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Diffusion Semigroups Corresponding to
Uniformly Elliptic Divergence Form Operators

DANIEL W. STROOCK

Chapter I: Aronson’s Estimate for Elliptic Operators
in Divergence Form

§1.0: INTRODUCTION

The purpose of this chapter is to study the semigroup {P; : t > 0} determined
by a second order partial differential operator of the form L = V - (aV) where a :
RY — RY ® RV is a measurable, symmetric matrix-valued function which satisfies
the ellipticity condition

(B) M<a() < 3T
(in the sense of non-negative definite matrices) for some A € (0,1]. Until further
notice, we will be assuming that a has bounded derivatives of all orders so that

there is no doubt about what we mean by {P; : ¢ > 0}: it is then the unique Feller
continuous Markov semigroup on C;(RY) with the property that

[Pid)(z) - 6(z) = /0 [P,Lél(z)ds, (t,2) € [0,00) x RN

for all $ € C°(RN). Moreover, under these assumptions, it is a familiar fact that
there is a function p € | J3>; C° ([1/n,n] x RN x RV; (0, 0)) with the property that

(Lo.) (Pble) = [ ¢w)ott,z.0)du
and therefore that
2ot 9) = [Lp(t, 2,100, (t,2,9) € (0,00) x RY x RY.
In addition, it is known that if ¢ € C°(RN) then t € [0,00) — P;¢ is a smooth

mapping into the Schwartz space S(RV) which consists of smooth functions all of
whose derivatives are rapidly decreasing. In particular, one has that

2 [Pgl(e) = [LP=), 4 € CF(RY);
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and therefore that
2 p(t,2,) = Lp(t, - W))@), (2,9) € (0,00) x RN x R
and
(1.0.2) %([Pm]ﬂ//) = —([VP:4),aVy), ¢€ CL(RY) and v € S(RY),

where we have introduced the notation
(5.9) = (5:9) om = [, F)a(e) e

to denote the standard inner-product in L2(RN) (of course, when F and G take values
inRN, (F,G) denotes [~ F(z)-G(z) dz) and we have integrated ([LP,4], ¥) by parts.
As a consequence of (1.0.2), we see that for T > 0 and ¢, € C(RN)

S (Prod)[P) =0, 0<t<T

and therefore that

(1.0.3) ([(Pg,¥) = (¢, [P¥]), t>0.

So far (1.0.3) has only been checked for ¢, % € C$°(RY). However, it is an easy matter
to pass from this statement to a more general one. In fact, we have the following.

LEMMA 1.0.4. For each q € [1,00) and all t > 0,

[Pgllly <liglly 6 € Co(RY).

(When there is no question about the underlying measure space involved, we will
use || - ||q to denote the Li-norm.) In particular, each P, admits a unique continuous
extension P, to L*(RN). Moreover, {P; : t > 0} is a strongly continuous semigroup of

self-adjoint contractions on L%(RN). Finally, let Wz(l)(RN ) denote the Sobolev space
of functions in L*(RN) whose first order (generalized) derivatives are also in L2(RV).

That is, Wél)(RN ) is the completion of C$°(RN) with respect to the norm
1/2
15 = (16113 + I1v6113) /2.

Then, for each t > 0, P, maps L*(RN) into W{"(RN)

— 1 1
05)  WIYPdlle < 57 (7allélle) AQIV6l), ¢>0 and 6 € WORY),
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and

d

(1.0.6) =

(Pid],¥) = ~(IVPi¢],aVy), t>0and 4,9 € WIRY).
PRroOF: To prove the first assertion, let ¢ € C$°(RN)* and choose a non-decreasing
sequence {1, } C C§°(RV)* which tends point-wise to 1 as n — co. Then, by (1.0.3)
and the monotone convergence theorem, we see that

(1.0.7) /RN Py(z)de = /RN é(z) dz.

Given (1.0.7) for all ¢ € CP(RV)*, it is an easy matter to get the same equality
for all non-negative measurable ¢’s. Moreover, since [P;¢](z) is computed, for each
z € RN by integration with respect to a probability measure, we see that

[Pelél)(2)! < [Pe|¢[*)(=), ¢>0andgE€[l,00),

for all measurable ¢’s. Hence, the first assertion is now proved.

In view of the preceding and (I.0.3), the existence and self-adjointness of P; are
clear; and the continuity of {ﬁt :t > 0} is an easy consequence of the properties of
{P; :t > 0} mentioned above. To see that P; maps L%(R") into ng)(RN) and the
inequality in (1.0.5), let {E}, : p € [0,00)} be the spectral resolution of the identity
in L2(R"N) for which

(1.0.8) P, = / e~ M dE,.
[0,00)
It is then immediate from (1.0.2) that

(1.0.9) (IVP:¢),aVy) = pe~ ¥ d(Eu$,v) = (V[Pe/24),a[VPy)29])

[0,00)

for all ¢, € CP(RYN). Taking ¢ = ¢ in (1.0.9) and using the ellipticity of a, we
conclude that (1.0.5) holds first for elements of C§°(R") and then for all elements of
WD (RN).

Finally, the proof of (I.0.6) is now just an easy matter of passing to limits in
(1.0.2). 0

It should be noted that although we required a to be smooth in order to know
that {P, : t > 0} exists and maps C{°(RV) into S(R"), all the conclusions drawn
in Lemma 1.0.4 make sense even when a is not smooth. In fact, none of them relies
directly on any properties of a other than ellipticity. What we will show in the
succeeding sections is that there are several other properties of {P; : t > 0} which
depend only on the ellipticity of a. In particular, we are going to show that there is
an M = M (A, N) € [1,00) such that

1 M
(1.0.10) TNTE P (-Mly - z2/t) < p(t,z,y) < N7z %P (~ly- z|?/Mt)



319

for all (t,z,y) € (0,00) x RY x RN.

The estimate in (1.0.10) is Aronson’s estimate (cf. [A]). It constitutes a beautiful
summary of the results contained in the sequence of articles starting with those of E.
DEGEORGI [DG] and J. NasH [N] and culminating in the article [M] by J. MOSER.
Section I.1 contains a derivation of the upper bound in (1.0.10), and the lower bound
is derived in Section 1.2. In the first section of Chapter II, we will use (1.0.10) to
recover the estimates of NasH, DEGIORGI, and MOSER. The proofs given in all of
these sections are adopted from the article [F.-S.]. In Section 1.4, we will discuss
some extensions of these results to operators which are lower order perturbations of
L. Finally, in Section 1.5 we will apply our estimates to the construction of diffusion
semigroups corresponding to elliptic operators in which the coefficients are merely
bounded and measurable.

§1.1: TuE UPPER BOUND

Our derivation of the upper bound turns on the following basic analytic fact
about RV

LEmMMA 1.1.1. (NasH’s INEQUALITY) There is a Cy € (0,00) such that
18154 < Cxllvelliel™, ¢ € L'RY) n Wi RY).

PRrooOF: Clearly it suffices to prove the result for ¢ € C$°(RY). In order to emphasize
just how basic it is, we will give three derivations.
i) (FOURIER) For every r > 0:

@m)N|Ig]% = /B .

where B(z,r) = {y € RV : ly—z| < r} and Qn = |B(0,1)|, and we use [T'| to denote
the Lebesgue measure of a measurable set I' C RY. The desired inequality results
from the preceding by choosing the r which minimizes the right hand side.

ii) (HEAT FrLow) For (¢,z) € (0,00) x RN define the heat kernel
(1.1.2) 1e(2) = (4mt)~N 2 exp(—|z|?/4t).
Then

ePaet [ e de < owrlent + S ves

) )

T
7T*¢=¢+/ Avyexopdt, T >0,
0
where “x” is used to denote convolution. Note that

[(rr * 6,8)1 < llvr * dllolléll < (4T) N2,
and that, by (1.0.5),
(6, A(re * 8))| = [(V, V(1:  8))| < IVI3.
Combining these with the preceding, we conclude that

8115 < (4nT)= 2111} + TVl T > 0.
Again the desired inequality follows upon optimizing the right hand side.
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iii) (SOBOLEV) At least when N > 3, one has the critical Sobolev inequality
(I.1.3) [|#]lp < enl||V@||2 with 1/p=1/2~1/N,
for some cy < co. To get NASH’s inequality from this, define § € (0,1) by 1/2 =
0/p + (1 — 0), use Holder’s inequality:

liell> < llelollglli~?,

and use the estimate for ||@||, which comes from Sobolev’s inequality. il

As a demonstration of the power and relevance of NASH’s inequality to upper
bound in (1.0.10), we begin by showing how NAsH himself used it. Namely, let
¢ € C(RN) with ||g||; = 1 be given, and set ¢; = P;¢. Then, by Lemma 1.0.4,
[|¢:]l1 < 1; and so

d 22
—[1:113 = —2(V b, aVs) < —2M[|Ve|l2 < — = ||| 2H4/N
dt Cn

for all ¢ > 0. After integrating this elementary differential inequality, one finds that

llpell2 < (%%M)N“ . In other words, the norm || P;||;—2 of P; as a bounded linear map
from LY(RM) to L%(RYN) is dominated by a constant K = K (), N) € (0,00) times
t~N/4_ Since P; is symmetric in L2(RN ), an easy duality argument shows that the
norm ||P||2—co is equal to || P;||1—2. Hence, since Pp; = P; o Py, we conclude that

KZ
| P2t]l1—00 < ||Pell2—oo]|Ptll1m2 < N3

and it is an easy step from this to the estimate
2N/21<2
(I.1.4) p(t,z,y) < N7 (t,z,y) € (0,00) x RY x RV,

Actually, (I.1.4) should be viewed as the right hand side of (I.0.10) on the diagonal
in RY x RV, Indeed, the symmetry of P; tells us that
(1.1.5) o(t,z,y) = p(t,y,z), (t,,y) € (0,00) x RN x RV,

and so, by the Chapman-Kolmogorov equation,

o(t,z,y) = /RN p(t/2,z,€)p(t/2,€,y) d§

< ”p(t/2) T, )”2“p(t/2) y")HZ = p(t7 Z, z)l/zp(t’ Y, y)l/z'

In order to get the off-diagonal upper bound in (I1.0.10), we will use a trick which
was introduced in this context by E.B. Davies [D]. Namely, let ¥ € C°(RY) and
define

(1.1.6)
p¥(t,z,y) = exp(—;b(a:))p(t,x,y) exp(¥(y)), (t,z,y) € (0,00) x RY x RN

[PY4](z) = /RN $W)P* (t,2,9)dy, (%) € (0,00) x RV and ¢ € Gy(RY),
[L¥¢) () = exp(~9(2)) [L(exp(¥)4)](z), z€RN and ¢ € C*(RM).
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It is easy to check that {P:/' :t > 0} is a non-negativity preserving semigroup on
Cy(RM) and that, for ¢ € Ce(RNY), t +—s [P¥4] is a smooth mapping into S(RM)
with
d
(1.L7) [P 8l(@) = [LYPYg](2), (t,2) € (0,00) x RV,
What we would like to do is apply NASH’S idea to get an estimate this time on
p¥(t,z, y). However, there is now a problem which we did not face before. Namely,

it is no longer true that Pf is a contraction on the Lebesque spaces. Thus we will
have to be a little more clever.

LEMMA 1.1.8. For each q € [1,00) and all ¢ € Ce° (RN)+,
(1.1.9) g l1#tll2g < ————= [ V{||; + aT ()16t |20,
dt g q”¢t”§Z 1” t”z ( ) “ tll2q

where ¢; = [P,‘b ¢] and
(L.1.10) M) = sup (V(2) - a(z) V() "/"

In particular,

(I.1.11) 12¥]l,.., < exp(tT(w)?).

PROOF: From (1.1.7) we see that

d _ -
F18ell2g = ll:llzq > (472 L LY4,).

Integrating by parts, we obtain

(857, 10 = = (V(e¥4i™), av(e%4,))
=== 1) (#7*V60,a9) - 2¢ - 1) (4371 V4,,av9) + (629v4,avy)
<=2 (¢77°V61,061) + ¢ (¢2199,avp) < =912 + ar (g
Together with the preceding, this now yields (I.1.10). g

Continuing with the notation ¢ = Pt'/’qS, set

Ug(t) = [Igellag, t>0andge [1,00),

and

wy(t) = Oiggt SN(Q‘Z)/“uq/g(s), t2>0and g € [2,00).
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By the preceding,

(I.1.12) wy(t) < exp(tT(¥)?)||gll2, ¢> 0.

Morover, by (1.1.9) and NASH’s inequality, for ¢ € [2,00),

A
u;(t) < —W:—HVﬁ”Z + qr(¢)2uq(t)
N L

a + a0 (%) uy(t
NGy, (ty2a-1 g8 | Y gL (1) u,(2)

A u,(t)+ee/N
= = O s T AW )

Hence,

A t(q—2)u (t)1+4q/N
/ _ g
(119) o) <~

+ qT(¥)*u,(t), t>0and g€ [2,00).

LEMMA 1.1.14. Let a,f,¢ be positive numbers and ¢ € [2,00). Let w : [0,00) —
(0,00) be a non-decreasing continuous function. If u € C*([0, 00); (0, 00)) satisfies

(1) < — S 2uO

2
. W) + gofu(t), t>0,

then there exists a K = K(¢, ) € (0,00) such that
KqZ 1/8q
t-H 0By (1) < (T) exp(6a®t/q)w(t), t>0

for every § € (0,1].

Proor: Clearly

2.2 .
—eat ' € t4=2)gBe "t gat 1+8¢
(7o) <~ (eseu(e)
Thus,

Bq 2,32
eqant t s(q"z)eﬁq a”s

A > —_—d

(u(t) ) 2ot [ g

B t (4-2) 170 4o > PP o =8P t1(a-1)(1 — (1 — 6/¢%)97)

> —_
- '(.U(t)pq (1_5/92)t (q - l)w(t)ﬁq
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Noting that l:-gl——qé_#)—q——l > 6/4¢? for ¢ € [2,00), one can easily deduce the required
estimate from this. Ji

Returning to the notation introduced just prior to Lemma 1.1.14 and taking
a=TI(¢),8=4/N,and e = E‘%ﬁ in that lemma, we now see from (I.1.13) that there

isa K = K(\, N) € (0,00) such that

K¢ N/4q )
wa,(t) < (——6—-) ST a4y (¢), ¢ €[2,00) and t > 0.

Combining this with (I.1.12), we find that there is a K’ = K'(A,N) € (0,00) such
that

K’ 2
wrr(0) < e gl
and from this it is clear that

[$ellcymm) < lim [[gellan < K'(68)7 N/ 2eCHOTWI g5,

n—0oo

In other words, we now know that

PY|, < o arwt s,
| t |2-—->oo = (6t)N/4 ) >

But the formal adjoint of Pt'l’ is just P,"p, which clearly satisfies the same estimate.
Hence, by duality, we have the same bound on ||P,¢ ”1_.2. Finally, since P,'/' = Pyyo0
Pf/’z, we have now proved that

2N/2K'/
1P < We(l”)”"’f’, t>0.

THEOREM 1.1.15. There is a K = K(A\,N) € (0,00) such that for every § € (0, 1]
and every 1 € C*(RN) with I'(¢)) < oo,

(1.1.16) p(t,z,y) < (Ts't;{T/Eexp (¥(z) = () + (1 + 6)T()*)

for (t,z,y) € (0,00) x RN x RV,

PROOF: From the preceding we see that (I.1.16) holds for all ¥ € C®(RN). It is
therefore clear, by elementary approximation, that (I.1.16) holds for all ¥ € C}(R™).
Finally, if z,y € RN are given, choose r > 1 so that |z;|V lyil < r, 1< i< N, choose
n € C°((—2r,2r)) so that 0 < n < 1and n = 1on [—r, 7], and define H : RN — RN
by

H(w),-:/o n(t)dt, 1<i< N andzeR".
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Then for any ¢ € CY(RY), Yo H € C,}(RN’), I'( o H) <T(¢), and Yo H equals ¥
at z and y. i

The upper bound in (1.0.10) is essentially trivial once one has (1.1.16). Indeed,
take § = 1 and consider % ’s of the form ¥(z) = 0 -z, where g € RN. One then finds
that

K
p(t,z,y) < Wexp(H (z—y)+ 2|0|2t/)\).

In particular, by taking 6 = &3{;—”1, one obtains

(1.1.17) p(t,z,y) < ngfexP(—My_ z|?/8t), (t,z,y)€ (0,00) x RN x RN.

However, it is clear that we should be able to get much more out of (1.1.16). To this
end, define

(1.1.18) Da(z,y) = inf{y(y) —¢(z) : ¥ € C*(R") and T'(p) < 1}.

It is then an easy matter to see that

Dq(z,y)?

sup{(y) — ¥(z) — (1 + L) : ¥ € C'RV} = Z7 75

Therefore, the sharp conclusion which can be dran from (1.1.16) is that

Da(w,y)2) _

K
1. < —

Because of (1.1.19), it becomes interesting to identify the metric Dg(z,y) with
some more familiar metric. In particular, one suspects that Dg(z,y) is related to the
Riemannian distance dg(z,y) between z and y computed relative to the Riemannian
metric a=1. To confirm this suspicion, we describe dq(z,y) as follows. Let

(1.1.20) H = {h € C([0,00);R") : h(0) = 0 and h e L([0,00);RM)},

where h denotes the (generalized) derivative of the function h. It is then clear that
H becomes a separable Hilbert space when we take

(1.1.21) lIhllz = llAllz2(o,c0)m™)-

For h € H, define (t,z) € [0,00) x RY +— &(t,z; h) € RN so that
(1.1.22) ®(t,z;h) = g—tQ(t,a:;h) = a(@(t,m;h))llzh(t) and ®(0,z;h) = z.

One can then quite easily show that for any t > 0

(1.1.23) da(z,y) = t*/% inf{||b]l : b € H and 8(t,2; h) = y}.
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LEMMA 1.1.24. For all z,y € RV, du(z,y) = Du(2,y).

PROOF: Suppose that h € H and that &(1,z; h) = y. If ¢ € C*(RV) satisfies I'(¢)) <
1, then

1 .
() — $(2) = p(@(1, 7 b)) — @0, z; b)) = / Vip(8(t,2;h)) - d(t, 2 h) dt
= /ol(al/zw)) o ®(t,z; h) - h(t)dt < T(¥)||h|x;

and therefore D,(z,y) < da(z,y).

To prove the opposite inequality, it is convenient to first extend the class of ¢ ’s
entering the definition of D,(z,y). Namely, for § € SV~1, set hq(t) = t4, t > 0. Next,
define ¥ to be the class of 1 € C(RN) with the property that |(®(¢, z; hg))—9(2)| < t
for all (t,z,0) € (0,1] x R¥ x SN-1 1t is easy to check that if € C*(RV) then
¢ € ¥ if and only if I'() < 1. In addition, by a standard approximation procedure,
one can show that if ¢ € ¥ then there exist {¢,} C C'(RV) such that ¢, — ¢
uniformly on compacts and lim,, ., ['(,) < 1. With these remarks, it becomes clear
that

D,(z,y) = sup{(y) — ¢(z) : ¥ € ¥}.

In particular, since, by 1.1.23, for each z € RV, d,(z,-) € ¥, we now see that
da(2,y) < Da(z,y). 1
In view of the preceding lemma and (I.1.19), we have now proved that

da(x; y)2

41 +5)t) , (t,2,y) € (0,00) x RN x RV,

K
(1125) P(t,-‘”,y) < (5t)N/2 exp (

for every § € (0,1].

§1.2: THE LOWER BOUND

In this section we will prove the lower bound in (1.0.10). Once again, the proof
turns on an idea in [N]. The main step is to show that there is an A = A(A\,N) €
(0,00) such that

(1.2.1) /N e lvl® log(p(1,2,y)) dy > —A4, =z € B(0,2).
R

In order to show that such an A exists, we will require the following elementary fact,
which will certainly be familiar to anyone who has studied the Hermite operator.

LEMMA 1.2.2. For any ¢ € C}(RN)

/RN e~ (¢(y)— < ¢ >)*dy < 2%/ e~ |V g(y) [ dy,

RN
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where < ¢ >= [pn 6—”|y|2¢(y) dy.

PRroOF: After a change of variable, it becomes clear that the asserted inequality is
equivalent to the statement that

(123) L4 < [ 196 ()

for all ¢ € C} (RV) satisfying [pn ¢(y) 7(dy) = 0, where ¥(dy) = 712(y) dy and (")
is the heat kernel given in (I.1.2). Further, by an approximation argument, it is
obviously enough to prove this when ¢ € C°(RY).

Let ¢ € C§°(RN) with [n ¢(y) 7(dy) = 0 be given, and set

6() = [08)) = [ 60)amgrn (0= ¢7'2)

Clearly ¢; — 0 (¢; — @) boundedly and point-wise as ¢ — oo (¢ — 0). More-
over,

.aa_tdgt(x) =(A-z- V)¢t(m);

and so, after integration by parts, we see that

4 20 ,
dt /RN ¢e(y)" 7(dy) = 2/RN [Vé:|*v(dy).

In particular, this shows that ||T';3||L2(,) is a non-increasing function of ¢ > 0 for any
¥ € Cy(RM). Next, note that V¢, = e~*[I'(V$)]. Hence, we now see that

[t sz [“en ([ navemio ) as [ 96wP @,

which is precisely (1.2.3). i
We now turn to the proof of (I.2.1).

LEMMA 1.2.4. There is an A = A(M\,N) € (0,00) such that (1.2.1) holds for all
z € B(0,2).

PRrROOF: Let z € B(0,2) and 0 € [1/2,1) be given, and set u(t, y) = 0p(t,z,y)+(1-0)
and

G(t) = /R e log(u(t, ) dy.

In order to prove the required estemate, it suffices to estimate G(1) from below by a
quantity which is independent of = and 8. (It may be helpful to keep in mind that,
by Jensen’s inequality, G(1) < 0.)
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Now, using integration by parts and Lemma 1.2.2, we see that:

2

=nly|
¢w=-[ v ("‘@‘) -a()Valt, ) dy
=on /R ey a(y) (log(u(t, ) dy
+ [T (log(ult,)) - a()Y (og(u(t, 1) dy

> —27r2/ e"’ly'gy -a(y)ydy
RN
1
+35 /n N e=""  (log(u(t, v))) - a(y)V (log(u(t, v))) dy
>-Z far / e~ (log(u(t,y) — G(t))* dy.
A RN
Also, for any » > 0 and K > 0,

/IIN e~ mlvi? (log(u(t, y)) — G(t))2 dy
> e |{y € B(0,r) : u(t,y) > e FH(G@)] - K)*.

Choose r > 0 so that fB(o,r)c p(t,z,y)dy < § for t € (0,1]. By our upper bound
on p(t,z,y), this can not only be done, but can even be done with an r which is
independent of z € B(0,2). Next, again using the upper bound, choose M € [1,00)
so that p(t,z,y) < M for all (¢,z,y) € [1/2,1] x R¥ x RM. One then has that for
t €(1/2,1] (and any € B(0,2) and 0 € [1/2,1)):

3

1< [ utw)dy < anre 4 Mify € BO) s ult,) 2 e FY),
B(0,r)

Hence we can choose K € (0, c0) so that
Hy € BO) u(t,y) > e} > o
= - 8M
forallt € [1/2,1] (and any 6 € [1/2,1) and z € B(0,2).) Together with the preceding,
this implies that
(1.2.5) G'(t) > -B*+ E2G(t)?, te[1/2,1]

for some B € (0,00) and € € (0,1].

Now suppose that G(1) < —Q where Q = —B? — 2B/e. Then, since, by (1.2.5),
G(1) = G(t) > —B?/2 for t € [1/2,1], we would that G(t) < —~2B/e, t € [1/2,1]; and
therefore, again by (I.2.5), that

G'(t) > g);G(t)z, te[1/2,1].
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But this means that 'GTITE < ——3%; or, equivalently, that G(1) > —f;. Hence, either
G(1) > =Q or G(1) > —3%; and so we can take A = Q V 2z 1

Although, at first sight, (I.2.1) appears to be only a small step toward our goal,
it turns out to be the crucial one. Indeed, by the Chapman-Kolmogorov equation,

the symmetry of p(t¢,z,y), and Jensen’s inequality, we see that it leads immediatley
to

og(o(2,2,3)) = 1og ([ p(1,2,60(01.6) ¢
> log (/RN e~ p(1,2,€)p(1, 3,€) d&)

> / e log(p(1, 2, £)) d€ + ] e~ log(p(1,9,€)) dé > —24
RN RN

for all x,y € B(0,2). In other words, we now know that
(1.2.6) p(2,z,y) > e 24, z,y€ B(0,2).

The next step is to take advantage of the scaling and translation invariance of
the hypotheses under which (1.2.6) has been proved.
LEMMA 1.2.7. Using the notation p®(t,z,y) to emphasize the coefficeint matrix, one
has that for all r > 0 and ¢ € RV :
Pt re 4+ &, ry+ &) = rNptre(t, z,y),

where a,¢(-) = a(r - +£).
PRrROOF: Let ¢ € C°(RN) be given and set

u(t,x) = /RN ¢((y — €)/r)p(t, =, y) dy and w(t, 2) = u(r’t, rz + ).

Then one can easily check that

ggw(tw) = (V- (are)Vu(t, ))) (2) and limuw(t,-) = ¢.

Hence, by uniqueness,
™ / $W)p(r’t,rz + €, ry + ) dy = w(t,z) = /RN $(W)p®4(t, z, y) dy.
RN .

Since this is true for every ¢ € C*(RY), the result follows immediately. i

Because, for any choice of 7 and &, a, ¢ satisfies the same hypotheses as a, (1.2.6)
continues to hold when p(2, z, y) is replaced by p®~¢(2, z,y). Combined with Lemma
1.2.7, this allows us to conclude that

e 24 N o gN o 1/2
N (t,z,y) € (0,00) x RY x RY with |y — | < 4¢*/%.

(1.2.8) p(2t,z,y) >
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Clearly (1.2.8) is the lower bound “near the diagonal.” To get away from the
diagonal, we use a chaining procedure. Namely, suppose that n < |y —z|? < n+1 for
some n € Zt. Set 2, = z + ;57(y — z) and By = B(zm, 1/n'7?) for0<m<n+1.
Notice that if &, € By, 0 <m < n+1, then |€, —€m—1] < 3/n/? and therefore that
p(2/(n+1),€m-1,€m) > n?V/2¢=24. Hence, by the Chapman-Kolmogorov equation,

p(2,2,y)

2 2 2
Z/;31"'/np(m,w,fl)P(n—H,ﬁl,&) "'P(m,ﬁmy) déy ---dé,

2> (nj\"/"’e‘z“")"+1 <9Nn'N/2)n.
Thus, if we choose 3 > 0 so that e=# < Qye~24, then we have that
p(2,z,y) > e~ 2Ae—Ply=al’,

After combining this with (I1.2.8) and then using Lemma I.1.7 to re-scale, we
arrive at the conclusion that there is an M = M(\, N) € [1,00) for which the left
hand side of (1.0.10) holds.

REMARK.

Unlike the estimate (I.1.25), the estimate just derived is not sharp. Indeed, it is
known that

(1.2.9) lim —4tlog(p(t, z,y)) = da(2,¥)*.

The hard part of (1.2.9) is the domination of the “lim,” and this follows easily from
(I.1.25). Once one knows the crude lower bound contained in (I.0.10), the “lim”
part of (I1.2.9) is an easy application of elementary ideas from the theory of large
deviations.

Chapter II: Some Applications and Extensions

§II.1: APPLICATIONS TO HARMONIC ANALYSIS

In this section we will see that the existence of both upper and lower bounds in
(1.0.10) leads to far more powerful applications than the existence of just one or the
other.

In discussing these applications, it will be convenient to use the language provided
by probability theory. Thus, let Q = C([0, c0); RY), endow Q with the topology of
uniform convergence on compact intervals, let M denote the Borel field over Q,
for w € Q and t € [0,00) denote by z(¢,w) the position of w at time ¢, and set
M = o({z(s) : s € [0,t]}) (the o-algebra over Q generated by the maps z(s) : @ —
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RN, s € [0,t]). For each z € RN let P, denote the unique probability measure on
(2, M) which satisfies

P.(z(0)=2z)=1

(I1.1.1)
Pi(z(s+t)€T) = [Pxr)(z(5)) (a-5., Pz), T € Brw.
The existence of such P;’s presents no challenge, since the upper bound in (1.0.10) is
more than enough to guarantee that Kolmogorov’s criterion is satisfied. In addition,
it is clear that the family {P, : ¢ € RV} is strongly Feller continuous and Markov.
In particular, it is certainly strongly Markovian.
As a preliminary application of (1.0.10), we will prove the following.

LEMMA I11.1.2. There is an M = M(X,N) € [1,00) such that

P, ( sup |z(s)—z| > r) < M exp(—r?/Mt)

s€[0,t]

for all (t,z) € (0,00) x RN and r > 0.

PROOF: We use a crude version of the reflection principle. Namely, let (r(w) =
inf{t >0: |z(t,w) —z| > r}. Then, by the strong Markov property,

P(t,z,B(z,r)) = E™ [P(t G 2(¢), B )G <t

Note that for ¢ € dB(z,r) and s > 0, the lower bound in (1.0.10) shows that
P(S,E,B(:c,r)c) > ¢, where € depends only on A and N. Thus, from the above,
we conclude that

P:(¢r <t) £ %P(t,a:,B(:c,r)”).
At the same time, it is clear from the upper bound in (1.0.10) that
P(t,:c,B(:c,r)c) < Aexp(—r2/Bt)

for some pair A, B € (0,00) which depend only on A and N. Hence, the required
estimate has been proved. |

As is well-known, the estimate in Lemma I1.1.2 is extremely useful when one
wants to localize. For example, consider any diffusion associated with an operator
L' such that [L'¢] = [L¢] whenever ¢ € CL(B(€,r)); and denote by P'(t,z,-) the
corresponding transition probability function. It is then a relatively easy matter
to show that P'(t,z,dy) = p'(t,z,y)dy on (0,00) x RN x B(¢,r) and that for any
6 € (0,1) the function ?'(t,z,y) will satisfy an upper bound of the sort in (1.0.10) so
long as (t,2,y) € (0,7%] x B(§,6r) x B(¢, ér).

The next result shows that we can also localize the lower bound.
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THEOREM II.1.3. Givenr >0 and ¢ € RY, define
P (4,2,T) = Py (2(t) € T, ¢ (€) > t),

where (- (¢,w) = inf{t > 0 : z(t,w) ¢ B(¢,r)}. Then PEr(t,z,dy) = o7 (¢, 2,y) dy,
where p¢"(t,z,-) € Cy(B(€,r)) for each (t,z) € (0,00) x B(&,7). Moreover, for each
6 € (0,1) there exists an M = M(8,A,N) € [1,00) such that for every (r,é) €
(0,00) x RN

(IL.1.4)

r 1 2 2
p& (t,m,y)?_mexp(-Mly—xl /t)7 (t,:c,y)e(O,r]xB(f,ér)xB({,&r)
PROOF: The proof of this (and related results) is based on the formula,

P (t,2,) = P(t,z,") = B [P(t = ¢.(€), 2(¢ (6)), ),6r () <],

which is a standard application of the strong Markov property. In particular, the
existence and continuity of por(t, -) is immediate when one uses the expression

(11'1‘5) pfﬂ'(t,x’ ) = p(t,:c, ) - EPI [p(t - Cr(g):x(Cr(f))’ ))Cf(é) < t]

as a definition.

By translation and re-scaling, it suffices to prove (II.1.4) in the case when £E=0
and r = 1; thus we will restrict our attention to this case. Further, for notational
convenience, we will use j(t, z, ) instead of p%1(¢, z, ). From (II.1.5) and (1.0.10), it
is clear that

e~Mly=sl®/t _ g M (1-sy2/ms

1
p(t >
ptey) 2 MtN/2 s€(0,1] 8

so long as z,y € B(0, 6). Thus there is a p=p(6,A\,N) € (0,1- 6) such that

2
e~ Mly—=z|*/t

A 1

for all 2,y € B(0,6) and t > 0 satisfying ¢1/2 v ly —z| < p.

To complete the argument, we use a chaining procedure again. (Notice that
P(t,z,y) satisfies the Chapman-Kolmogorov equation.) Namely, if ¢ € (0,p% and
z,y € B(0,6) with [y—z| > p, set z,,, = z+ 5 (y—2), where n € Z+ is chosen so that
n > 6/p. Next, set I', = Bz, 1/n) N B(0,6), and note that [€m —&m-1] < 3/n < p
if &, € I'm. Also, observe that there is a 7 > 0, depending only on n, N, and §, such
that |I',| > . Hence, by the preceding and the Chapman-Kolmogorov equation,

~ n+1 N/2 - 2 ntl € _ € o
bt z,y) > 4" ((Tll/[tg’Te M(n+1)p /t) > e Plet e ly—z|?/et
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for some € = ¢(n, N, M) € (0,1/M]. Finally, suppose that ¢ € [p?,1] and that z,y €
B(0,6), and this time choose n € Z* so that n > 1/p2. Then, by the Chapman-
Kolmogorov equation and what we have just proved,

N/2 n+1
p(t,z,y) > |B(0,8)|" (%__Ee—‘!(n+l)/ep2) :

which is enough to complete the proof. I

The estemate (II.1.4) becomes an extremely powerful tool when it is applied to
the harmonic analysis for the operator L. Indeed, we will see below that it leads quite
quickly to the famous continuity theorem of J. NASH as well as the Harnack principles
proved by DE GIORGI and J. MosSER. The particular route which we will take in
passing from (I1.1.4) to these results is based on ideas introduced by N. KRyLov.
But, whatever route one adopts, the key to everything is contained in the following
sort of super-mean-value property.

THEOREM I1.1.6. Let a,f € (0,1) be given. Then there is an ¢ = €(a,3,A,N) €
(0,1) such that for all (6,§) € Rx RY, r > 0, and u € CV%([0, 0 + r?] x B(f,r))+
satisfying Zu(t,z) + [Lu](t,z) <0 :

u(s, ) u(o +ry)dy, (s,z) € [o,0+ ar?] x B(¢, Br).

€
> °

= IB(&, )| J(e,pr)
PROOF: Sett = o +r? —s. Then t € [(1 — ¢)r?,r?] and

EP= [u(s +t A¢(€), z(t A (€))] < uls, ).

At the same time, because u > 0,

EP= [u(s +t A (€),2(t A G ()] > / u(o +r%,9)p"" (¢, z,y) dy
B(&,67)
1

R e
MNI2 Jpe pry

1 —4MB%r? [(1-a)r? / 2
> e u(o + r*,y) dy,
Mr¥ B(¢,r)

where we have used here the M = M(B,A, N) coming from Lemma II.1.3. After
combining this with the above, one now sees how to choose €. §

Given (0,€) € Rx RN and r > 0, set Q((0,€),r) = [0,0 + r?] x B({,r). For
u € C(Q((a,{), r)), define the oscillation of u on Q((a,f), r) by

Osc(u; (0, €),r) = max{u(s’,z") — u(s,z) : (s,2),(s',z") € Q((a’,f),r)}.

LEMMA 11.1.7. For each § € (0,1) there is a p = p(6,X, N) € (0, 1) such that for all
(0,6) ERXRN, r >0, and u € CV2(Q((0,&),r)) satistying Zu(t,z)+[Lu](t,z) =0,

Osc(u; (0, €), 6r) < Osc(u;(0,€),r).
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Proor: For ' € (0,7], set

M(r") = max{u(s, z) : (s, z) € Q((U,E),r')}
and m(r') = min{u(s,z) : (s,z) € Q((a,f),r')}.

Let T'= {y € B(¢,6r) : u(o+72,y) > Mﬁ}, and suppose that |T'| > 3IB(E, 67)|.
Then, for all (s,z) € Q((0,¢), ér):

< 2, y) —m(r < r) —m(r
u(s,z) — m(r) > 1BE, )] e (u(o + R?, y) — m( ) dy > 4((M( ) (r),

where we have taken ¢ to be the €(62,6,A, N) from Lemma II.1.6. Hence, m(ér) —
m(r) > £(M(r) - m(r)); and so

M(6r) —m(ér) < (1— e/4)(M(r) - m(r)).

When we assume that || < 3|B(¢,67)|, we can draw the same conclusion by consid-
ering M(r) — u and B(€,6r) \ T in place of u — m(r) and T, respectively. Thus, in
either case, we can take p =1 — i1

THEOREM I1.1.8. (J. NasH) Let § ¢ (0,1) be given. Then there exist an a —
a(6,\,N) € (0,1] and a C = C(6,A,N) € (0,00) such that for all (0,6) e R xRV,
r >0, and u € C12(Q((o, €),r)) satisfying Zu(t,z) + [Ly](t,z) =0,

lu(slx x’)—u(s, z)l

[s" = s['/2 v |&! — 2|\ *
<cC ( llullccqe,e,m)

r

for (s,z),(s',2') € Q((0,€),67)). In particular, if u € CY%(R x RM) is a bounded
solution to Zu(t,z) + [Lu](t,z) = 0, then u is constant.

PROOF: Let p be the p(1 - 6, , N) from Lemma I1.1.7. Assume that s < s’ and set
L= (s —s)/2v |2/ —g|. If £ > 16, there is nothing to be done. If £ < 1—§, choose
k € Z* so that (1 - §)k+1! < £ < (1-6)%. Then

lu(s’,2') — u(s,z)| < Osc(u; (s, z), (1 - 6)%r) < PP~ 10sc(u; (s, z),(1-6)r)

- 2
< PP 0se(us(0,6),7) < 2llullecaqeemyet*.

Finally, define a so that p=(1-6)A p)*. Then,

g a
pk+1 < (6k+1)°' < (_) .1

r

As a consequence of this result applied to p(t,z,y) itself, we have the following.
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CoROLLARY I1.1.9. There exist C = C(A\,N) € (0,00) and a = a(A,N) € (0,1)
such that for every 6§ > 0

c /It —=t2v|e —z|VI|Yy - «
110) o, v) —p(t: 29 < 5% (l 2 v ] : |V 1y yl)

for all (t',z',y'),(t,%,y) € [62,00) x RN x RN with |y —y| V|2’ —z| <6
TueEoREM 11.1.11. (MosER) Let «, B, and y € (0,1) with « < f be given. Then
there exists an M = M(a,B,7,A,N) € [1,00) such that for all (0,6) € RxRY,r>0,
and u € CH2(Q((0,€), r))+ satisfying Zu(t, z) + [Lu](t, z) =0,

u(s,z) < Mu(o,§), (s,z) €lo+ ar?, o+ Br? x B(¢,qr).

In particular, if u € C*(R") satisfies [Lu] = 0 and u is bounded above or below, then
u is constant.

PrROOF: We may and will assume that o = 0,6 = 0, and that » = 1. Set ¢ =
e(l-a,( +7)/2,A\,N)and p = p(1/2,X, N) as in Theorem 11.1.6 and Lemma II.1.7,
respectively; and put p = (1 - p)/2 and k = (1 - w/p= 51;(1 +p)> 1
Note that
u(0,0) > e/ u(t,y)dy, t€lo,1]
B(0,(14+7)/2)

Thus, there is nothing to prove if u(0,0) = 0; and so, without loss in generality, we
assume that u(0,0) = 1 and attempt to prove that there is an M € [1,00) such that
u(s,z) < M for (s,z) € [, 8] x B(0,7). Next, set B(s,M) = {y € B(0,(1+7)/2):
u(s,y) > pM}, and observe that

|=(s, M)| £ 6—11‘7, M >0and s € [o,1].

Now suppose that Q((s,:c),2r) C [o,1] x B(0,(1 + v)/2) and that u(s,z) > M
where QnrY > e—,;lﬁ Then |E(s, M)| < |B(z,7)|; and so there must be a y € B(z,T)
for which u(s,y) < pM. But, by Lemma I1.1.7, this means that there is an (¢',2") €
Q((s, z),2r) such that

u(s’,z') > Osc(u; (s,2),2r) 2 %Osc(u; (s,2),7) 2 -:;Iu(s,y) —u(s,z)| > M.

Thus if we define r(M) for M > 0 by Qnr(M)N =2/epM, and ifQ((s,:c),?r(M)) -
[e, 1] x B(§, 141, then u(s, ) > M implies that there is an (s',2') € Q((s, %), 2r(M))
for which u(s’,z') > kM.

Finally, choose M € [1,00) so that both

B+ 2:(21"(&:”M))2 < —1—_‘—2-£ and v + §2r(m"M) < -1—-_5—1

n=0 n=0
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If u(s,z) > M for some (s,z) € [o,B] x B(0,7), then one can use the preceding
paragraph to produce a sequence {(s,,2,)}§° C [, (1+3)/2] x B(0,(1 + ¥)/2) such
that u(s,,z,) > k" M. But clearly this is impossible, since © must be bounded on

[a, (1 + 8)/2] x B(0, (1 +7)/2).
To prove the final statement of the theorem, assume that u > 0 and conclude
that u must be bounded and therefore, by Theorem II.1.8, must be constant.

§11.2: EXTENSION TO PERTURBATIONS OF DIVERGENCE FORM OPERATORS

Again let a : RY — RY @ RN be a symmetric matrix-valued function having
bounded derivatives of all orders and satisfying (E). Next, let b : RN — RV, b :
RY — RM, and ¢ : R¥ — R be smooth functions with bounded derivatives of all
orders, and suppose that

(IL.2.1) llelly @y + 118 - ablic, @~y + 1t - abllc, @y < A
for some A € (0,00). Finally, define the operator £ on C?(RV) by

(112.2)  [£g](2) = [V (aVe)l(z) + [b- (aV)](2) = [V - ($ab)](=) + [cg](=).

Just as before, one knows that there exists a unique semigroup {Q; : t > 0} of
non-negativity preserving bounded operators on C;(RY) such that

t

[Q:g](z) — ¢(z) = /0 [Q,Le)(x)ds, (t,z) € (0,00) x RN and ¢ € C(RN);
and once again there is a ¢ € U, Cy00([1/n,n] x R¥ x R; (0, 00)) such that
(Q:4](2) = /m« ¢(y)e(t, z,y)dy, (t,z) € (0,00) x RY and ¢ € Cy(RY).

In particular, if £ denotes the operator obtained by reversing the roles of b and b in
the (I1.2.2), then

) .
502 y) = [La(t 2, ))v), (t,2,y) € (0,00) x RV x RV,
Also, for each ¢ € Cg°(RN) the map ¢ € (0,00) — [Q:4] € S(RV) is smooth and

210 = [£Qud], te (0,00)

In particular,

%q(t,:c,y) = [Lq(t,, 9)I(z), (t,z,y) € (0,00) x RN x RV,
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What, in general, no longer holds is either [Q:1] = 1 or ¢q(¢,z,y) = ¢(t,y,2).
Although their loss makes life somewhat more difficult, one can often circumvent
these difficulties by taking advantage of the observation that, for all 4,9 € C°(RY),

(11.2.3) (Qi,%) = (6, Q¥), te(0,00),

where {Qt :t > 0} denotes the semigroup corresponding to the operator L. The proof
of this equation is essentially the same as that of (1.0.3). As a consequence of (I1.2.3),
we see that

) é(t,.’lf,y) = Q(tay,x)) (t,l',y) € (0,00) X RN X RN,

and this fact can be used to replace symmetry. In addition, from (II.2.3) one sees
that ||Q:¢|l1 < ||Q¢1||lcol|#]l1; and therefore that

1Qedlly < QLI IIQeI$I9IR® < QLI IQ: LI l1dlla,

which often serves as a substitute for Lemma 1.0.4.

Of course, if we rely on standard probabilistic machinery (e.g. the Feynman-Kac
formula) to estimate quantities like ||Q¢1]|co o ||@¢1||oo, We get bounds which depend
badly on b and b; that is, on their derivatives. What we again want are bounds which

depend only on A, A, and N. In fact, what we are going to show is that there is an
M= M()\,A,N) € (1, 00) such that

(11.2.4) —=exp(-M(t + |y —=z|*/t)) < q(t,z,9) < =75 N/2 exp(Mt — |y — z|2/Mt)

MtN/Z

for all (¢,z,y) € (0,1] x RN x RN,

The estimate (I1.2.4) is again due to D. ARONSON [A]. We will model our proof
on the method used to prove (1.0.10). Because much of the argument is the same as
that given in Chapter I, we will merely outline the proof, giving details only at those
points where new difficulties arrise.

STeP 1).

Set ¢; = [Q:4], where ¢ € C°(RN)*. Just as in the proof of Lemma 1.1.8, one
finds that for any ¢ € [1,00):

I8dEe 62y < = 2IVHE + a(er, 677,

c 1/b 1,4 b 1,5
a=irg(re-pi)a(pre-p).

ligell2 < e™ligll2, ¢ €[0,00),

where

In particular,

where

1 " o
K= “c+ —2-[(b+ b) - a(b + b)] "c.,(lt")'
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Thus, an application of Nash’s inequality yields

d A Iz
E”‘ﬁt”zq < _-CTQW + qA||e]|2g, tE€ (0,00) and q € (2, 00).

If we now use Lemma 1.1.14 in exactly the same way as we did in Section 1.1, we
arrive at the existence of a K = K(A, N) € (0,00) such that

K t(k+6A
1Q]|2—00 < GorTae (58, t € (0,00) and 6 € (0, 1).
Since the same estimate holds for 1Q¢]l1~2 = ||@t[l2— 00, We can conclude that

(I1.2.5) q(t,z,y) < et(R+oA) (t,z,y) € (0,00) x RN x RN and 6 € (0,1]

K
(6t)NT2
for some other K having the same dependence properties.

STEP 2).

For ¢ € C5°(RN), set ¥(t,z,y) = e~ ¥(@g(t, z,y)e¥®). One can easily compute
that ¢¥(¢, z, y) corresponds to the operator £¥ which is obtained from £ by replacing
b and I;, repectively, with ¥ = b + Vi and ¥ = b — Vi and replacing ¢ with
& =c+(b-b)-aVy+ V. aVy. Hence, by (1.2.5) applied to ¢¥ (t,z,y), we obtain

0(t,2,9) < e (W(e) — p(w)+ H(EA + (1 4 Orwy)),

where K, k and A are the same as they were in Step 1), a € (0,00) is independent
of a, b, b, and ¢, and I'(y) is defined as in (I.1.10). Proceeding from here in exactly
the same way as we passed from (I.1.16) to (1.1.25), we see that there is a K =
K(X,A,N) € (0,00) such that

(I1.2.6)
KeoAt/é d, z,y 2
0(t,2,9) < G o (—4—(1%6%) . (t,2,9) € (0,00)xR¥ xRY and § € (0, 1],

where dy(z,y) is the Riemannian distance determined by the Riemann metric a-1.
Certainly (I1.2.6) is more than sufficient to prove the upper bound in (I1.2.4).

STEP 3).

Before attempting to repeat the argument given in Lemma 1.2.4 to prove (1.2.1),
we need here to handle a problem which did not arrise there. N amely, we need to get
a lower bound on Jav a(t,z,y) dy. To this end, let z € B(0,2) and 6 € [1/2,1) be
given, and set u(t,y) = fq(t,z,y) + (1 - 6). Next, set

B = [ e Ousypay, pe,
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where n(y) = en(1 + |y[?)!/? and cy is chosen so that [pn e~ "® dy = 1. One can
then show that for each B € (0,1) there exist pg = pg(A, A, N) € (0,00) and vp =
vg(A, A, N) € (0,00) such that

Hp(t) > g_(1_2—£) /RN e "Wau(t,y)’~Vu(t,y) - aVu(t,y) dy — ppHp(t)
and
Hi(t) > —é(—l—;—ﬁl /n N e~ "Wuy(t, y)?~2Vu(t, y) - aVu(t,y) dy
- ,,ﬂ/ e~ "Wy(t, y)2 P dy.
RN

Combining these with the upper bound in (I1.2.4), we see that

vgM1-FP
(Hp + Hl)’(t) > — (/_tp + -t-(‘l’_—F)_ﬁ/_f) (Hp + Hl)(t), t € (0,1].

Hence, if we take f = 1 — 1/N and note that H1(0) > e~4N then we conclude that
there is an a = a(), A, N) € (0,1) such that

Hﬁ(t) + Hl(t) >a, te€ [0,1]

Finally, since Hg(t) < (Hi (t))ﬁ, it follows that for some other a € (0,1), with the
same dependence,

(11.2.7) /R atadyz e (o) €0,1x B0,2).

STEP 4.

We can now prove the analogue of Lemma 1.2.4. Namely, define u(t,y) as in
Step 3) and set G(t) = Jan e="™¥1" log(u(t,y)) dy. One then finds that there is a
B = B(\, A, N) € (0,00) such that

G(t) > ~B+ 5~ [ty € BO, ) 1 ult,9) 2 NGO - K)", ¢ €(0,00)

for every choice of r > 0 and K > 0. At this point one needs (I1.2.7) in order to show
that there is a choice of r and K, depending only on ), A, and N, such that

|{y € B(O,r) s u(t,y) > e ¥} 26

for some 8 = 6(X, A, N) € (0,00) and all (t,2) € [1/2] x B(0,2) and 6 € [1/2,1]. But
once one has (I1.2.7), the proof is exactly like the one given to prove the analoguous
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result in Lemma I1.2.4; and from here the rest of the proof contains no changes. In
other words, we now know that there is an A = A(A, A, N) € (0, 00) such that

(11.2.8) / el log(q(1,z,y))dy > —A, =z € B(0,2).
RN

STEP 5.

Because of the symmetry of our hypotheses, (11.2.8) holds for §(t, z,y) as well.
Hence, just as in Section 1.2 (cf. (I.2.6)) we find that

(I1.2.9) q(2,z,y) > 724, =z,y€ B(0,2).

We next want to introduce translation and scaling. Although translation poses no
problems, scaling now has a flaw. Indeed, by the reasoning used to prove Lemma 1.2.7,
one finds that rVq(r?t,rz + &, 7y +€) = g¢ . (t,2,y) where g¢ (¢, 2,y) corresponds to
the coefficients a(r - +€),rb(r - +€), and r?¢(r - +€¢). Thus, if we want to stay within
the class of coefficients which satisfy our hypotheses, then we have got to restrict our
scaling factor 7 to (0,1]. In particular, we can get from (I1.2.10) only that

e—24

NI t €(0,1] and |y — z| < 4¢'/2.

(I1.2.11) q(2t,z,y) >

Finally, once one has (II.2.11), one completes the derivation of the lower bound in
(I1.2.4) by the chaining procedure used at the end of Section 2.2. More precisely,
for t € [1,00), choose n € Zt so that n < t < (n + 1) and note that, by the
Chapman-Kolmogorov equation,

dte )2 [ [ g ),2,6) gt/ 1), 1) s de,
B(z,1) B(z,1)
from which one sees that there exist u = p(A,A,N) € (0,00) and € = ¢(A\,A,N) €
(0,00) for which

—ut
q(t,z,y) > %V/_2, t>0and |y—z| <t/2

Starting with the preceding and repeating the chaining argument used at the end of
Section 2.2, one quickly arrives at the required lower bound.

Specializing to the case in which b and ¢ vanish identically, and therefore

/ q(t’z)y) —=- 17
RN

one can now re-run the arguments given in Section II.1 to prove the following variation
on the theorems of Nash and Moser.
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THEOREM I1.2.12. Let £L =V -aV +b-V where a satisfies (E) and [|b]|c,r~) < A.
Then for each 6 € (0, 1) there exist C = C(6,A,A,N) € (0,00) and @ = (6, A, A, N) €
(0,1] such that for all (¢,€) € R x RN and r € (0,1/6)

r__ o1/2 ’r_
|u<s',x')—u<s,x)|sc('s s 7V’ - 2l
r

) lullceo.e)m)

for (s,z),(s',2') € Q((0,€),6r) whenever u € CH2(Q((,€),r)) satisfies Zu(t,z) +
[Lu](t,z) = 0. In particular,

/ o1

(I1.2.13) la(t', 2", y) — a(t,z,9)| < < (lt e wl)
&N )

for all (t',2',y), (t,z,y) € [62,1/6%] x RN x RN with |z’ — z| < 6. Finally, for each

0 < @< B <1andy € (0,1), there exists an M = M(a,B,7,A,A,N) € [1,00)

such that for every (0,€) e Rx RN, r € (0,1], and u € C*2(Q((0,£), r))+ satisfying

Zu(t,z) + [Cu)(t,2) =0,

u(s,z) < Mu(o,€), (s,2) € [0+ fr®, 0+ Br?] x B(, yr).

There are two more directions in which it is easy to extend the results discussed
thus far. In the first place, one can consider operators L% = ‘—i-ﬁ, where £ is of the
form we have been discussing thus far and w € C§°(R") is a function with values in
an interval [p,1/p] with 4 € (0,1]. When considering such an operator, it is natural
to work in the LP-spaces LP(w) corresponding to the weight w:

ol = ([, WPaar)

With this in mind, if one simply repeats the arguments already given, one concludes
that the semigroup {Q% : ¢ > 0} corresponding to £ admits the representation

(@00 = [ 6 (62,0000 do

where ¢“(t,z,y) satisfies (11.2.4) and (I1.2.13) with M, C, and o now depending on
u as well as A, A, and N. Of course, when b and b vanish identically, ¢“(t,x,y) is
symmetric in z and y; and, when ¢ vanishes as well, one gets the results in Chapter
I and Section II.1 (with constants depending also on p.)

The second direction in which it is a relatively easy matter to extend our results is
to the case when the coefficients depend on time as well as space. Although there are
several places in which the argument has to be adjusted in order to accomodate time-
dependence, the basic ideas apply with no changes. (See [F.-S.] for more details.)
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§11.3: DIFFUSION SEMIGROUPS CORRESPONDING TO MEASURABLE COEFFICIENTS

One of the advantages to our having estimates which do not depend on smooth-
ness properties of the coefficients is that it opens up the possibility of constructing
nice semigroups corresponding to (possibly) discontinuous coefficients. We devote
this section to carrying out such a construction and discussing a few of the properties
of the resulting semigroups.

Given numbers A € (0, 1], let A(A) denote the class of all measurable, symmet-
ric matrix-valued functions a : RY — RM ® RV which satisfy (E). We begin by
discussing semigroups determined, in a certain generalized sense, by the operator

L=V.aV.

THEOREM I1.3.1. For each a € A()) there is a unique Feller continuous, Markov
semigroup {P; :t > 0} with the properties that

i) The map t € [0,00) — [P;¢] € Wél)(RN) is weakly continuous map for each
¢ € C&(RV).

ii) For all ¢,9 € C(RY)

(I1.3.2) (Ped, ) = (6,%) + /0 t (VP$,aV) ds, t € (0,00).

In fact, {P; : t > 0} determines a unique strongly continuous semigroup {P; : t >
0} of selfadjoint contractions on L?(RN), {P; : t > 0} is strongly continuous on
Wz(l)(RN), and (1.0.5) holds. Moreover, there is ap € C((0,00) x RN x RN) satisfying
both (1.0.10) and (I1.1.10) such that

[Pg)(z) = /R , PWr(t.z,9)dy, ¢ €CERY).

In particular, {P; : t > 0} is strongly Feller continuous. Finally, if {a™}$° C A()) and
a"™ — a almost everywhere, then p"(t,z,y) — p(t, z,y) uniformly on compacts (in
(0,00) x RN x R¥) and, for each t € [0,00) and ¢ € C°(RY), [P*¢] — [Pi] in
WY (RV).

PROOF: Choose {a"}{° C A(X) N CP(RY;RY @ RY) so that a® — a almost ev-
erywhere. Because of (II.1.10) and (1.0.10), we may and will assume that there is
a p € C((0,00) x RV x RV), which again satisfies (11.1.10) and (1.0.10), such that
p"(t,z,y) — p(t, z,y) boundedly and uniformly on compacts. In particular, we have
that p(¢,z,y) = p(t,y, z) and the Chapman-Kolmogorov equation

p(s +t,2,y) = lim p"(s+1,2,y)
n—oo

= lim [ p"(s,2,E)p"(t,6, ) dE = / o5, 7, €)p(t, €, y) de.
RN RN

 Next, define [Pedl(z) = [an #(¥)p(t, 2,y) dy for ¢ € Cy(RN). Clearly {P; : t > 0}
is a strongly Feller continuous, Markov semigroup. Moreover, by the preceding, we
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see that each P; is a symmetric contraction on L2(RM) and that [P]'¢] — [P:d]
in L2(RV) for each ¢ € CP(RY). In particular (cf. Lemma 1.0.4), {P; : t > 0}
determines a unique strongly continuous semigroup {P; : t > 0} of selfadjoint con-
tractions on L2(R™); and, by (1.0.5) applied to the P}*’s, each P, maps C$°(RY)
into ng)(RN) and satisfies (1.0.5). (Recall that if {4,}$° is a bounded sequence in
WED(RN) and if ¥n — % in L2(RY), then ¥ € W{V(RY), o — ¢ weakly in
Wél)(RN ), and therefore ||¢|](21) < lim,_, ||1/;n||(21).) From these considerations, we

see that {P; : t > 0} is weakly continuous on Wél)(RN ); and therefore, by general
semigroup theory, it must also be strongly continuous there.

To see that (II.3.2) holds, note that it holds for each of the semigroups {P{* :
t > 0}, and use the facts that [P¢] — [P;¢] (strongly) in L2(RY) and weakly in
Wz(l)(RN ) together with (1.0.5) in order to justify the passage to the limit.

To prove the uniqueness assertion, suppose that {P/ : ¢ > 0} is a second Feller
continuous Markov semigroup which satisfies i) and ii). Then, for "> 0 and ¢,% €
CP(RM), t € [0,T] — (P/$, Pr—1) is once continuously differentiable and

2 (PloPr_p) =0, te(OT).
Hence, ([Pr¢),¥) = (¢, [Prv]) = ((Pré],¥); and so P/ = P, t € (0,00).

Finally, suppose that {a"}${° C A(A) and that a® — a almost everywhere. Ar-
guing as in the preceding proof of existence, one sees that {p"(t,z,y)}$° is relatively
compact with respect to local uniform convergence and that every convergent subse-
quence gives rise to a Feller continuous, Markov semigroup which satisfies i) and ii).
Hence, by uniqueness, we conclude that p"(t,z,y) — p(t, z,y) uniformly on com-
pacts. Certainly this means that, for each ¢ € C(RY), [PP¢] — [Pi¢] in L2(RY)
uniformly on compacts. To see that [VP?¢] — [VP;$] in L2(RN;RY), set u,(t) =
(IVPP4),a[VP!¢)) and u(t) = ([VPig],a[VP.4]). Because [V P ¢] tends weakly to
[VP;¢] in L2(RN;RN), we know that limp .o un(t) < u(t) for each t € [0,00). On the
other hand, using the spectral theorem to represent u,(t) (cf. (1.0.9)), one sees that
{un}$° is equicontinuous on [0,00). Thus, if lim _,  un(T) < u(T') for some T' > 0,

then we would have lim 0T+1 up(t) dt < f(;”'l u(t) dt. But

—n—00

T+1

T4+1 '
2 / un(t) dt = 1912 - 11PR41 8112 — 118112 — [ Pr+14ll3 = 2 / u(t) dt;
0 0

and so it must be that u,(T) — u(T) for each T > 0. From this it is clear that
IV PP 8)l|3 — [V Peg]||3; which, together with the corresponding weak convergence,
implies that [VP?¢] — [VPi¢] in LZ(RN;RY). I

We next turn to the non-symmetric case. Given A € (0,00), use B(A) to denote
the class of measurable b : RN — RY such that [b(-)] < A. We want to study the
semigroup corresponding to “C = V -aV 4 b-aV,” where a € A(}) and b € B(A).

LEMMA 11.3.3. Suppose that a € A()) and b € B(A), and let {P; : t > 0} denote the
semigroup in Theorem I1.3.1 corresponding to a. Then for each ¢ € Wz(l)(RN ) there
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is at most one weakly continuous map t € [0,00) — ¢, € W§1)(RN ) which satisfies
(I1.3.4)

t
(¢t»¢) = ([Pt¢])¢) +'/0 (V¢t:a[1')t-—s¢']b) ds) te [Oa 00) and "tb € CSO(RN)
In fact, ift — ¢, is such a map, then
(I1.3.5) 16lS” < e |16, t € [0,00),

where p = (X, A) € (0,00). Finally, ift € [0,00) — ¢, € Wz(l)(RN) is a weakly
continuous map and

(I1.3.6) (4:,%) = (¢,%) + /0 t(V¢,,a(¢b —V4))ds, te€0,00) and % € C°(RY)

for some ¢ € Wz(l)(RN), then t — ¢, is the unique solution to (IL.3.4).
PROOF: If we prove (I1.3.5), then the uniqueness statement will follow trivially.
Before proving (I1.3.5), first recall the space Wz(—l) (RN) of (slightly) generalized

functions which is the dual space of W§1)(RN ) when one uses the L2(RV )-inner prod-
uct to define the duality relation. Thus, the norm [| - ||§‘1) on Wé—l)(RN ) is defined
by

11157 = sup{(8,9) : 6 € C5°(RY) with [lg]1$" < 1}
for 4 € C§°(RY); and the space WS~ (RV) is obtained by completing C$°(RV) with
respect to this norm. In particular, we have that

9157 = sup{ (6, 9) - ¥ € C(RY) with [lS™ < 1);
and so, by (1.0.5) and symmetry,

(113.7) Il < eV, ¢ (0,00) and p € o (RY).

Returning to the proof of (I1.3.5), note that (I1.3.4) together with (I.0.5) and
(I1.3.7) yield

1 _1) | 2A¢1/2 -
(@ < S7allélPIE™ + S sup a1

fort € [0,00) and 9 € C§°(RN); and therefore we can choose T' = T'(A,A) € (0,00) so
that ”qﬁt”gl) < A%-,—”d)”gl) for all ¢ € [0, T). Working by induction, one concludes that
llée]ISP < (52=)" 11611 for nT < ¢ < (n+1)T; and so the required K(A,A) € (0,00)
is seen to exist.

Finally, suppose that ¢ [0,00) — Wz(l)(RN ) is a weakly continuous solution
to (II.3.6). Then, one can easily check that (s,t) € [0,00)% — (QS,, [Pﬂ/)]) is a once
continuously differentiable function for each ¥ € C°(RV) and that

0
E(‘ﬁn [H—s¢]) = (V¢s,a[Pt—s'/’]b): s €[0,1).
Hence, (I1.3.4) follows by integration. 1
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TuEOREM 11.3.8. For each a € ()) and b € B(A) there is a unique Feller continuous,
Markov semigroup {@; :t > 0} such that

i) The map t € [0,00) — [Q:4] € Wél)(RN ) is weakly continuous for each
¢ € CL(RN).

ii) For all ¢,% € C°(RY),

(I1.3.9) ([Q:), %) = (¢,9) + /ot (IVQs4), a(wb — V¥)) ds, t € [0,00).

In fact, {Q: : t > 0} determines a unique strongly continuous semigroup {Q, :t >0}
on L2(RN), {Q, : t > 0} is strongly continuous on Wél)(RN), and there is a p =
p(A, AN) € (0,00) such that

(11.3.10) [Qu8llz < pe|lgll> and [@edllS” < uetligll5"

for ¢ in L*(RN) and Wél)(RN ), respectively. Moreover, there exists a measurable
q:(0,00) x RN x RN — (0, 00) satisfying (11.2.4) and (I1.2.13) such that

[Qidl(z) = /RN (y)q(t,z,y)dy, t€ (0,00) and ¢ € Cb(RN).

In particular, {Q: : t > 0} is strongly Feller continuous. Finally, if {a”}> C A(}),
{"}° C B(A) and if a® — a and b* — b almost everywhere, then, for all bounded
measurable ¢ : RY — R, [QF¢)(z) — [Q:¢)(z) uniformly on compact subsets of
(0,00) x RN,

PRrOOF: We first observe that uniqueness is an immediate consequence of Lemma
11.3.3. We next prove existence. For this purpose, choose

(a"}P C AN N C°(RY;RY @RY) and {87} C B(A) NCy°(RY;RY)

so that a® — a and b® — b almost everywhere. By (I11.2.4) and (1I1.2.13), we
may and will assume that there is a measurable g : (0,00) x RV x RN — (0,00),
which again satisfies (11.2.4) and (11.2.13), such that for every bounded measurable
¢:R¥N — RN

@ 6l(@) — @l = [ owatt,z.)dy

uniformly with respect to (t,z) in compacts. In particular, one sees that {Q: :t > 0}
is a strongly Feller continuous semigroup and that, for ¢ € CP(RN), [QF¢) — [Q:9]
in L2(RN) uniformly with respect to t in compacts. Also, note that, by (11.2.4),
N[Q:dlll2 < wet||$ll2 for some p = p(X, A, N) € (0,00) and that, by Lemma I1.3.3,
for each ¢ € ng)(RN), SUPp>0 ||[_Q?¢]||(21) is uniformly bounded, where {Q,:t>0}
is the strongly continuous semigroup which {Q: : t > 0} determines on L2(RN) .
In particular, we have that [Qr4] — [Q:4] weakly in Wz(l)(RN ) uniformly with
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respect to ¢ in compact subsets of [0, o) for each ¢ € C$°(RY). Hence, since, for each
¢ € CP(RN), t — [Q7 ¢)] satisfies (11.3.8) with a™ and 4™, we can conclude that t —
[Q:4] € Wz(l)(RN ) is a weakly continuous solution to (II.3.9); and another application
of Lemma I1.3.3 shows that {@, : ¢ > 0} is weakly, and therefore strongly, continuous
on Wz(l)(RN ) and satisfies (I1.3.10) for some p with the required dependence.

Finally, the asserted convergence result is an easy consequence of the compactness
provided by (II.2.4) and (II.2.13) plus uniqueness. }i

It is possible to make an improvement in the convergence part of Theorem I1.3.7.
Namely, the conclusion continues to hold even when one assumes that the 5" ’s tend
to b only in the sense of weak convergence (i.e. in the sense of distributions.) In order
to prove this improved statement, we will require the following preliminary result.

LEMMA I1.3.11. For each § € (0,1), A € (0,1), and A € (0,00) there is a non-
decreasing function o : (0,00) — (0,00) with the properties that lim,_o a(p) = 0
and that for all a € A()) and b € B(A)

(11.3.12)

1/6
sup [ [ ot +0,2,546) = a(s,2,9)ldyds < alo VIED, 020 and €RY.
z€RN J§ RN

Proor: By (I1.2.4) and (I1.2.13), it suffices for us to show that for each 7> 0

T
sup/ la(s + 0,2,y + €) — q(s, 2, y)| dy — 0 as |¢] = 0
zeRN Jo

at a rate which is independent of a € A(A) and b € B(A). Moreover, we may and will
restrict our attention to a’s and 4’s which have bounded continuous derivatives of all
orders. But, for such coefficents, one knows that the measures @, corresponding to
a and b are absolutely continuous on M7 to the measures P, associated with a and
that the Radon-Nikodym derivative R(T) z) is given by the expression

T T
R(T,z) = exp [ / bz 1)) - dB(t,2) — 5 / bz () dt]

where
(,B(t) Z), Mt) Pz)

is an N —dimensional Brownian Motion. In particular, ||R(T, z))| L3(p,) < exp[AT/A).
Hence,

T
/0 /RN(Q(tw,y +€) — q(t, z,v)) é(y) dydt

T
EP- [R(T, 2) [ (60 -0 - 6aw) dt}

1/2

r 2
< exp[AT/NEF= ‘:(/0 ($(=(t) — &) - é(z(t))) dt) J
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Finally,

T 2
o | [ ot -0 e dt)}
T T
=2 [ 5" [(ds(z(s) _ &)~ 9la(s))) B [ JRCECRCREEO) dtH ds

T
< 4T|¢ll&, ) Sup / lp(t, n,y +€) — p(t,n,9)| dy;
neRN Jo

and, by (1.0.10) and Corollary 11.1.9, it is clear that

T
sup / lp(t,m,y + &) — p(t,n,y)| dy — 0 as |l —0
neRN Jo

at a rate which is independent of a € A(}). B

TueoreM 11.3.13. Let {a"}{ C A(}) and {b"}° C B(A) be sequences. Let a €
A()) and b € B(A), and assume that a® — a almost everywhere and that b” — b
in the sense that

(11.3.14) /R ., b (v)é(y) dy — /R ., b(y)()y, ¢€CTRY).

Then, for all bounded measurable ¢ : RY — R, [Q’,‘q&] () — [Q,d)] (z) uniformly
for (t,z) in compact subsets of (0,00) x RN,

Proor: We first note that for any a € A(}), b € B(A), and ¥ € L’(RV), t €
[0, 00) — [Qe¥] € L%(RV) is the unique weakly continuous map t € [0,00) — ¥: €
L?(RYN) such that

t
(11.3.15)  (¢,%1) = (¢,%) +/0 ((VPi—s@),atp,b) ds, t>0and € C(RM),

where {Q : t > 0} denotes the semigroup which is adjoint (in L2(RM)) to {Q, :t>0}.
The proof of uniqueness is very much like the proof of the uniqueness statement in
Lemma 11.3.3, and the fact that ¢ — [Qﬂ/}] satisfies (I1.3.15) is easy when a and
b have bounded continuous derivatives of all orders and follows in the general case
after taking limits. The details are left as an exercise.

Now let ¥ € CP(RN) be given, and set Y7 = [Q?l/)] If we can show that
PP — [Q,zp] in L2(RN) for each ¢t > 0, then we will be done. Because of (I1.2.4)
and (I1.2.13), we know that there is a weakly continuous ¢ € [0,00) — ¥, € L2(RY)
to which a subsequence of {1} }{° converges weakly in L2(RY), uniformly for t’s in
compacts. Thus, we need only show that such a t — 1); satisfies (11.3.15); and,
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in doing so, we will simplify the notation by supposing that the original sequence
converges weakly in L2(RV) to 1;, uniformly for ¢ ’s in compacts. But, for each n > 1,
¥P satisfies (I1.3.15) when [P;_,¢] and a are replaced by [P~ ,¢] and a™, respectively.
Moreover, we know that [P ,¢] — [Pi—,¢] in Wzgl)(RN), boundedly for s € [0,¢].
In particular, a®[VP} 4] — [VP;—,¢] in L%(RY), boundedly for s € [0,t]. At the
same time, sup,e(o, |[¥7[|2 is bounded indepentent of n > 1, and, by Lemma II.2.13,
f; [|l¥7 — 1/),”%2(,,,,) ds — 0 for every 6§ € (0,t). After combining these remarks, one
can easily deduce that t — 1; does indeed satisfy (I11.3.15). §

CONCLUDING REMARK.

It should be obvious that the results obtained in this section can be used to
construct a diffusion process on Q (cf. the beginning of Section II.1) corresponding
to any one of the semigroups discussed herein. In addition, the convergence results
for the semigroups give rise to weak convergence of the corresponding measures on
Q. It remains an open and challenging problem to provide a better probabilistic
interpretation of these essentially analytic facts.
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