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SIMULTANEOUS BOUNDARY HITTING FOR A TWO POINT REFLECTING
BROWNIAN MOTION

M. Cranston *? and Y. Le Jan ()

(*) University of Rochester, (%*) Laboratoire de Probabilités - Paris

For Bt a two-dimensional Brownian motion let X; and Xi be two strong

solutions of the Skorohod equation on the unit disc D = {Z, |Z| = 1},

dXt = dBt - Xtdwt, where 12 is an increasing process which grows only when

X, 1is on {Z; |Z| = 1}. Their starting points Xﬁ = xe, £ =1,2, are assumed

to be unequal. In these equations ¢f is an increasing process which grows

only when Xﬁ. The associated local times are denoted by ¢f.The authors

-— 1 -
t "Xt

decreasing, tends to zero exponentially fast and is non zero for finite times

(1988) have previously shown that the distance z X:" /, 1is non

t. The first two facts were established in the Ph. D. thesis of Weerasinghe
(1987).

In this note,we show the following

Theorem : The points x; and x: visit 8D simultaneously, almost-surely.

In fact, there is a three dimensional diffusion process Et and a one

1

dimensional non polar set C for £ such that & € C exactly when both Xt

and Xi are on dD. Thus local time of £ on C gives the "local time" of
(X:,Xz) on 8D x 8D. The process €& involves a change of coordinates which

exploits the rotation invariance of D. Namely, set m = (Xt + X:)/2

X:-Xi 1
= = = = < i>.
and 1, 2z, Jp = 1y o Xp T M vy = <mes by

The following equations were derived in our previous paper (1)

(1) dx, = dw

1, X lyp b %,
t t

22t - 5_]d¢t

y X z
_ o2 _ Tt _ [t t 2 1
__1

(3) dz, = - 5 (zt + Iytl)dq)t

where (w;,w:) is two-dimensional Brownian motion and $p = ¢; + wi.
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1 1
2% 2 %
From (3) it follows that z, =e [zo - Iysle dws and now
0 1

® z %s
inf{t > 0 : Zt =0} =T=w as. implies z = J lysle dws and thus

0

00

(4) J |ys|a dp_ < ®, for all o= 1.

0
Notice that from (1), (2) and (3) it follows that §t = (xt,yt,zt) is a

diffusion process on ® = {(x,y,z) : z 20, X + (lyl + z)? = 1}. Also both

x; and x: € 8D when and only when |y | =0 and £ e 36, i.e. x: + z: = 1.

Thus showing Xé and X: visit 8D simultaneously is equivalent to showing
€, hits the crease C = {(x,y,z) € 86,y = O}.

Proof : It has been inspired by a paper of Varadhan and Williams where the
idea is to select the correct harmonic function and argue from looking at
I1té’s expansion.

For this it is convenient to introduce two dimensional polar coordinates in

each region ©(z) = {(x,y,2) : x> + (lyl + z)2 =1}, 2 being fixed, centered

at (V1-2° ,0,z). Namely, set
_ A
mo= x|+ 1 1=z,

r, cos et = 1-1)t ,

t
ry sin Gt =Y -
Now define S = inf{t > O : r, = O} and for t < S set
1
_ _ .2 1
u, = u(xt,yt,zt) =r, cos et.
The reason for the choice of % will become apparent in the course of the

proof. Observe that when ry = 0, €t hits the crease C with positive x

values. The situation however is symmetric. With this in mind we proceed with

N

the Ité expansion for u, which is expedited if one notices that u = Re w

where W, = (l—nt) + iyt), is a harmonic function of (nt,yt). thus

1

(5) dut = Re{dw: ]
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Examining (6), one dominant term is obviously - 1r.2sinloe,| I de, .
2t 2 t 2z t
t
1 2
"2 1 Xt
First observe r Isin-6 | s=—dp, —> o as t 5 «. Indeed, by (8);
s 2 s 22t t ' !
0
1 2 2
"2 1 X5 1 s 1 2
on the support of dws, ro |sin 3 esl 55~ % —— 35 %55 % (we assume
s 10vV2 ““s
1 ]
z_ = 16 which is true for all s large enough). Now J (Iysl + zs)ad(os < ®
N 0
2% 2
(this uses (4) and z, =e zo) and since X, *+ (Iytl + zt) =1 on the
© 2
support of dwt one has J xsdwS = w. (This is where we have used
0
1 2
® 72 1 *s
=1 t>0: = = .S. ). - —_— =
T = inf{ z, 0} o a.s.). Consequently, rg |sin 3 BS|2zs d¢s ©
o]

on the set {S = «}. There are two dwt terms in (6) with positive coeffi-

cients. These are

1
1 1 2, 2
(10) 5 oS 7 8, (1—zt) zt(lytl + zt)
and
x ly, | x
t'7t t
(11) -cos Lo [—————— - ——]-1 .
2t 22t 2 (lyt|<zt)

We now show these are dominated by
x®
22t

1

1, . 1 1
(12) : Isin 5 etl(lytl + zt) 3 Isin 5 etl

Before proving this, we notice the second term in (12) has a factor of %

which does not appear in (6). This leaves % of the term in (6) and thus

(6) becomes
<2
1 t
0, |m—— - dtdlo(x)t

= - -1 1
du = dM, - c, dg, - Isin 78, 2z,

with c and d non negative. Thus

X
u = u ¥ Mt - jt csdgos - Jt dsdlo(x)s - % It |sin % eslizg d¢s
0 (o] 0
with the last integral tending to minus infinity as t - w.
This gives the desired contradiction once it is establihed (12) dominates
(10) + (11). For this we assume z, = %5 for all t sufficiently large and
we argue for large t.

First (10) may be dominated by the first term in (12) since from (9) and
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=

1 1
r, “(-cos 5 O d"t + sin 3 6, dyt)

where the second order terms vanish due to the harmonicity of wu.

Thus, using the fact that Vi sin % 6, > 0 on the support of d¢t and that

t

2 1, _
yt(dgot - dwt) Iytldq)t we have from (5)

1
-— Ix Iy | Ix |
1 2 1 t 7t Tt
(8) dut = th * 3T [—cos 3 Gt[ Zzt 5 ]

1

1 1 2, 2 1 1
+ 5 cos - 8, (1 zt) zt(zt + lytl) 3 sin 5 6, v

2
N
- Isin 7 6l (Q * z—]]d“’t

2 1
r,~ cos > Bt dto(x)t ,

-

with Mt on L% 1local martingale and to(x)t the local time of x at O wup
to time t.

The assumption {S = o} on a set of positive probability will lead to a
contradiction. On {S = «} the bounded variation terms in the Ité expansion

of u, will be shown to tend to minus infinity. Since u, is bounded this

forces the local martingale Mt to converge to plus infinity which is the

contradiction since Mt is a time change of Brownian motion. To make this

precise, we first observe that z, may be assumed as small as desired by

1
4
selecting t large. Note the bound z, se 27t z, from (3) and the asymp-

®
totic 1lim EE = 2. Next, the local time term for X,
tow
coefficient so it suffices to show the integral of the dwt terms from O to

t tends to minus infinity as t tends to infinity. To this end we note the
following hold on the support of dwt :

at O has a negative

n 1 n
(7) g e(zt) s - et =z, with c(zt) v 0,
so that both
1 1
(8) 5S Isin 5 etl
(9) % =< |tan % etl for z small enough.



238

1

1 2, 2 1 1
5 ©os 3 et(l zt) zt(lytl + zt) =3 |sin 5 6t|(|yt| + zt).
Next we dominate (11) by the second term in (12).
When Iytl =z on the support dwt it follows that

x: =1 - (Iytl + zt)2 z1 - 4z: = .9. Also, by (9) |cot % etl =< 5 again on

0,z

N and thus

the support of dwt so |xt| z 2|cot

2
H |sin 1o I—E— = cos - @ lf&l on ths su t of do¢, n{ly,| =z}
2 z t'2z, 2% 2 ppor 3 el = %0 @8

desired. This completes the proof.
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