢], by Lemma 3.3. Thus
lim supp 360 EV[Yo0M(n)]SEV[YoB:M ¢ goB¢].
Fix 6>0. For all sufficiently small €, EV[|Yo0,-Y [1<d.

Hence lim supp—ycoEV[YM(n)]SEV[ Y00 M{.¢o0¢]+8 for all sufficiently small €. Letting €10 and
using (3.3) proves (3.4) for our special choice of Y. But such Y are dense in L1(PV)-norm, so (3.4) is
proved. Lemma 2.2(i) gives the rest of the lemma at once, since lim infn__)wEV[YMt(n)]ZEV[YFt].
Lemma 3.5 Let M(n),M be multiplicative functionals such that M(n)—M Lebesgue-stably. Let v be
any probability on R9, such that
3.5) limg}glim infy, 3 EV[M{(n)]=1.

Then M(n)—M v-stably.
Proof Let F be any v-stable limit point of (M(n)). We must show that F=M, PV-a.e. .

By Lemma 3.4 we have F<M, PV-a.e.. Thus it is enough to show that for each t>0, EV[M{I<EV[F,]. By
right-continuity we may restrict ourselves to t such that EV[F({t})]=0. Fix 8>0. Choose €>0 such that
€<t and lim infy, ;. EV[Mg(n)]>1-8. We have
EV[M;(n)]=EV[M(n)gM;_g(n)-8]2EV[My_¢(n)B]-EV[1-M(n)¢].

Hence EV[Mt(n)]zEV[l\dt_e(n)éee]—S for sufficiently large n. Hence, by Lemmas 2.1, 3.1, and 3.3,
EV[F{2EV[M{_go0.]-82EV[M{]-3, and the lemma is proved.

Theorem 3.2 Let v be any probability on Rd and let M(n),M be multiplicative functionals such that
M(n)—M v-stably and Lebesgue-stably. Then there exists a subsequence ny such that M(ng)-M x-

stably for v-a.e. x.

Proof Fix t>0. Let fa(x)=EX[M(n)], f(x)=EX[M{]. By (3.4), lim SUPp—yoofn<f. By Lemma 2.1(ii) and
Lemma 3.1, Jfpdv—fdv. Since fy, is uniformly bounded, it follows that f,,—f in L1(v)-norm. Let V be

a countable dense set of times t>0. We can choose a set A with PVY(A)=1 and a subsequence (ng) such
that for x in A, EX[M{(n)]-EX[M;] for each tin V. Letx be in A. Let F be any x-stable limit point of
(M(ng)). By Lemma 2.1(i), for any tin V and any s<t, EX[M{]<EX[F;]. It follows by Lemma 3.4 that
F=M, PX-a.e., and the theorem is proved.

The next theorem is proved in [5], as Remark 3.2.
Theorem 3.3 Let M(n),M be multiplicative functionals such that M(n)—>M Lebesgue-stably. Let v be
any probability on Rd which gives measure 0 to polar sets. Then M(n)»M v-stably.

We now discuss the semigroup and resolvent associated with a multiplicative functional.
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Definition 3.2 With any multiplicative functional M=(M{) we associate the (sub-Markov) semigroup
Py(M) defined by
(3.6) @ODh)(x)=EX[h(BYM],
for every bounded Borel function h.
We note that Po(M) is not necessarily the identity operator. If P denotes the usual heat semigroup
associated with Brownian motion, Pi=P(1) in the present notation.

As a consequence of the exactness of M, equation (3.3), we have for each t > 0,
3.7 limg | g PgPi-¢(M)h = Pth.

If h > 0, the limit in (3.3) is nonincreasing. As a consequence, for any h > 0, the function
P¢(M)h is upper semicontinuous.
Definition 3.3 We will denote the resolvent associated with the semigroup P¢(M) by Ro(M). That is,

(3.8) RoM)=fe-t P (M)dt.

We note that it is a standard result, with an easy proof, that the resolvent (R(M)) (and
hence the semigroup (P¢(M)) ) uniquely determine the multiplicative functional M.

Both P¢(M) and Ry(M), & > 0, extend from operators on bounded measurable functions to
bounded linear operators on LP(m), 1<p<eo, where m is Lebesgue measure on R4,

The following theorem is proved in [5]. The proof is simplified by Theorem 3.2.
Theorem 3.4 Let (M(n)), (M) be multiplicative functionals. The following statements are equivalent:
(i) M(n)>M Lebesgue-stably.

(ii) For each t>0, P(M(n))—Py(M) strongly on L2(m).

(iii) For each a>0, Rg(M(n)) =Ry (M) strongly on L2(m).

Proof (i)=3(ii). Since Py(M)<P;, we may work with a dense set of functions in L2(m), such as
continuous functions with compact support. For such a function f, Py(M(ny))f—P(M)f pointwise m-
a.e. for some subsequence (ny) of any given subsequence, by Theorem 3.2 and Theorem 2.1. It follows
that Pi(M(ng))f—P¢(M)f in L%(m), and (ii) is proved.

(ii)=(iii) is obvious, and (iii)=>(i) follows from the compactness of the stable topology and the fact that
the resovent characterizes the multiplicative functional.

It may be useful to give a summary here of the facts that we have proved concerning
Lebesgue-stable convergence:

1. Lebesgue-stable convergence obeys a selection principle (Theorem 3.1).

2. Lebesgue-stable convergence implies

(i) x-stable convergence when x is a permanent point of the limit functional (Lemma 3.2);
(i) v-stable convergence when (3.5) holds (Lemma 3.5);

(iii) x-stable convergence for Lebesgue a.e. x (Theorem 3.2);

(iv) v-stable convergence for any v which does not charge polar sets (Theorem 3.3);

(v) strong convergence of the associated semigroups (Theorem 3.4).

4. Potenti iti nctional

For what follows, we need to introduce the notion of the resolvent potential operator G,
First, let ¢y(x) denote the usual transition dénsity for Brownian motion on Rd. That is,
(4.1) oy(x) = [2nt]9/2 exp(-x212t), t > 0, x in R,

Define the o-resolvent kernel gg, by
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4.2) 80(X) =[[0,00) €Oy (x)c.
For any finite measure | we then define the resolvent potential Ggu by
4.3) Golt = go* W

We note that Gyt is a function, defined pointwise on Rd. It is the density of the usual resolvent
measure associated with . GopL is infinite for d=1 and d=2. In all other cases we define G is finite
quasi-everywhere, and we define Gy for signed measures 7y by additivity. We note that Gy is the usual
Newtonian or electrostatic potential operator when d=3. Gg, o > 0, may be regarded as a potential that
has the same behaviour as Gy at short range, but drops off rapidly at long range. The larger o, the
shorter the range of Go. We note in passing that G, is sometimes called the "Yukawa potential” when
d=3.

For any two signed measures [ and v, we define the o-mutual energy < H,v>q by
(4.4) <MV>q = lga(x-y) mdxv(dy),
whenever Jfgq(x-y)lul(dx)lvl(dy)< oo, where 11| denotes the total variation measure of .

We turn now to the construction of particular multiplicative functionals. We note that the
logarithm of a multiplicative functional should be an additive functional, where we define a
(nonnegative) additive functional A=(A¢) to be a map A from Q x[0,%to [0,0°] such that for any s,t >0,
t finite, if we write A(-» t)=Ay,

4.5) Agys=Ag+ Agobias. .

We assume that the analogue of exactness holds, i.e. for every t > 0 and every sequence €(k)

of positive real numbers with e(k)40,
(4.6) limg 00 At-g(k)°Og(k) = At ass. .
Of course if Ay is finite a.s., so that Ag = 0, (4.6) is equivalent to limglg Ag =0 as..

It is clear that if A=(Ay) is an additive functional, then M=(c—At)is a multipicative
functional. So in order to construct multiplicative functionals, we construct additive functionals. Letp
be a finite nonnegative Borel measure on R4. Fix o0 (if d=1 or d=2, a>0). Suppose that Gy is finite
everywhere. By [6] we know there is a unique additive functional A()=(A¢()) such that for all B=0
(B>0 if d=1 or d=2),

4.7 GpH(x) = EX[J[0 ooy e PldA )],
A(W) is everywhere finite and A.(l) is continuous.

Of course, if |1 happens to have a density h with respect to Lebesgue measure on R, the

additive functional A(u) has a particularly simple form: Ay ()= I[O, t]h(Bs)ds. We will sometimes write

A(h) for A(n) in this case. Also, if v has a bounded density q with respect to i, then A(v) is given by
(4.8) AW = i gaBs)dA ().

Let M denote the finite measures p such that GqM is finite everywhere for some (and hence
for all) 020 (00 if d=1 or d=2). We have defined A( W for pin M. Let M, denote the set of all
measures W such that [ is absolutely continuous with respect to some measure in M. Let L) denote
the limit of A¢(ly), where L is an increasing sequence of measures in M converging to p. Let
At()=Lt;(W). Itis a straightforward matter to show that A(J) is an exact additive functional in our
sense, and that A.(W) is a continuous function on the interval where it is finite.
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Definition 4.1 For any p in M;, we define the multiplicative functional M(i)=(M\)) associated with g
by M()=e—Atl).

5. The Integrated Condition for Uniqueness

Theorem 5.1 Let A=(A¢) be an additive functional in the sense of Section 4, and assume that A is finite
and continuous, even at t=c0, Let M=(My) be a multiplicative functional, and let T be the randomized
stopping time associated with M. Suppose Mg=1 a.s. . Then M=(e—At) & EX[AT]=PX(T<eo) for all x.

We note that
(5.1) EX[AT]=EX[JA (M(d0]=EX[J[( c0) MdA¢].

Proof of Theorem 5.1 =» is a simple computation, so we prove only <. Let Y= M+ [0,eMtdA¢. The
Markov property and the multiplicative functional property, together with the hypothesis, show easily
that (Yq) is a Gy-martingale. Since M; is nonincreasing and I[O,t]MtdAt is nondecreasing, Yt has paths
of bounded variation. Yy is clearly right continuous. Since (Gt) is the family of fields generated by
Brownian motion, Yy must have continuous paths, and hence Y. is constant a.s. . The theorem then
follows easily.

In order to apply Theorem 5.1 conveniently, we will prove an auxiliary lemma.

Lemma 5.1 Let T be a randomized stopping time whose survival function M is a multiplicative
functional. Let A be a finite and continuous additive functional on [0,]. For each a>0, let V(o) be the
randomized stopping time whose multiplicative functional is (e~™). Extending our original sample
space if necessary, we will consider V(o) to be defined (in defiance of our usual convention) so that it is
independent of T as well as G Suppose that for sufficiently large a,

52) PX(T<V())<SR)EX[Av (o).

Then PX(T<o0)<(2)EX[AT]. Furthermore, if PX(T<V (a))SE"[AV(a)] for sufficiently large o then T
has no permanent points.

Proof Modifying our original sample space if necessary, we may consider an iid sequence Vj(a) such
that all the Vj(a) are together independent of T as well as G. We also assume the Vj(oz) are unaffected
by the shift 6,. Let Hy(o)=V(a)+...+ V(). For sufficiently large a0 we have PX(T<eo)=
PX(T<H;(0))+Z gk coo PXHE ()< T<Hy , 1(®0))= EX[ l—MHl(a)]+lek <°°EX[MHk(a)—MHk+1(a)]=
EX[ I-MHI(Q)]+ZISI( <°<,E"[MHk(a)EBHk(oz)[I—MHk +l(a)_Hk(a)]]=

EX{1-MV, (o) E 1k <oo EXMH (o) EBHK@1- MV 1 (o) 11SR)
EX[AV1(a)]+ElSk<°°Ex[MHk(a)EBHk(a)[AVk+ (=

EX{AV (0 1+ Z1<k<oo EX[MHY (0)A Vi 1) PH (o)1=

EX[AVI(a)]+E1 <k <ooEx[1{T>Hk((x)}(AHk+1(a)—AHk(a))]= EX[AL(a)], where we define L(a) to be
the first Hi(ct) which is greater than or equal to T, L(ct)=o if no such Hy () exists.

As a—oo, L(0)—T in probability. Since A is finite, we can use the dominated convergence
theorem to conclude that EX[AL(a)]—)EX[AT], and the first statement of the lemma is proved. The
hypothesis of the second assertion says that E"[Av(a)]ZEx[l-Mv(a)], so the lemma follows at once.
6. The Variational Approach
Definition 6.1 Let M be a multiplicative functional. Let 020 (if d=1 or d=2, 0>0). We will define the
associated M-potential operator G (M) as follows: for any finite j,
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6.1) GoM)K = Gl — GguM, ),
where we define (M, ) as the measure such that for any Borel set D in R4, HM,)(D)=
E“[I[O,M)e—mlD(Bt)M(dt)]. Since W is finite, Gyl and Go(M,o) are finite quasi-everywhere, and
G M)y is defined quasi-everywhere.
Lemma 6.1 Gy (M)u is the density of pR(M) with respect to Lebesgue measure m.
Proof Let D be a Borel set in R9. [pGopt(M,0)dm=EHM®) [ ) 15(By)e-du)=
EH{[}0,00) EBlJ[0,co) IDBu)e M dule=CM(dt)]= EH{f[g oc) [0 ce) ID(Bus+ e Mdue—0tM(dr)]=
EM0[0,00) 1,00 ID(By)e OV dvM(dt))= EH{g o0y (1-Mp ID(By)e™%Vdv] = hR(D)-HR o(M)(D), and
the lemma follows.

Since a potential is determined by its integrals over balls with respect to Lebesgue measure,
Lemma 6.1 shows that if M1<Mj, then GoM)1<G(M)K, quasi-everywhere.
Lemma 6.2 Let v be any measure in M. Then
[GoM)udv = ER[fjg .y e MdA(V)] = EHAT V)],

where T, is the randomized stopping time associated with (Me—Ot),

Proof The second equality follows at once from Fubini. For the first, let A¢=A¢(v). Using the symmetry
of G, G aM,00d v=ERM-® [fiy - QUGA 1= EH{[[) ooy EBH[g cay e ®UdA e~ M (d)]=
EM1]10,00) 10,00y € #VdA y 416~ HM(A)]= EH{J[0 o0 [t o0y e OVAAM(dt)] = BRI oay (1-My )e~OVdA )=
¢} audv—El»l[J‘[Oyoo) Mye~®VdA ], and the lemma follows.

Lemma 63 LetAbein M. Let M=M()). Then for any Borel set D in Rd,

Ip GoM)KdA = pM,0)(D).

Proof Letv=1pA in Lemma 6.2. We find ID(Ga(M)u)d7~= Eu[f[o,oo) Ip(Bpe—*MdA;A)] =
Eu[J[O’m) 1p(Bpe—M(dt)] = p(M,o)(D), so the lemma is proved.

For any measure A in M,, we define the set of finiteness W()) for A to be the union of all
finely open sets D with finite A-measure (see [5]). Because the fine topology has the quasi-Lindelof
property, W(}) is A-measurable and finely open uﬁ to a polar set.

Theorem 6.1 Let u,A be in M,;. Let M=M(A). For any Borel set D in R,

Ip GoaMWA = pM,)D AWQ)).

Proof Since L can be approximated from below by measures with bounded potentials, we may assume
without loss of generality that Gy is bounded. For A in M, the result is already given in Lemma 6.3.
Let A(n) be a nondecreasing sequence of measures in M such that Am)TA. Let M(n)=M(A,)). Then
(e=®tMy(n))—(e~*tMy) stably. Hence for any v in M, by Lemma 6.2 G oM pudvliG o M)pdv.
Hence Ga(Mn)ulGa(M)u quasi everywhere. Let U be a finely open set with A(U)<eo, We can find
fine continuous functions fi with 0<fy<1, fx=0 on U, and fi T1y quasi everywhere. Since fx(By) is a
continuous function of t, by Lemma 2.1 ffkdu(Mn,a) —)Jfkdu(M,a) as n—oo. By the dominated
convergence theorem we have JfxGo(Mp)pdA(n)— ffixG(M)ndA. Thus [fiGoMudA = ffrduM,)
for all k, and so | 1yGoM)udA = dp(M,a)(U). This gives the statement of the theorem provided that
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we restrict ourselves to D contained in W(A). But since fGa(M)udl(n)SfG oMp)pdA(n)<1 for all n,
we have JG a(M)pdA<1. Since Gy (M)H is fine continuous, we see that Go(M)p=0 quasi-everywhere on
the complement of W(A), and the theorem is proved.
Remark It would probably be better to study the complement of the set of permanent points of M@®)
instead of W(A) (cf. Lemma 6.3 of [5]), but that would lead us further into technicalities.

Let A in My be fixed. For each a>0, define R(A) on L2(dm) by Ry(A)f=g, where g is the
weak solution in Hy!NL2@) of

6.2) -Ag+(A+om)g = f.
We interpret (6.2) to mean that
(6.3) [Vg-Vhdm + Jghd( am+)) = [thdm,

for all h in HylnL2(A) with compact support. The existence of a unique solution to a weak equation of
this form is shown in [8] (see also [5]).

The following is an easy variation on a standard fact (cf. [13]):

Lemma 6.4 Let p be in M, with JGgpdp<ce. Let u=Gpt. Then u is in Hgl, and for any h in Hol,
[Vu-Vhdm+afuhdm=/hdp.

We wish to show

Theorem 6.2 If f in L2(m) is the density of a finite measure p then R (A)f=G(M(A))LL.

Proof Let qg=Gg(M(A))p. Let M=M(A). Since Gg, is a bounded operator on L2 G oMdp<ee. Hence
G isin Hp! by Lemma 6.4. Similarly, using Lemma 6.1, fGau(M,a)d LM, ) <oo, $0 G (M, ) is
in Hy! by Lemma 6.4. Hence q is in Hyl. By Theorem 6.1, Jq2ar = fw(x)qdp.(M,a) < JqdpM,0) <
JG odpM,0) = JGouM,0)dp € JGidp < . Thus q is in Ho!NL2QA). Let h be in HolNLZ(A) with
compact support. JVq-Vhdm+a/qhdm+/ghdA= fhdp-fhdp(M,c)+ fqhdA= |hdu by Lemma 6.4 and
Theorem 6.1, and the theorem is proved.

Theorem 6.2 is proved in [5] by a more complicated argument.

Theorem 3.4 shows we can characterize Lebesgue-stable convergence of multiplicative
functionals in terms of strong resolvent convergence. Since the operators are uniformly bounded, we
need only consider dense subsets of L2(m). Since the variational I'-convergence studied in [7],[8] is also
characterized in terms of strong resolvent convergence (cf. [5]), Theorem 6.2 links the two forms of
convergence.
1._Convergence of Stopped Diffusions

We will now discuss the problem of describing the behaviour of a diffusion in a medium
containing many small absorbing bodies (see Problem A below). This problem was solved by
Papanicolaou and Varadhan [15]. Working with N.C. Jain, the authors were able to prove a stronger
result along the same lines [3], using the compactness of the stable topology. The compactness of the
stable topology made it possible for the proof of convergence to be reduced to a convenient uniqueness
question. In the present exposition, we will use the fact that the set of multiplicative functionals is
closed, and the uniqueness result of Section 5, to make the proof shorter. In addition, the results of
Section 3 give criteria for convergence of solutions of the diffusion equation at a point, once Lebesgue-
stable convergence has been shown, so we need only consider Lebesgue-stable convergence.

Problem dealing with media containing many small bodies have been considered by many
authors, beginning with Mark Kac [12]. The earlier papers considered time-independent problems such
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as the Dirichlet problem, which are somewhat easier to deal with than the time-dependent diffusion
case. Recent papers on other time-dependent problems include [16].

We now give a more precise definition of the the basic diffusion problem, which we call
Problem A Fixd 2 1. Let Dy be a closed set in R4, forn=1,2,... . Let some finite initial distribution
measure V be given. For each n, letpp(t,x) denote the solution of the diffusion equation
(7.1a) 9py/ot=Ap, on DS,
with intial condition
(7.1b) Ppt, )V on Dy ast 0,
and boundary condition
(7.1¢c) Pn(t.x) =0 for x in dDy,.

Condition 7.1c represents the absorption or "killing" of the diffusing material on the
boundary of D,. When v has a density f, Condition 7.1b means p(t, -)— f€) on D . Condition 7.1b
is to be interpreted in the sense of generalized functions otherwise. We will shortly reexpress all of
Problem A in a more natural way using Brownian motion.

We now suppose that the sets Dy, are the union of many small bodies, which become more
and more finely divided as n—oo. The first part of Problem A is to give conditions under which the
solutions p,, converge to a nontrivial limit . The second part of Problem A is to identify the limit of the
sequence py,.

We will give the precise solution to this problem later. In order to describe the limit of the
sequence p,,, it is necessary to consider a second problem, which we will call
Problem B Fixd > 1. Let A be a nonnegative measure on R4, which is not necessarily finite or even
Radon (that is, even the measure of compact sets may be infinite), but gives measure 0 to all polar sets.
Let some finite initial distribution measure v be given. Problem B is to find the solutionp of the

diffusion equation with "killing measure" A, namely

(7.2a) op/at=Ap - Ap,
with intial condition
(7.2b) p(t,)—v astd 0.

There are two parts to Problem B. The first part of the problem is to explain what equation
(7.2a) means, for a general measure . When A has a density h, we can interpret (7.2a) pointwise as
dp/ot = Ap - hp. In general we can consider (7.2a) as the shorthand for a variational problem which
defines p. This approach, due to Dal Maso and Mosco [8], [9], is described in [5]. We will not
approach Problem B is this way, but will instead use the standard Feynman-Kac construction. The fact
that the variational and the probabilistic solutions are consistent is shown in [5].

Assuming for the moment that we can deal with Problem B in a satisfactory manner, we can
now state the connection between Problems A and B, namely that the limit p of the sequence py, of
Problem A is the solution of the equation in Problem B, for an appropriate choice of killing measure A.
The killing measure A is of course determined by the sequence (Dp). Not all sequences Dy, determine a
killing measure, but it will turn out (Theorem 7.2) that if a sequence (Dyp) does have a killing measure A,

and A is reasonably nice, then the sequence p;, must converge to the solution of Problem B, that is, no

further conditions need be imposed to give convergence. We will refer to the measure A as the
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"limiting capacity measure" for the sequence (D) (See Definition 7.1 below).
Let W be a compact set in R4, Ifd=1or 2,leta > 0. Otherwise, let .= 0. Thereis a
unique measure Yyy o on W such Go'¥'yy o = 1 quasi-everywhere on W. We will refer to this measure

as the a-equilibrium measure of W. We define the g-capacity of W, cy(W), by

(7.3) ca(W) = ¥y o(W).
Now let a sequence (Dy) of closed sets be given. For any compact set W, let
(7.4) Yo(W) = lim supp 00 (WD)

It can be shown (see Lemma 7.1 below) that there is a unique minimal outer regular
measure A(Y) such that A(Yy) 2 Y. We shall call this measure A(Y,) the total a-capacity measure for
the sequence (Dy). This measure is in fact independent of o (see Lemma 7.5), so that we may denote it
simply by A.

Definition 7.1 If any subsequence of the original sequence of sets (Dp) has the same total capacity
measure A, then we will say that A is the limiting capacity measure for the sequence (Dp).

Naturally, for this definition to be useful, we need a verifiable criterion for a sequence (D)
to have a limiting capacity measure. Such a criterion is given in [4] , (generalizing a result in [15]), and
we extend this criterion slightly (with essentially the same proof as in [4]) as
Theorem 7.1 Let B(n,i) be a compact set in RY, for i=1,...k(n). Let Dp=B(n,1)L...UB(nk(n)). Fix B
>0 (if d=1 or d=2, B > 0). For each n and i, let y(n,i) denote the B-equilibrium measure of B(n,i). Let
Xn =y(n,1) + ... + y(nk(n)). Suppose A, converges weakly to a limit A, and that the "uniformity
condition” holds:

<ln,7»n>ﬁ - <AMA> B
Then A is the limiting capacity measure for the sequence (Dp).

We can now give a more precise statement of the limit result described above.

Theorem 7.2 Let (Dy) be a sequence of closed sets in R4, with a limiting capacity measure A, such that
the restriction of A to any bounded region is a measure in M. Letv be any finite measure which measure
0to polar sets. Then the limit of the sequence p, of Problem A is the solution of Problem B. The limit
is in the sense of L1(m)-convergence of Pn(t, -) on R4 for each t, where m denotes Lebesgue measure on
Rd, and the convergence is uniform over t in bounded intervals in [0,0).

We note that more can be proved, in particular one can say something about the pointwise
convergence of the p, (see [3],[4]). However, the results of Sections 2 and 3 show that these results, as
well as Theorem 7.2, follow at once from the following:

Theorem 7.3 Let (Dy) be a sequence of closed sets in R4, with a limiting capacity measure A, such that
the restriction of A to any bounded region is a measure in M. Let 1T, denote the first hitting time of Dy,
and let T denote the randomized stopping time associated with M(A). Then T, converges Lebesgue-
stably to T.

From now on we will simply concentrate on proving Theorem 7.3, since it gives everything
else. We will follow the arguments in [4] but will be able to simplify the proof considerably by using
our earlier results.

Definition 7.2 A set function Y from the collection of compact subsets of Rdto [0,o=] will be called a c-
function if is subadditive and maps the empty set to 0.
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Lemma 7.1 Letybe a c-function. There is a unique minimal outer regular measure A>y. For G open,
(7.5) AMG)=sup{Y(W )+..+Y (W)},
where the sup is over all disjoint sequences W 1,...,Wy of compact subsets of G.

This lemma is undoubtedly a well-known result. A proof is given in [4]. Several interesting

properties of this type of construction are given in [1].

Definition 7.3 We will refer to the measure A of Lemma 7.1 as A(Y).

Definition 7.4 A collection U of bounded open sets will be called a good base if it is a base for the usual
topology on Rd and is closed under finite unions.

Lemma 7.2 Letybe a c-function, U a good base. Then A(y) is uniquely determined by the values of y
on the collection of closures of sets in U.

This result is immediate from (7.5).

Lemma 7.3 Letvyy, Y, be c-functions, 8>0. Suppose ¥1(W)<yo(W) for all compact W with diameter<d.
Then A(y1)< A(yp).

Proof A(Y1)(G)< A(¥,2)(G) for all open G with diameter<d by (7.5). Hence A(Y(A)S A(Y7)(A) for all
Borel A with diameter<d, and the lemma follows.

Lemma 7.4 For every o,20 (a,B>0 if d=1 or d=2), for every >0, there exists 8>0 such that
cB(W)S(1+€)ce(W) for W compact with diameter<3.

Proof It is easy to see that there exists 8>0 such that

(7.6) Ba()S(1+E)gp(x) if x/<B.

Let W be compact with diameter<d. Then G '¥'w,a=1 quasi everywhere on W, so
Gp(1+6)¥w,a2GR¥w,p on W, and hence on all of R4 by the domination principle. The lemma
follows.

Lemma 7.5 Let 020 (a>0if d=1 or d=2). Let Y defined by (7.4). Then l(ya) is independent of a.
Proof Immediate by Lemmas 7.3 and 7.4.

Lemma 7.6 Let (D) be any sequence of closed subsets of Rd. Then there exists a subsequence (Dn(k))
with a limiting capacity measure.

Proof Let U be a countable good base. Fix a0 (o>0if d=1 or d=2). Choose a subsequence (n(k))
such that limp_;00cq(WNDy,) exists for W the closure of a set in U. Any subsequence of (Dn(k)) must
give the same total capacity measure as (Dn(x)), by Lemma 7.2, so the lemma is proved.

Lemma 7.7 Let D be compact, and let D, be a sequence of subsets of D. For each 020 (a>0if d=1or
d=2), let v, be a weak limit point of \PDn,(X' Suppose (D) has a limiting capacity measure A. Then
VoA in total variation norm as ai—seo,

Proof This argument is just as in [4], Theorem 4.1.

Proof of Theorem 7.3 (i) Case 1. We first assume that there is a compact set D with Dy, contained in D
for all n. Let T be a Lebesgue-stable limit point of Ty- We must show the survival function of T is
M(A). Let M denote a multiplicative functional which is the survival function of T.

Fix a>0. Let V() be the randomized stopping time with survival function (e—®t). Since
Ga\I’Dn,a(B t) is a martingale with respect to the Brownian motion with lifetime V(o), we find as usual

that Ga‘I‘Dn,a(x)=PX(1:n<V(a)). Let | be a probability measure on R4 which is absolutely
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continuous with respect to m, and has a bounded density, so that Gyl is bounded and continuous. We
have

(1.7) IGapd¥p o=PH(Ty<V(@)).
Let us extend our sample space if neceséary, and consider V() to be defined so that it is
independent of T as well as G. Let A, be a weak limit point of ¥y 2 Then by Lemma 2.1 and

Lemma 3.1 we have

(1.8) JG gudAg=PH(T<V(a)).

That is,

(7.9) EM[A V() (Ag) I=EM{1-My()]-
Thus for all x and all t>0, E"[Av(a)(xa)oet]=EX[I—MV(a)oGt]. Letting t—0, we have
(7.10) EX[Av(o)(Ae) 1=EX[1-My/(qg)].
In particular, for all a>0,

(7.11) EX[Av(q)(MIZEX[1-My ()]
By Lemma 5.1,

(7.12) Mgp=1as.,

and

(7.13) PX(T<e<)<EX[AT(V)].

For any a.>0, for B> we have Ex[AV(ﬁ)OLa)]SEX[AV(ﬁ)(?»B)]=EX[1—MV(B)]. Hence by
Lemma 5.1,
(7.14) PX(T <°o)ZEx[AT(7\,a)].
Letting a—eo, since a.s. A t(km) —A t(7\.) uniformly in t, we see that PX(T<e0)=EX[AT(A)], and so by

Theorem 5.1 M(A) is the survival function for T, so the theorem is proved in Case 1.
(ii) The general case. Let H(j) be a sequence of bounded open sets with H(i)TRd. Let Dy (j) be the
intersection of Dy, with the closure of H(j). Without loss of generality, by choosing a subsequence, we
may assume that (Dp(j))n>1 has a limiting capacity measure kj for each j. If T, (j) denotes the first
hitting time of Dy, (j), we have by Case 1 that ©,,(j)—T() Lebesgue-stably as n—ee, for each j, where T(j)
is the randomized stopping time with survival function M(?Lj). Clearly 7\]-:7» on compact subsets of H(j).
Let Gj denote the first exit time of H(j). Clearly T(i)AGj:TAO'j, for each j, where T is the randomized
stoppping time with survival function M(A). By Corollary 2.1(i), 'cn/\cjatn(j)/\cj-—-)T(i)chzT/\cj as
n—ee, for each j. Hence, by Corollary 2.1(ii), t,—T, and the theorem is proved.

This work was supported in part by the National Science Foundation (U.S.A.) and the
National Science and Engineering Research Council of Canada.
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