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INTEGRATION BY PARTS FOR JUMP PROCESSES

by J.R. Norris

We give a simple derivation of the integration by parts formula used by Bismut [4],
Bichteler, Gravereaux and Jacod [3], Léandre [7, 8] and Bass and Cranston [1] in the
study of jump processes. This is done in the same spirit as Bismut [5], starting in a situa-
tion with only finitely many jumps and then taking limits. The framework within which
we work is the theory of stochastic integrals and stochastic differential equations (SDEs)
based on a Poisson random measure (see Jacod [6], Bichteler and Jacod [2]). We restrict
to autonomous SDEs and thus to Markov processes. §1 is directed towards establishing
Theorem 1.2, which asserts the validity of the integration by parts formula for solutions of
a class of graded SDEs, examples of which arise naturally in §2. The development fol-
lows closely [12], §1.

In §2 we show how iterations of the formula can lead to regularity properties of the
transition kernel of the process. For example, in Theorem 2.10, sufficient conditions are
given on the coefficients of the SDE defining the process to ensure there is a smooth tran-
sition density satisfying

-Y(n+d+1) B
IDYpey)l s EL A+ 1x 1) ©.1)
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for lol=n,t>0,x ye R?. The method is essentially the same as in [3], as is the
nature of the results, but there are a few novel twists. Motivated by Léandre [9], Theorem
2.6 shows that it is possible to localize the main non-degeneracy hypothesis to a neigh-
bourhood of the starting point. Lemma 2.2 which underlies this localization may be of
independent interest. Theorem 2.7, taking up an idea of Bass and Cranston [1], gives con-
ditions implying (0.1) which hold even when the flow of the defining SDE is degenerate.
Theorem 2.8, by using Bismut’s trick [4] involving doing each integration by parts on a
separate interval, weakens some of the hypotheses for (0.1). These three theorems and
their implications for the transition kernel are summarized in 2.f. Theorem 2.9 states con-
ditions for regularity of the transition kernel in the backward variable. In 2.h, indepen-
dently of the main development of §2, we recover for a specific example conditions for
the existence of a resolvent density, due to Bass and Cranston.
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§1. Integration by parts
The SDE in R?

t t
% = x0 + [XGds + [[ Yo, y) (=v) @y, ds)
0 0E

provides a machine which takes a Poisson random measure p on E X [0,e0), and pro-
duces a Markov process x; , starting from x , with generator

Gf @) = DF X () + [(fx + Yy)) - fx) ~ DF)Y ()} G (@) .
. E

Here v is the compensator of p and v(dy,dr) = G (dy)dr . We will use this machine,
written from now on as

dx, = X(x )dt + Y0, y) (W—V) @ydr),

to deduce from simple properties of | an integration by parts formula for functions of
the process x; (Theorem 1.2).

Integration by parts requires a differential structure to be imposed on at least some
part of E. We in fact assume that E = RA{0} , that G is a Radon measure on E and
that there is an open set E’ < E and a function g € C1(E’) with

Gdy) = g(y)ddy and g >0 on E’. 1.1
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l.a Derivation of the formula
We assume for now
Q) X, Y(,y)are Cl,Y(x,))is Cc'onE;
X(x), DX (x), Y(x,y), D1Y (x,y) are uniformly bounded, and

D,Y (x,y) is bounded on IR? x K’ for each compact K’ cE’; L
(1.2)

(i) suppY cR?xK for some compact K CE . J

These conditions ensure, in particular, that x; has only finitely many jumps in any inter-
val 0<t<T,and is between jumps just the solution of a first order ODE.

The integration by parts formula will concern a previsible function v(z,y) with
values in IR?, called the perturbation. Choices of this function in relation to the process
x; will be made in §2. We assume for now

G v@.)isC ! foreach 0<t <oo; v and D v are uniformly bounded;
(1.3)

(i) suppv(.,.) < [0,00)xK" for some compact K’ < E’.

These conditions ensure, in particular, that, for sufficiently small he R,
y 1= 0%(t,y) = y + v(t,y).h defines a diffeomorphism of E, leaving all but K” fixed.

(1.2) and (1.3) permit an easy derivation of the integration by parts formula. In 1.b
we use approximations to show it remains valid under weaker conditions.

Define a perturbed random measure p* by

t t
[T oGs.y) whayds) = [ [ oGs,0%(s,)) nidy.ds) .
0E 0F

If p has an atom at (y,f), u" has one at (8%(t,y),#) : we have moved the places at which
} jumps. Set
h
det D,6"(t,y) . ©"¢.y) ,
g
1 , y¢K’,

yekK’,
M@y) =
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and set

t

t
Z' = exp {{ {; log M(s,y) wdy,ds) - | [ O%Gs,y) -1 vidnds)),  (1.4)
0E

then
dz! = Z! Or(y)-1) (u-v) @yds),

so Z! is a martingale and we may define a new probability measure P* by

aw

1P =Z) on %.

'We will show that, with the weighting Z%, u* has the original law of .. It suffices to
check for test functions ¢ and for

t
Ul = exp (] 06y W) 22
OE
that IE(U {') does not depend on h. We have

dU! = d(mart) + U {exp(0(t,0"(t,y))) — 1} A*(,y) v(dy,dr)

t
EUY = 1 + EJ [ UM (exp@(s,6%.y)) — 1) g ©*(s,y)) det D ,0%(s,y) dy ds
0E’

t
1+ [EUD [ (exp@(s,y) - 1) g () dy ds
0 E’

by the Jacobian formula in RR? , which determines IE(U}) uniquely, showing in particu-
lar independence of & .

Consider the perturbed process x! defined by
dxf = X@f)dr + Y(Ly) (W -v) @y.d)

x e R?. 1.5)

X0

In replacing p by u" we have altered the size of the jumps of x; whilst preserving the
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times at which they occur. Since x! is the same measurable function of p* forall 4,
the law of x under IP* does not depend on A and we have, for all test functions f,

0
5 E [f(x{‘) z{*] = 0. | (1.6)
Elementary results on the differentiability of an ODE in its starting point may be applied
jump by jump to show that x? is a.s. differentiable in A and indeed Dx, = 9 x}

oh =0

satisfies the SDE obtained by differentiating (1.5) formally:

dDx; = DX(x;_)Dx,_dt + DY (x,_,y) Dx,_(Uu—V) (dy,dt)
+ DY (x_,y) v(t,y) W(dy,dt)
Dxyg = 0 € R?.

‘We may differentiate (1.4) to obtain

t .
2z = [ WEDED vy @y,
h=

R
‘ 0 0F g0

m

Finally, given that the jump times of p restricted to K occur as a Poisson process of
finite rate, it is not hard to justify differentiation of (1.6) under the expectation sign to
obtain

E [Df(x)Dx] + E[f(x)R;] = 0. 1.7)

1.b Extension of the formula

To obtain a useful result we set up a framework of conditions on X, Y and v,
weaker than (1.2), (1.3) under which the integration by parts formula remains valid. First
we define classes of graded coefficients X and Y (which include all C! Lipschitz
coefficients) and note a result on the associated SDEs.

Definition of Cy(dy, ..., di)

Cu(dy, .., dy) denotes the set of measurable functions X:R? — R¢

d =d; + -+ +d;) having a decomposition
[ xOq1)
%!
Xx) = X(i)(xl, vees xj) for x =
-

X®l, . xk)
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such that
Q) XPisclinxi e RY (=1,.,k),

.. _ 1X (x)I
nxi —ax) 0]
(ii) Culdy, - d) = SUD [ Qe lx 1% v 2up 1D;X P (x)1 J

For a function p:E — (0,00), (Cy(d, ..., di; p) denotes the set of measurable
functions ¥ : R x E — R? satisfying

@ Y(,y) e Gd,..d;) foreach ye E,

i) HYileq, e dip) = SUP —(;)- “Y(-'}’)"Ca(dl. wndy) < .

Notice that Cy(dy, ..., dx) and Cu(dy, .., di; p) increase with o and p. Any
SDE which may be written in the form
dq = X )dt + Y(x_y) (1-V) (dydr)

with X € (y(dy, ... dr) and Y € Cy(dy, ..., di; p) will be called a Cy(dy, .., dg; p)-
system, or simply a graded system.

Lemma 1.1
For 0Sa<eo, dy,..,dy21 and pe 25(\ L?(G), every Cu(dy, ..., dy; P)-
p<oo

system has a unique solution x, . Forall 0 7 < 0,2 <p < oo there exist constants C and
B depending only onp, t, o, dy, ..., di, liplig + lplp , IX 1l g, , 1Y 1l ¢ (py such that

lsuplxslll sy < C(1+ 1x01P).
sst

Proof. By induction on &, using (for example) Bichteler and Jacod [2], Theorem A.6

for k=1 and the inductive step. (The proof works because, whilst X and Y are not

Lipschitz, X9 and Y? are Lipschitz in x/ and one can show inductively that
1 Jj-1 p

gtg:l(x,,...,x, )|l € LP(IP).) 0

Recall that G is a Radon measure on E = R%\{0}, E’ is an open subset of E,
g € CY(E’) and we assume (1.1), thatis G (dy) = g(y)dy and g >0 on E’.
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Theorem 1.2 (Integration by parts formula)

Let Xe Cydy,...d;) and Ye Gudy, ... dg; p), for some 0<a<oo,
dy + *+* +d; = d, and some continuous, strictly positive p € ) N LP(G). Let x,
Sp<eoo
be the unique solution of the graded system
dx = X0 )dt + Y(x_y) (R—-V) (dy,dr)

x e R%, (1.8)

X0
Suppose X and Y(.,y) are C! with
(i) IDXx) < CU1+ IxI%

() 1D1Y@y)l < 1+ Ix1%py) (1.9)

and suppose Y (x,.) is C! on E’.

Let v(1,y) be a previsible function, vanishing off E’, with values in R? , satisfy-
ing

@ IDYGy)viy)! < A@) (1 + 1x1%)p(y)>
() Iv@y)l < A@)dist(y, 9E")p(y), (1.10)
(i) v(,.) is C' on E’ with 1divg.v) (6y)] < A(Ng ()W),

for some increasing previsible process A(t) € N LP(IP).
p<e

Then
(a) The SDE
dDx; = DX(x;_)Dx,_dst + DY (x,_,y) Dx,_(1— V) (dy,dr)
+ DY (x,_,y) v(t,y) w(dy,dt) 1.11)
D.X'() =0e€ ]Rd

has a unique solution Dx; € N LP(IP),for 0<t <oo.
p<e
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(b) The stochastic integral

R = JJALENED () a0 1L12)
o &8O
iswelldefinedand R, € N LP(IP),for 0<t < oo,
p<e

(c) For all test functions f,and all 0 <t < e

E[Df x)Dx;] + E[f(x)R] = 0. (1.13)

Proof. (a) The graded structure of X, Y permits an inductive proof, for j =1, .., k,
that the R% -component Dx} is well defined and liesin N LP(PP).

P<e

(b) See for example Bichteler and Jacod [2], Lemma (A.14). |

Before proving (c) we state for reference a general criterion for convergence in
LP(P) of x,(n) to x; ,where x, is the solution of

dq = X )dt + Y(y) (L-V) (dy.dt)

xo = x € R?
and x,(n) the solution of an approximating SDE with coefficients X,,Y, and
xo(n) = x . Here, we allow all coefficients an implicit previsible dependence on ® and

t. Fix 0<T <. Suppose

(i)  The approximating coefficients are C 1| Lipschitz, uniformly in n:
IDX,(x)I £ C, IDY,(xy)l < p(y)

forall n,forsome 0<C <o, p € " N LP@G);

Sp<ee

(ii) they converge in LP(IP) for some p 22:
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t
E | sup X o) - X0, )} dsIP | > 0,
t< 0

t
E|sup 1 [(Y 5s9) - YaGie)) -v)ds)? | - 0,
<T of

Then IE [sug_ Ix, — x,(n)l”] -0 as n—oo,
<

t

(c) Consider the conditions
@ v(t,y) and D,v(t,y) are uniformly bounded;
(i) suppY ¢ R? x K and suppv ¢ [0,00) x K’ for some compacts K < E
and K’ c E’; (1.14)
(i) X (x), Y(x,y)pO), DX(x),D1Y(x,y)p(y) are uniformly bounded, and
DY (x,y) is bounded on R% x K’ forall compacts K’ ¢ E’.

These certainly imply (1.2), (1.3) and thus the validity of the integration by parts formula
(1.13). We complete the proof in three steps, showing in turn that, under the hypotheses
of the theorem, each of the above conditions may be dispensed with. In each step approx-
imating sequences x,(n), Dx,(n) and R;(n) , corresponding to approximations to X, Y
and v for which (1.13) is known to hold, are shown to converge in L2(IP) to X, Dx;
and R, which thus also satisfy (1.13). In the first two steps it will be clear by (1.14)(iii)
that the approximating coefficients are C! Lipschitz uniformly in 7, so we have only to
check part (ii) of our convergence criterion.

Step L. Suppose (1.14)(ii), (iii) hold. By (1.14)(ii) the sets
B, = {t20:1Iv@ry)l, IDyv(ty)l <n forall ye E}
increase to [0,00) as n — oo. Set va(ty) = v(t,y)1p (t) then v, satisfies (1.14)().

Write Bj = [0,o0)\B, . To obtain the desired convergence of Dx;(n) and R,(n) it
suffices that, as n — o,

E |spl] [ Da¥ 6 _3) v —va) (23) a2
s=t ok

N

v

/
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- 0

t
<E [[{ ‘Ig AG) (1 + 1,190 15:(5) u(dy,ds)}

and

2

j | div (g.(v = v,)) (5,y)
0E

20) (1 —V) (dy.ds)

IE[ lR,-—R,(n)Iz] = E[

t
< m[j [ AG)p0) 1 (s)G(dy)ds] - 0.
0E

Step II.  Suppose (1.14)(iii) holds. Set
1
E,={—< lyl <n}
n
and
En={yeE :dist(y, 8E')>-’17 and Iyl <n}.

By (1.10)(ii) there exists a sequence (§,) in ClE) with 1g, <0, <1g, and
1<Do,»), v(t,y) > | £3A@)p()1gg,(y) for all n. Choose also a sequence (yn) in
C(E) with 1g, <y, < 1g,,. Observe that Y,(x,y) =Y (. )Wa () Va(t:Y) = V(Y)0n ()
satisfy (1.14)(i) (with K =Es3,, K'=E3,. To obtain the desired convergence of
x(n), Dx,(n), R,(n) it suffices that,as n — oo,

s

[ @ =Y Groy) (- V) (@yedr)
OE

2

o {?‘2‘1

Y (x5-,Y)
pO)

2]t- J A -v,0)? p»)? Gdy) - 0,
E

< E [sup sup
s<tyekE

2

[ [ D1(¥ - Yn) @y—.y) Dx, (1~ V) (@ysdr)
0E

E [5‘2‘3
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DY (xs_,y) Dx,_
PO)

2
}r. [ -vo)? pe)2 G@y) - 0,
E

< ]E[su sup
s<tyeE

s 2
[ @276 _y)vry) = DYt _3) votriy) u(dy,dr)l
0E

Else
t 2
< B[] A6 A+ 1x1%) 1-0,00 p0)? nidnas) | | - 0,
0E
t . 2
E[ ik - R ] = E|f ((1-4»,.@»1‘%& ~ <D4, ), v(s,y)>J G (@y)ds
0E’

< IE[A(:)Z]:. [ 1-0a0) + 315,002 p0)? G(dy) — 0.
>

Step ITIl.  Here we use the graded structure of X, Y to replace the uniform boundedness
conditions (1.14)(iii). For j = 1, .., &, choose a sequence (y4) in C!(R%) with
Lixiicn) S \;I{, S 1gi| <24y and sup sup .nID\y{,(xj)l <oo,
n xieRY
Set V@) = ylah e eyiad),
XP@) = XDy y§Vx) yie ),

YPxy) = YOuy) yi D) yhe@l) .

Then
x{ Y
X, = and Y, = '
x® y®

satisfy (1.14)(iii) for all » . Since Xo=X and Y, =Y on {lxl < n} we have
x(n) = x, and Dx,(n) — Dx; as. Thus to establish convergence in L2(1P) it
suffices to show boundedness in LP(IP), for some p>2.
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First we show sup Ilsg;; [xs(n)! llpegpy < oo for all 1<p <eo. Observe that
n LY
1X,1 <1X1 and

IXPyd=D !, 2l < 1IXD gDl o)l + 1xd D;x .,
<A+ @)+ X)Xl
SO
IDXP1 = IDXD I Dyhe + XDyU-D Dyl a )
< IXlig, + (1+2@n)%) IDysll. IIXlic, (1.15)

and so sup IX, |l < eo. Similarly sup Y, llgp) < 0. By Lemma 1.1 we are
n n

done.

Now we show inductively, for j=1, ..., k , that sup || sup l]ng | || P < ® for all
" osst -

2<p <oo. Aslight generalisation of Lemma 1.1 to previsible coefficients would tell us
what to check: instead we work directly. The sequences of coefficients of the SDEs

Zj‘. D; X (x,(n)) Dxi(n) dt

i=1

d Dx{(n)

[

+ 3 Dy Y0 (n),y) Dxi(n)(—v) (dy,de)
i=1

+ DoYP(x(n),y) v(ty) wdy,dr)

Dxy(n) = 0 e RY

are Lipschitz, uniformly in n, for each j, by (1.15). Thus it suffices to check, assuming
the inductive hypothesis for 1, ..., j — 1, that they are bounded in L?(IP) . But we know

I I Il <o, forall 2<p<oo,
sup sup xm)! Hprapy )/

IDXP @) = IDXP IV yrex) + XDD (y§Dyle) ()1

IN

€ + IIXIIQ.%)(1+ Ix1%).

Similarly

IDYQ@y) < 1+ |lY||Q(p,.a£) 1+ 1x1%) p@)
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and
ID2Y,(y) vty)l < A@ (1 + 1x1%) p»)?,

so this is indeed the case. 0
§2. Semigroup estimates

Our object of study remains the solution of an SDE of the form

dx, = X(x-)dt + Y(x_y) (4—V) (dy.dt)
2.1
Xo € Rd.

We explain how, by N applications of the integration by parts formula of §1
IE [Df(x) Dx,] + E[f ()R] = 0
we can derive expressions
ED®f()] = E[f ()0, DE Elf(x)] = Ef()Qf] 22)

for multi-indices o of length N . Any conditions on X, Y and the jump intensity G
which justify this derivation and allow bounds on E[I1Q 7], IE[| éf‘ IP] will then yield
useful estimates on the semigroup P,=e’ g through its representation
P f(xo) = E[f(x)].

Recall from §1 that E = RA\{0}, G (dy) is a Radon measureon E, E’ is an open
subset of E, G (dy) = g(y)dy on E’ with g e C1(E’),g >0 on E’; p isa Poisson
random measure on E x [0,00) with intensity v(dy,dt) = G (dy)dt,and X : R - R?,
Y:R4xE > R? are nice enough to give (2.1) a unique solution x; € PQ“ LP(IP).

The main results of §2 are contained in 2.e and summarized in 2.f. The four preced-
ing subsections isolate and discuss some ideas necessary to these results. In 2.a we con-
sider integration by parts in the special case of an independent increment process. This

t
leads us to consider in 2.b conditions for the integrability of d j h () wdy,ds))™! for
0FE

he L1 (G). In 2.c we define some good properties of (g,E”) which distinguish those
cases where we can prove results of the form (2.2), and give some examples. 2.d
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examines a simple example illustrating the phenomenon of degenerating flow and its ef-
fect on densities.

We are principally interested in the forward variable and in relations of the form
DYP(xdy) = qf'(y)Pi(xdy) x yeR?

together with bounds

f 1gP(y) 1P Py(xdy) < C(1+1x1P)
]Rd

and sometimes even C;< Ct™™P | Such is the conclusion of Theorem 2.5 in 2.
Theorems 2.6, 2.7 and 2.8 examine ways in which the hypotheses of Theorem 2.50n X, Y
and (g,E’) may be weakened. Theorem 2.6 examines the possibility of a local non-
degeneracy hypothesis on the coefficient Y . Theorem 2.7 examines the case where the
flow may degenerate. Theorem 2.8 incorporates Bismut’s [4] trick of using perturbations
of disjoint support to relax regularity conditions on G, X, Y . No two of the improve-
ments afforded by Theorems 2.6, 2.7, 2.8 can be achieved simultaneously. The implica-
tions of these results for the regularity of P,(x,dy) in y are reviewed in Theorem 2.10.

It becomes clear that, with slight changes in the machinery, we can get estimates in
the backward variable of the form

DSP(x,dy) = Gixy)Pixdy)  x,yeR?
with similar bounds on ¢ ason g above. These are stated in Theorem 2.9.

In 2.g we consider whether integration by parts gives the correct rate for slowly
regularizing densities and the correct singularity as ¢ 1 0. This is done by a comparison
with results obtainable from the characteristic function when this is known. The final
subsection 2.h illustrates how a careful analysis of the remainder term on integrating by
parts can improve results: we take a specific one-dimensional example and recover a cri-
terion of Bass and Cranston for the existence of a resolvent density.
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2.a Example: Lévy processes
If we take X (x) =0, Y (x,y) =y we find as a special case the independent increment

t
process x; =”y (L-V) (dy,ds). (We assume for the moment that L Iy IPG (dy) < o for
OF

all 2<p < oo, so this makes sense.) Taking a perturbation of the form v(1,y) = h(y)e; ,
where h € CL(E’), h=00ff E’,and e, ..., ¢4 is the standard basis of IR? , the integra-
tion by parts formula reads

E[Dreom |+ B[ rari] = o, 23
where
t
H, = [[no)pyds),
0FE
.4 Digh) )
Ri = || === u-v)@ds).
j gbf oy BV @)
The conditions

h g &M

Co(E))NL2(G 2.4
dist QIEN) € Co(E')NL*(G) 2.4)

he CLHE)YNLLG),

ensure the validity of (2.3) by Theorem 1.2, and indeed, provided IE(H;?) < oo for some
p > 1, permit integration by parts of f (x;) H;! to obtain

[ DjH, Rj
E Djf(x.)] = E| f@x) W T @.5)

where
t
D;H, = [[D;h().h0) pidy.ds).
0F
(2.5) implies in particular that the law of x; has a density with respect to Lebesgue meas-
ure, so is a formula worth having. We are thus led to investigate the integrability of H;!
in the next section. Of course the characteristic function

E @ %) = exp {—tj(l —ei<%Y>) (G (dy))
E

gives a more direct and more powerful way to study the transition kemel of x, (see 2.g).
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However, we will see that integration by parts provides a more flexible tool, extending to
cases where the characteristic function is unknown. To satisfy (2.4) h must not be too
big, whereas for IE(H;?) < o, h must not be too small; the existence of an A satisfying
these conflicting requirements is a property of g and E’, which determines whether x;
has a density. In 2.c we will consider further such properties.

2.b Integrability of H;!

t
Fix he LL(E) andset H, = [ [h(y) n(dy,ds).
0FE

Lemma 2.1
() IEH;?) < o whenever l;- < A = lim inf g&zl_e_)_
£
1 —
og ( 8)
@) E@E) < CrP™ for all 0<r<1, provided liminf A2 5 0 for some
[ [
v>0.
Proof.

EH;?) = Ty [ pr1 e5P ap
0
where
EB) = J(1-e )G (ay).
E

Choose y<1 with p<yMA,t. There are constants ¢,fg<ee such that
EBR)2yA,logB—c forall =Py, so

Tﬁ”’l e¥® 4p < Epi r e [ B 8 ¢ oo
° Bo

We move to (ii). Suppose there are constants O, v>0 and ¢ <eoo such that
G(th2¢€) 2 8 — ¢ forall € >0, then

EB) 2 1-e @B’ -c) =8B -¢’,
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Tﬁp—l P dp < ec'tTﬁp—l e-&’tﬁ“ dp
0 0
= ety [l e FF gB < o, 0
0

One can go back to the exact integral at the beginning of the proof for finer results
on IE(H;?). We are content with the crude but simple results of the lemma.

In 2.e we will try to localize to a neighbourhood of the starting point x the non-
degeneracy condition on Y implying that x, has a (smooth) density. This leads us to
consider integrability of H 7', where for some R%-valued previsible function u (¢,y) and
some 3>0,

t
M, = [JuGy) @-v) @nds),
OFE

T = inf{r20: IM,|25}.
Typically, for small 3, IE(T™!) = oo, s0 we cannot appeal to Lemma 2.1.

Lemma 2.2
We have

IE(H7’) < o forall p <o
provided
lu@y)!?> < h(y) and E@H?) < Ct™P

forall 0<t<1l,ye E, p<oo, forsome C, y<eoo,

Proof. Pick g >y. We have
{Hr <€) ¢ {Heuw <€} U {(Hr<e and T <e'4)
and

P(Hew <€) < ef E(Hg) < Ce™YP  forall 0<e<1,p <oo.
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To show IE(H7 ) for all p < o it thus suffices to show P(Hr <€ and T <eV9) = 0(eP)
as €10 forall p <oo. Write M, = M? + L + K¢ with

t
ME = { I{ 1G.Y) L 1ugsyyt <) (W=V) (dy,ds) ,

t

= {iu(s,}’) L 1usy)1 220y H(dy,ds),

b~
=~

t
K¢ = { {: U(S,Y) 1 usy)! 2 et0) V(dy,ds) .
Set S =inf {t20:[M®),2¢}, where
t
M%), = [ 1u3)12 11ueyyt <eviey pdysds) .
0F

Note that [M¢]g<e +¢€Y4 and {Hy <€} c {T<S}. We have the Burkholder-Davis-
Gundy inequality

IE sup IMfIP) < C(p,d)]E([Me]ﬁ’z).

Therefore

d )
£ €
P(‘sgg IM;| > 2 and Hr <£) < P(‘sgg IM; 1 > 2)

P /2
< % Cp.d) (e+e”v)" forall p < co.

But for T <€’ and Hp<e, IL§| <% and |K§| <V [ h(y)G (dy), so for
E
sufficiently small € >0,

IP(HT <gand T < e”")

< P(Hy<e and sgg IMEI >-§—]= 0(e?) forall p < oo, 0
t "
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2.c Regularizing measures

E’ is an open subset of R%\ {0}, g € C!(E") with g >0 and G(dy)=g(y)dy on
E’. Set

Hy={(he CLE)NLL G):

h
dist (., 0E")

Hy ={heCy (EVYNLL G

and D‘j’” e CEVNLAG)} ,

—h___ 2 D(gh) _ e )
st (op) < CEINLIG) and = =2 € €3 (E)NL%G))

(the b in C}, refers to all r derivatives). Write
t
He=| [ ho)nyds) .
0E

We say that (g,E") is slowly regularizing of rate A or A-regularizing if
E (H¥) < oo forall 0 <t < oo, forsome he % .
(g,E’) is oo-regularizing if

E (H;?) < oo forall 0 <t <o, p <o, forsome h e H .

(g,E’) is (y-)super-regularizing if

IE (HP)<Ct™P forall 0<2<1,p <eo, forsomeC, Y<oo,he H, .

If 74, is replaced by F; in these definitions we say (g,E’) is smoothly A-regularizing and
so on. In each case we refer to h as the regularizing function.

We shall see that if (g,E") is A-regularizing then the transition density of the process

t
X =f j y (L —V) (dy,ds) and those of many related processes acquire derivatives at rate A
0E

as t — oo, It seems hard to provide workable general criteria for (g,E’) to have regulariz-
ing properties. Instead we look at some examples.

Fix an open subset B of $%~1, 8 >0 and goe C!(R? with g >0. We take for
E'thesectorS={ye R?: 0< Iyl <8, y/lyl € B}.
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Lemma 2.3
(@) (Iy1™go), S) is A-regularizing for all A < area (B).g(0). (In the case d =1,
area (B) =card (B).)

(ii) (|y|‘dlog—|;1|— go(), S)is oco-regularizing.

t
Gii) (Iy1"* go®), S) is super-regularizing whenever o.>d. ( [ yQu—v) @yds) is
0F

well defined for o < d +2.)

Proof. Take open sets B,B” in S%! with B”cB,B cB. Set
S={yeR?: 0<lyl <23—5,—|%-e3'}, S”={yeR?: 0< Iyl <8/3,—|‘§|—GB”].
Take functions ¢ &€ C!(R?) with 1p3-<¢<1p on S%!, and ye C!(0,8) with

10,83 SV < 10,283 Seth@)=1y1Py(ly)¢ (/1y1) with B > 1. Then

T
D = —L 4 Y v A A B-1
hO)=(BirvllyD oG + D vlyD ye(p + wllyD Deirp 2 Iyl

Dgy
go0)
there is a constant C < oo with lD(gj('y)) )| SCIyI‘S‘1 for all y € S. Also, there is a

is bounded. Noting that ) is bounded on S, we can show in each case (i), (ii), (iii)

constant ¥ > O such that dist(y, aS)2yly| forally e §".
(i) Considerthecase g(y)=ly =g (). We have

S
[ h) g dy < ligoll. area B) [ rPrtdr <o,
E 0

]
I(——-h(y) T g (y)dy < Ngol. arca®) Il,;zarea(B) Jr28-D p-1gr < 0

7| dist,05) 0
3
JIH2ER DT o ydy <C2lgo .. arca(®) [ r2E-Vr1dr < 0
E gO) 0
Sohe F,. But

Ghze) , Gh2e) NS 1 Ef jgo(r,e) odr

1 1 v 0
— —_— log— ¢ B
log . log . g2

80(0) area(B”)
e

5 as el 0.
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Since we may take %—) arbitrarily close to area (B), (i) now follows from

Lemma 2.1(i).

(ii) Consider the case g(y) =1y |4 log —l-)l’—l- g0(»). Then h e :7-@ as in (i), because

)
Irm“l) r~!log % dr < oo, This time however
0

&3
r,Mlogl/r
G(hze; > 1 ' go(r,0)log 46dr
(log 1/€) (log 1/€8)*  cus g~

4—30(6);;%(8 ) as el @

G(h2g)
logl/e
(iii) Suppose finally g (y) = ly |™* go(y) with & > d. In order that 4 € 94 we must have

8 &
[rBro+d-l gr c oand [ r2B-D p=0+d-1 g < oo, thatis B > (a—d) v [9-2-“1 + 1).
0 0

But any such B will do, because

— oo and (g,5)is eco-regularizing by Lemma 2.1 (i)

o-d &
G(hZe)ZsT f Igo(r,e) 20dr
o—d , po-d+1
s—(—B—), e B r

— (—d)go(0) area (B”) as el 6 ,

and we may apply Lemma 2.1 (ii) 0

Fix 8>0 and gge C~(R%) with g9 >0. We take for E the punctured ball
{0< 1yl <8}
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Lemma 2.4
@ (Iyl™go), (0<lyl <8}) is smoothly A-regularizing for all
1
A< >80(0) . area S9N,

() (ly!1™ go®), {0 < Iyl < 8}) is smoothly super-regularizing whenever a. > d.
Proof. It is clear from the proof of Lemma 2.3, dispensing with the cut-off ¢, that for (i)
we may take h(y) = Iyl2 y(lyl),for (i) h(y) = IylB y(ly 1) where B is any even integer
o—d

B>(a-d)v ( +1|,and y e C*~(0,5) with 10,53) SV < 1(0,28/3)-

2.d Degeneracy in the flow of diffeomorphisms

Consider the following example: G (E) =1, X (x)=x, Y (x,y)=-x, so that
dx==X, _(dy,dt)
and give x; a smooth initial density IP(x¢ € dy) =po(y) dy then
P(x e dy)=(1-e™)g (dy) +e po0) dy,

where € is th unit mass at 0. There is clearly some feature of this innocuous-looking
SDE we will wish to avoid.

Under appropriate regularity conditions there is a version of the family of solutions
of (2.1) as x¢ ranges over R? (and p remains fixed) which depends smoothly on xq. Dif-
ferentiating formally (2.1) with respect to x ¢, one in fact arrives at the correct SDE for the
derivative of the map xo | = x;. Define a process J;in L (R%) by the SDE

dly= DX (x;_)J;_dt + DY (x,_,y) Ji_(L—V) (d)’,dt)}

Jo= Ie L(RY) @6)

An application of the Itd formula for jump processes shows that the matrix inverse Jit
should satisfy

it = 7! {DX ) -Jd + D Y ey D 1Y 0y G (dy)} dt
E

7L + DY () ID Y () (B - V) (dy.dt) Q.7
Jit= Ie L(@RY
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and it is easy to check that when a unique solution to this SDE, K, say, exists we have
d(J,K,)=0and so K, =J;'. This assumes of course that I + DY (x,y) is invertible.

The example above behaves badly because whenever [ jumps, wherever the process
is, it jumps to the same point 0 :‘non-degeneracy is lost.” This can be prevented (locally)
by insisting xo 1— x; is a local diffeomorphism, that is, J; is invertible. By this discus-
sion we motivate the assumption made in 2.e that

sup sup |/ +DY(y) !l <o

X€ Y€

Theorem 2.7 will show however that this assumption is not always necessary.

2.e Nth order integration by parts

We return to the general case where x; is the solution of an SDE
dxy =X )dt +Y (x,_,y) (W—V) (@dyar) ,

and prove five results about the semigroup P;f (xg) = IE(f (x;)), as described above.

To obtain the first result, Theorem 2.5, we choose a perturbation which gives the derived
process Dx; a simple form and perform the ‘obvious’ iterations of the integration by parts
formula (1.13). Theorems 2.6, 2.7, 2.8, 2.9 are variations on the same theme.

To aid comparison of results we state most hypotheses relating to the coefficients
X,Y in one go. E,G,u,Vv,E’,g are defined at the beginning of §2 and the sorts of
hypothesis to be made on (g,E’) are considered in 2.c. Fix constants C, B < e and a
strictly positive function p € C(E’) N X s?< . L?(G). Consider the conditions

() X:R?-R%isCV*! with )
IDX (x)| £C
ID"X(x)I SC(1 + IxIB), nsN+1;
(i) Y: R?xE — R? is measurable, CV *! in its first argument, C2 in its
second on E’ (resp. CV*! on E’), with
IDY(x,y)! <p(y) (2.8)
IDIY ) <A+ 1x1B) p@y), nSN+1, ?(resp. 2.9)
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IDZDIY (x,y)! <C( + IxI1®)y on EY, m=1,2, n<N,

(resp. IDE DY ()l <CA + I1x1P) on EY, m+n<N+1),

(i) 1D, Y@xy)ti<cd+ I1x1P) on E,
Gv) | +DY@y)l<C. y

The hypothesis made in Theorem 2.5 is the stronger condition (2.9). Theorem 2.6 relaxes
(2.9) (iii) and Theorem 2.7 relaxes (2.9) (iv). Theorem 2.8 is proved under the weaker
condition (2.8).

Theorem 2.5

Suppose (g,E’) is smoothly A-regularizing (0 < A <) and that X,Y satisfy (2.9).
Then for all ¢ > 0 and all multi-indices o of length N < Az there exists a Borel function g
on R? x R? such that,

D§ Py(x,dy) =qf*(x,y) Py(x,dy), xye R?,

[ 1qf@y Pdy) <Conp (1 + 1x1P),
]Rd

whenever Np < Ar. If (g,E’) is moreover smoothly y-super-regularizing we can take
A=00,Cyn,p=0(t). t~™P where 0(r) increases with z > 0.

Proof. Take any regularizing function A4 and consider the function
v: Qx[0,59) X E - L(R?) given by v (,y) =D ¥ ()™ (I + D 1Y G,y Ji- hO).
We asscciate with v and with the solution z; of an autonomous SDE .

dz; =Z(z,_)dt + W(z,_,y) (W—V) (dy,dt), zpe R”,
a derived process Dz, solving the SDE
dDz, =D I(z;_) Dz,_dt + D \W(z,_,y) Dz;_(L—V) (dy,dt)
+ D2W(z,_,y)'. v (t,y) p(dy,dt),
Dzp=0e L(RYR™).

We chose v so that Dx, = J;H,, where

t
H=] [no)u@yds) .
0 E
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This may be checked by identifying J,H; as the unique solution of the SDE for Dx;. Set

t N
R,.e=HM3;V—(‘y‘4)’—(m(u-v>(dy,¢s). eeRY.
0 E

Using each component v; = v.¢; as a perturbation, we obtain from (1.13) the formula in
LR%LR)

E[Df (z).Dz] + E[f (z)R]1=0. (2.10)
Set 20 = (5. J,Hy), 20 = 0,Dz{O,R,) and define inductively z{™ = (z{"~D,Dz{""D),
n 22. The process z; = Z, n 20, satisfies an autonomous SDE. We apply (2.10) with

f (z;) replaced by f (x;) JFIHT! q(z{™), where f and q are test functions. This produces a
formula in £ (R",L (]Rd))‘ On taking the trace we get

E[Df (x) g )] = EIf (x) (Ag) G{"* D)), @.11)
where
(Ag) " *V)=-D. U;') Hi'q z{) + DH, .J;' Hi*q(z{")
-Dq (") .Dz{™ . J'Hy' - R, .J7' H g &), @.12)
and where

D.(J71).e =trace (¢ | = ~J; (DI ) Jile), ee R?

Writing A= (A4,,...,4g) and 4;,,...;,) = Aj, ~--Aj, we have by N iterations of (2.11), for
lal =N,
E[D*f (x;)] = E[D *fx)1M)] = E[f () (A1) )] 2.13)

To complete the proof we must form an adequate impression of the SDE’s for
z, n=0,1,...N —1 and of the functions 4,1 to justify the steps leading to (2.13). In
preparation we set (for fixed n)

E(x) = (X (x), DX (x),...D"*1X (x)),
ney) =¥ ®y), D1Y (xy),..DFY (x,y),

xX,y)=D2Y(xy) (I + DY (xy)),

Ly = [-D—“;%y—’— D 23063k ), s DD 330,y (y)],
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pLy) = [D'"h (), D™ (’—3—%1)@} DPDYY (r,y), DaY Gyt : m +k<n + 1)

We will eventually show for n =0,1,...,N — 1 that
(A) The process z$") is well defined as the unique solution, of a graded system of SDE’s

dz; = Z (7 )dt + W1(z_y) (W —V)dydt) + Wa(z,y)h 0)p(dy.dr)

where for some polynomials P(&,z) linear in &, Q (€,2) linear in G, and R (p,2), we
have

Z(z)=PEx)z),
W1(zy) =P Mmkxy), z) + Q (Cx.y)2),
Wa(zy) =R (P(x.y)2) .

Moreover E[1zM1P1<6() (1 + 1x18) for some increasing function 8, for all
1<p < oo

B) For lal=n, (A41) @™) is a polynomial in 2", 77! and D™H/H,, m=1,...n,
multiplied by H;".

First let us see that (A) holds for n =0 ((B) is trivial). We have the C(d,d 21, P)-
system
dx, =X (x,_) dt + Y (x,_,y) (1= V) @y,dt)
dJ, =DX (x,_)J;_dt + D1Y (%_,y) Ji-(—V) (dy,dr)
dH, =h(y) 1 (dy,dr)
which is manifestly of the desired form.
Now let us see that (A), (B) suffice to justify the formal steps leading to (2.13) and

show E[1(Fg 1) G)1P1<C, (1 + 1x) B) for Np < A t, with C; =8(¢) P if (8,E") is ¥-
super-regularizing. The result then follows on setting

¢*(0.y) = El(A1) M) 1x =]
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Since h € ﬂ;’ and X,Y satisfy (2.9), (A) enables us to check the hypothesis of Theorem
1.2 and show formula (2.10) is valid for z, = zﬁ") and for all test functions f. Of course
£ 0. I H71 (A1) (z8) is not a test function of z”! However

- by (2.9) (iv), in particular, the SDE (2.7) has a solution in N LP?(IP) which may be

p<e

identified as J71;

- if his A-regularizing and Np < At, we have H7'P € L1(IP);

- if his y-super-regularizing IE[H;"P] < Ct~P;

- since he .‘H:," and by (2.9) (ii), (iii) we have D™H, < A (t)H, for some increasing
process A (f) € o LP(@P), form =1,...n.

Thus (A), (B) imply IE[I(Zx1) z™)1P1<C,(1 +xP) for lol =n. Approximating
ZM 1= £ (5) JTTH7 (Ax1) (2f7) by test functions and passing to the limit, we obtain the
desired formulae.

Finally, assuming (A), (B) hold for n, we must show they hold for n +1
(n=0,1,..,N -2). Note firstly from the SDE’s at the beginning of this proof how the
SDE for Dz, is obtained from that for z,. It is routine to check from our hypotheses that, if
the SDE for z{™ is a C(dy,...d; p)-system then, by linearity of P (§,z) in &, the SDE for
z§"+l) isa C(d,,..dg,ddy,....d.dy;p)-system (n = 1). Moreover, the coefficients of the
SDE for z{**1 being obtained as derivatives of coefficients for z™, it is clear that the
polynomial description given in (A) holds for these new coefficients. The L? (IP) bound
comes from Lemma 1.1. The inductive step for (B) is clear on inspecting the formula
(2.12) for Aq. 0

Theorem 2.6

Suppose (g,E’) is smoothly y-super-regularizing with regularizing function 4 and
that X,Y satisfy (2.9) (i) (i) (iv). Suppose further that for some open set U < R?, for all
xeU yeF,

1Y) I12<h(y),

IDY(y) 1 <C(1+ 1x1B).

Then for all ¢ > 0 and all multi-indices o of length N there exists a Borel function qf on
U x R? such that

D;l Pt(x,dy)=q?(x,y) Pl(x’dy)s X € U’ }’ € Rd ’
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J 142 Gy)1? Pocdy) <0G,8) ™ (1 + 1x18)
Rd

forallx e U= {x € U: dist (x,dU) > 8}, where 6(z, §) increases with ¢ > 0.

Proof. Only a slight modification of the proof of Theorem 2.5 is necessary. Suppose
x € US. Take a C™ function ¢:R? - [0,1] with

1 if lx-xgl 872,
=10 if lx-xol 25

and set
VoY) =00 ) DoY (x,_,y) U + D Y (x,_,y)) Ji_h (¥) .

With this new perturbation we have Dx, =/,H ? where
t
HY =] [ 00, ho) payds) .
0 E

The cut-off ¢ serves to eliminate any singularities in D,Y (x,y) which may result from
weakening (2.9) (iii). Note that by the hypotheses of this theorem

E[H?)P] SE[HP + H?1<6(1,8) ™ (1 + 1x1B) forall p <o
by Lemma 2.2, where

T=inf {(s20: Ix;—xq! 262}.

The proof follows that of Theorem 2.5 with minor modifications. 0

Whilst we have localized one non-degeneracy condition (2.9) (iii), Theorem 2.6 still
assumes (2.9) (iv) ({ +DY (x,y))‘1 <C for all x,y, so this attempt at localization is
rather unsatisfactory. However (2.9) (iv) cannot be made local: degeneracy of the flow is
an ongoing danger!

The next result applies to the case where the flow may degenerate, that is, where
condition (2.9) (iv) I{ + DlY(x,y))‘l | <C fails. Consider the SDE for the derived
process Dx;

dDx, = DX (x,_) Dx,_ dt + DY (x;_,y) Dx,_(1 — V) (dy,dt)
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+DyY (x,_,y) v(t,y) u(dy,de) .

The third term in this SDE is somewhat at our disposal and the idea is to use it to cancel
out those jumps coming from the second term which make the matrix Dx, (close to)
degenerate, that is those for which | (I + DY (x,_,y))"! | is large.

Theorem 2.7

Suppose (g,E’) is smoothly A-regularizing (0 < A <) and that X,Y satisfy (2.9) (i)
(ii) (iii). Suppose further that we can find ¢ € C* (£’,[0,1]) such that G (supp ¢) < oo,

o(y) <dist (y,0 E'), -l—)—(?l e CY~1 (E) and, setting ¢ =0 off E’, y=1-¢, we have

| +y(@)D Y (xy)1<C .

Then for all ¢ > 0 and all multi-indices o of length N < Az there exists a Borel function ¢f*
on R? x R such that

DY Py(x,dy)=qf*(x,y) P,(x,dy) , xye R?,

[ 148Gy)1P Pitcdy) SCopp (1 + 1219),
]Rd

whenever Np <At. If (g,E) is moreover smoothly y-super-regularizing we can take
A =00, Cynp =0(r) . t ™ where O(r) increases with ¢ > 0.

Proof., Set
Uy)=y(y)D Y (x,y),
Vxy)=00)D Y (x)y),

S@)=DX @) - [ V(xy) Gdy),
E

and consider the following modification of the SDE (2.6) for J;
dK, =S (x;_) K, _dt + U (x;_,y) K;_(W—V) (dy,dt),

Ko=1e L(RY.

We find there is a unique solution K, € N LP(IP) and moreover K,‘l exists and lies in
p<ee

N LP(IP) forall 0 <t < oo. This is because X! satisfies
p<e
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dK7 =K (S () - | T + UG y) U y)? G @)} at
E
K7L @+ U y) U (sy) (—-V) @y,ar),

Kp' =1 e LRY).
and by hypothesis |7 + U (x,y))! | <C.
The proof now follows closely that of Theorem 2.5 but with K, in place of J; and
with modified perturbation
v(t,y) =D Y & y) U + U YN K h () =V (xe-y) Ko Hy )

where A is some regularizing function and where

t
Hy=[ [ h(y) nidyds).
0E

With this choice of v we have Dx; = K,H,, as may be checked by substituting K H; into
the SDE (1.11) for Dx;.

Set 20 = (K. Hy), 2P =(9,Dz®,R,) and inductively 2™ = @V, D" D),
n 22, as in the proof of Theorem 2.5. It is a little more complicated to describe the
SDE’s for z{™ this time: fixing n, set

E(x) = (X (x),S x),DS (x),....D"S x)),
ney) = ®y),Uxy).D1U xy)...DIU %))

xt,y)=D2Y y)™" ( + Uy), ©kx.y) =D,Y(xy) DY (xy),

Cy)= (9%(’;—))@, D g3 :y) h @)Dt D 2 3) RO

D (Z '(y))(” , Dam(ty) ¢(y),..-,D’1'“D2n(x,y)¢(v)),

D% D% Y (x.y), DYy l:m+ksn+ 1).
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With &, p, §, p so redefined we can show that assertion (A) in the proof of Theorem 2.5
holds for the new z{™. It is now routine to check the validity of each of the N integrations
by parts leading to (the analogue of) (2.13) thus completing the proof. 0

Theorem 2.8

Suppose (g,E’) is A-regularizing (0 < A < o) and that X, Y satisfy (2.8). Then for all
t >0 and all multi-indices o of length N <At there exists a Borel function ¢f* on
R? x R such that

D§ Py(x,dy) =qf(x.y) Py(x,dy) , xye R?,

[ 1g2ay1P Py(x,dy) SCop,p (1 + 1x1P),
Rd

whenever Np <Ar. If (g,E’) is moreover Y-super-regularizing we can take
A=oo, Cyn,p =6(t) . t™™P where () increases with 7 > 0.

Proof. Fixp21,t> *;— We follow closely the proof of Theorem 2.5 but perform the

nth integration by parts, n = 1,...,N, with perturbation
vy) =D oY Gy) ™ (U +D1Y oy Tk OV -ty (1)
where A is some regularizing function.
We associate with v and with the solution 2, of an autonomous SDE
dzy=Z(z_)dt + W(z_,y) (L-V) (dydt), zpoe R”,

a derived process D ™z, solving the SDE

dD™z,=DZ(2_)D™z_dt + D{W(z,_,y) D™z,_(u—v) (dy,dr)

+D2W(z_.y) V™ @y) b (dydr)
D™z =0e LRYR™).

Set

tAnt

HP= [ ho)u@yds).
ta(n-1)yt



302

We chose v so that D ™x, =J,H{™. This may be checked by identifying J,H{™ as the
unique solution of the SDE for D "x,. Define a random variable R™ e L(R?,R) by

t

—
RWe=[[A@V )6V () \y(ayds), ee R
0E g@)

Using each component v§") =v™ e ; as a perturbation we obtain from (1.13) the formula
in L(RY,R)

E[Df (z,).0™z) + E[f (z) R =0. (2.14)
Let zSO) = (x;,J;) and define inductively
2 = @D D=0 g pEym gy g1,

The process z; = "D, H{™) satisfies an autonomous SDE. We apply (2.14) with f (z)
replaced by f (x;) J7 (HM)™! g (z{*~V), where fand q are test functions. This produces a
formula in L(]Rd, L(R%)). On taking the trace we get

EIDf (x;) ¢ ")) = EIf (%) (A"q) ({™)] 2.15)
where
Mg (") =-D®.UH) HPY g (")
+ D@ HP I HPY 2 D)
~Dq ) DMzt @y
~RM I HPY qED) (2.16)
and

D™ (J71).e =trace (¢’ |- T (D™J.¢)Jle), ee R?

Writing A™ = ay,...A9) and Ay enj) = ﬂ%)- ...-ﬁlg) we have by N iterations of
(2.15), for lal =N,
E[D%f0)] = EID *f0e)1(™)] = BIf () (Aal) ")) 217
To complete the proof we must form an adequate impression of the SDE’s for z{",
n=0,1,...,N —1 and of the functions A, 1 to justify the steps leading to (2.17) and esti-
mate E[1 (4 1) V) 1P]. Fixing n we set
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E(x) = X ), DX (x),...D"*1X (x)),

nexy) = @), D 1Y €y),...DTY (1)) .

We will show for n =0,1,...,N-1 that:

The process z™ is well defined as the unique solution of an SDE
dzy=Z(z_)dt + W(x._,y) (W-V) (dy.dt)

+ Wl(t’zt—:y) (u - V) (d)’,dt) + W2(tvzt—9y) ll (dy’dt)

where, for some polynomial P (&), linear in § Z(z)=P&x).2),
W(z,y) =P ((x,y),2), where

n
Wit,zy) =Y Wi(zy) lG-1nig @) J=12,

i=1
and where for some k, dy,....dx, p € an LP(G)and fori=1,...,n
p <o
Ze C@pndr), W, Wi € C@1ondisp), Wai€ Cd1ymndiip?).
Moreover E[12{1P1<6(t) (1 + lxolﬁ) for some increasing function ©, for all
1<p < oo,

For lal=n, (4,1) &™) is a polynomial in z{®, Ji' and D® H® 1 H®,
1

n
k =1,...,n, multiplied by [knl H§">] .

First we show that (A) holds for n =0. ((B) is vacuous.) We have SDE’s
dxe =X (x;_) dt + Y (x,_,y) (W~ V) (dy,dr)

d’; =DX(x‘_) "I— dt+D 1Y (x,-,)‘)f;..(ll“v) (d)’,dt) ’

50 (A) holds with W, =W, =0, k =2, d, =d, d, =d? by (2.8) and Lemma 1.1.

(lal =n —1, n £N) whenever ¢ 2 nt and, on choosing 7 as close as necessary to 2

Now we show why (A), (B) suffice to justify (2.15) with q=441

x,
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E[1 (A1) ") 1P1<C,A + 1x91®), 1ol =N

whenever Np < A, C, taking the form 0(t) t ™" in the Y-super-regularizing case. From
this the result will follow on setting

48 e0,y) =E[(Ay1) M) 1x, = y]

The main point to note, and the justification for the rigmarole of N different perturbations,
is that, to integrate by parts after some time (n — 1) T say (i.e. using a perturbation vanish-
ing for 0 <t < (n — 1) 1), we only need conditions (1.9), (1.10) of Theorem 1.2 to hold for
t2(n—1)7. It would be easy to extend the proof of Theorem 1.2 to cover this case. On
the other hand, since p has independent increments and z{® is Markov, it is also a conse-
quence of Theorem 1.2 (by conditioning on F,_1)). It is easy to check from (A) that
(after (n — 1) 7) (1.9), (1.10) are satisfied by the SDE for (z{*~?, H{™) and the perturba-
tion v"), Thus the integration by parts formula (2.14) is valid for z = z{*-D, H{) and
for all test functions f. Of course f (x, W7 (H™M) 1 (4, 1) "), lal=n—-1isnota
test function of (z{*~V, H™). However we can show forall 1 < p < oo,

- E[JH1P1<6() A + 1xg !By

- if his A-regularizing and %B <Nt <t then HM)P e LI(P) forn =1,...,N;

- if his y-super-regularizing and T = ﬁ E[H™)?]<C (#)‘W;

- E[O®HPHMYPI<00) A + 1xo1P).

Thus (B) and the independence of H{V,...H™ show that (44 1) (z{™)e L!(IP), for
lal =n. Approximating ("D, H™) 15 f @) Ji! HP) (A, 1) @) by test
functions (1ol =n — 1) and passing to the limit we obtain the desired formulae.

Finally, assuming (A) and (B) above hold for n — 1 we must show they hold for n.
We have the following SDE’s for z{™ = (z{*-D, D® z{#-D g™ p®) g gin)y

dzs"“l) = Z(zg':“l)) dat+ W (Z?_’.—l), y) (L-V) (dy,dr)

+ Wy 0,200, y) (W=v) (@ydr) + Wa 1,28 D,y) u @y,dt),

dD®™ z{*-D =pZ A DyD®™ 2D gt + D W (" D,y) D™ 2D (u—v) (dy,dr)

+ Dy W (2 D,y)v® (1,y) pw(dy,dr),

dH{™ = h(¥) 1 - 1ye,q (¢) 1 @y, d),
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dD™H{™ =Dh (y) V™ (t,y) p(dy,dt),
dR{™ = i‘i‘i‘—}v(a;l@—y—’ W—V) @y.ds).

Note
@ v™ (w,z,y) may be written v\ (¢,x,_,J;_,y) where

v® (1,x,1,y) =D Y (6,y) I + D1Y (x,y)J h3) Lnotyen 5

(ii) all terms in W, W disappear from the SDE for D™ z{*-1 because D™ z{}~D =0
and v (t,y) =0 for 0 <t < (n — 1) T (this feature of the derived processes explains
best why the use of disjoint perturbations is a useful trick).

It is now routine to check from our hypotheses and the known graded structure of the
coefficients Z,W,W;,W, that (A) holds for n. In particular Lemma 1.1 gives the
existence of a unique solution z{™ with the stated L?(IP) bound. Suppose (B) holds for
n —1). We inspect the formula (2.16) for 4™. The only term potentially not of the right
form is the third: if g = 4,1 (Il = n — 1) Dq will introduce terms multiplied by (H{V)2
(for example) rather than (H{P)™. But D™ H =0 for m < n so these terms do not
figure in A™ Ay 1. This completes the inductive step. 0

Theorem 2.9

Suppose (g,E’) is A-regularizing (0 < A <o) (in particular y-super-regularizing will
do ) and that X,Y satisfy (2.8) (i) (ii) (iii). Then for all # > 0 and all multi-indices o of
length N < Af there exists a Borel function g;* on IR? x R? such that

D¢ P(x,dy)=q; (x.y) P(x,dy) , xye R?

[ 132y 17 Prdy) sCoy, (1 + 1x1P) 2.18)
Rd

whenever Np < As. In the y-super-regularizing case we can take Cingp =6() 7Y with 0
increasing.

Suppose now that (g,E’) is smoothly super-regularizing with regularizing function A
and that X, Y satisfy only (2.9) (i) (ii) but that for some open set U < R?

1Y) I2<h(y),

IDY(xy) ' <C@ + 1x1B)
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forallx € U, y € R?. Then forall ¢ > 0 and all multi-indices o of length N there exists a
Borel function g on U x IR? such that
D% Py(xdy)=3; (t.y) P(x,dy) , x€U, ye R?

[ 1% @y) 12 Prdy) <0,8) 2 (1 + 1x1B)
Rd

forxe Ud= {x € U: dist (x,0U) > 8}, where 8 is increasing in ¢.

Sketch proof

For an autonomous SDE
dzy=Z(z_)dt + W(z,y) (W~ V) (dy,dr)

with initial condition depending smoothly on xo (z9 =V (x¢)) we know there exists a
version z, =V, (x¢) of the family of solutions as xq ranges over R depending smoothly
on x, a.s. and in L2(IP) (under appropriate conditions). Suppose inductively we have for
multi-indices ¢ of length n, such a zf") and functions g% with

D*P.f x)=E[f -0,(x).¢* - y{"(x))
¢, being the flow associated with x, = ¢, (xo). Differentiating
DD P,f (x) = E[Df - 0, (x) . D&;(x),q" » wé“) )1
+ E[f-¢:x) Dg* -y Dy (x)].

We now apply integration by parts with the perturbation of Theorem 2.5 to the first term
on the right: taking x¢ =x, the formula reads

E [Df () J; ¢%(z{™)] , (2.19)
=E [f ()(H:*DH, ¢* ()~ H;'Dq®*(z{) Dz{™ -H;'q* (™) R, }]
Thus if we set

z$" +1) _ (zﬁ"), ngn), Dwgn) *x0)) (2.20)

(assuming Hj, R;, x;, J, already to be among the components of z{™) then z{"*1 satisfies

an autonomous SDE and writing y{"*1 for the associated flow we get expressions

D®P,f (x) = E[f-¢,(x) g% y{**D (x)]
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for multi-indices o of length » + 1. With hindsight we must begin with z{® = (x,,J,,H,)
zgl) = (zSo),Dzﬁo),D\yﬁo) (x0),R;), and use (2.20) for n 2 1. To carry out a detailed proof
would require an analysis of the nature of the inductively defined SDE’s for z{™ and the
functions ¢%: see for example the proofs of Theorems 2.5 and 2.8. This we omit. It is
clear by a comparison of the SDE’s for Dz, and Dw,(x() that the processes z™, n> 0
defined above will behave no worse than those in Theorems 2.5, 2.8, so the same
hypotheses will do. Indeed we are able to drop the hypothesis (2.8) / (2.9) (iv)

Id+D; Y@y)t<C

completely because there is no need to ‘remove’ J; from the left side of (2.19), so no men-
n
tion is necessary of J;!. The crucial factor in ¢%(z{™) isstill H;" (or kI'II H®OY if

disjointly supported perturbations are used) which explains the similarity of the form of
this theorem to earlier results. 0

Notice that without condition (2.8) / (2.9) (iv) the local version of this theorem is more
satisfactory than Theorem 2.6, in that it does without any global non-degeneracy condi-
tion.

2.f Regularity of the transition function

We show how the estimates of 2.e for the forward variable translate into reguiarity
properties. First here is a summary of Theorems 2.6, 2.7, 2.8. Consider the following
conditions on (g,E") (see 2.b)

(A) (g,E’)is A-regularizing (0 < A < o0),

(B) (g,E’)is y-super-regularizing (0 <7y < o),

(C) (g,E’) is smoothly A-regularizing,

(D) (g,E’) is smoothly y-super-regularizing with regularizing function A

(we have (D) => (C)=> (A), (D)=> (B)=> (A)), and the following conditions on X,Y
(see 2.e)

(I X,Y satisfy (2.8),

D XY satisfy (2.9) (i) (ii) (iii) and there is a ¢ € C=(E’, [0,1]) with
G (supp ) < oo, d(y) < dist (y,0E), ﬂg—ﬂ € CY1(E") and such that, setting
¢=00ff E', y=1-¢, we have, forallx e R% y e E,
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¢ +yo) D Yy) i <C,

(II) X,Y satisfy (2.9) (i) (ii) (iv) and there is an open set U < R? such that for all
xeUyekE,

1Y ey) 12 <h(y),

ID,Yxy) i <C( + 1xiPy.

We showed that (AI) or (CII) or (DIII) imply for |l =N the existence of a Borel func-
tion g*(x,y) € R% x R? such that

Dy Py(x,dy) =g} (v.y) P (x,dy) ,

[ 1g%ay)1? Pirdyy <Ci(1 + 1x18) @21)
Rd

subject to the restrictions

Np <\t under (A) and (C) ,

xeUb={xe U: dist(x,dU) >3}  under (III)
and with the extra information under (B) or (D)) that

C;=6(1)r"™P with 0 increasingin ¢.
(0 may change below but it will remain an increasing function of ¢.)

Fix an integer s 2 0 and a multi-index o of length n =N —d — 1 and consider the dis-
tribution
W@dy)=(1+ ly|%)* D§ P,(r.dy) .

If o is a multi-index of length d + 1 we have by (2.21), for some polynomials & o,

DY p@y)= ¥ ke )@ (xy) Px.dy).

lo’1<d +1
Set

i = | e u(dy)
Rd
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then by (2.21) (provided N < A¢ under (A) and (C))

1. 1A = 1O% P @) <G + 1x18)

(with C, = 0(z) t=Y #*+4+1+8) ypder (B) or (D)). Since o was arbitary, fi € L' (R?) and by
Fourier inversion there is a function f € Cb(le) such that

) =f O dy, lflla<SC(+ Ix1B)

We have proved.

Theorem 2.10

Suppose (AI) or (BI) or (CII) or (DII) or (DHI) hold, and latl =n=N-d-120
with

0<n<At—-d-1, incases(A)(C),
xe U® forsome §>0, incase(IIl).
Then P,(x, *) has a density p,(x, *) € C2(R?) with

C(1+ Ix1B)

ID% p,(x,y)| <
ypl( y) 1+ 1yl

and in cases (B), (D) we may take

C, = e(t) t—y(n +d +1+€)
with 0 an increasing function of #, for any € > 0. 0
2.g How good are the results?

We test the power of our results in one dimension against a simple analysis of the
Fourier transform

Pu)=E@™)=expi-t | (1-e ™ —iuy) G(dy)
0

which is available in the case of the independent increment process with, for simplicity,
positive jumps
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y (L —V) (dy,ds) .

O 38

t

}’r=f

0

We assume | yPG (dy) < oo forall 2< p < oo,
0

Case 1: G admits a decomposition
by -
G@dy)= 3 l{o<y<s) dy + G(dy)

for some positive measure G. Then

IIS,(u)l =expy—t f (1 —cosuy) G (dy) (< expy—t
0

At
= M
_[ZSJ lul= .

So y; has a C5(R) density whenever 0 <n <Az —1. On the other hand we could apply

A
—d
y)’

Theorem 2.10, with E" = (0,8), g () = My and regarding G as living on a disjoint copy of
R*. We showed in Lemma 2.3 that (\y, {0 <y < 8}) is A’-regularizing for all A’ < A.
The remaining conditions of Theorem 2.10 are easy to check and we find that y, has a
C3(R) density whenever 0 <n <At —2. The rate of regularization is correct but one
degree of differentiability has been lost - because one can only integrate by parts a whole
number of times.

Case 2: G admits a decomposition
1 ~
Gdy)= ST L{o<y<d) &y + G (dy)
for some o > 0 and some positive measure G. Then

S
|Pu)! Sexpi—t |

T
ZTul

1

o+l

dy =6(t) e—tlula
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So y; has a C* density p,(y) for all ¢t > 0. Moreover

ID"p, ) <0¢) | 1wl e™"™" du
R

1
_ e(t) t-—-a—-'(n +1)

On the other hand we could apply Theorem 2.10. By Lemma 2.3, (»<**D, {0 <y < 8})
is y-super-regularizing for all y > -;— + %. By Theorem 2.10, y, then has a C* density
for all ¢ > 0 with

ID"p,(y)| <O(r) 17 ¥ +D (2.22)

The extra % in y was thrown away on disregarding the behaviour as ¢ — 0. of

IE[(A41) (z(N )) |] (for example) in the proof of Theorem 2.8, and may be recoverable
(see 2.h). The change from n + 1 to n + 2 is inevitable as discussed in Case 1.

2.h Locally stable processes (after Bass and Cranston)

We recover a result of [1] that the ‘locally stable’ Markov process x;, with generator
L 1+
6 ()= ) (FG+3)~F@-Df @)y dy,
0

has a resolvent density provided

@) % <oa’'fo(x)<a”<1 forallx € R, for some o, 0",

(i) ae C}(R).

In fact we prove a stronger result that if o’ + é— <Y< % then, for all A sufficiently large

and f € C}(R),

3
E[ e™Dfaydr<ch T ISl . 2.23)

S 3

Take E'=(1,%0), G(dy)=g0)dy=1(>1) dy, Y (y) =y 1(y5y) , then

GF@) =] (fx+Y@y)-fx)-Df @).Y(xy)} dy .
1
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So the process may be realised by the SDE
dx =Y (x_,y) (- V) (dy,dr).

Take ¢ € C!(R) with ¢(x) =x v () except in a small neighbourhood of —-, take

y(x)=x-¢(x)and h € C,l,(l,oo) with A =0 near 1, A (y) =y Y near o. The hypotheses of
' Theorem 1.2 are satisfied by the graded system

dx; =Y (x_,y) (W—V) (dy,dt),
dK, =S (x;-) Ki— dt + (D 1Y (x;_,y)) K, (L - V) (dy,dt),
dH;=h(y) (L-V) (@y,dl),

(x0,K0,Ho) = (x0,1,0),

where
S@) =[O, Yxy)dy,
E
and by the perturbation
vity) = 1 +6D1 Yy K, h @) -yD 1Y (x,_,y)) K, H,_
Y DY (%_,y) '

It is easily checked by substituting in the SDE for the derived process that Dx, = K;H,.
We arrange that 1 + (DY (x,y)) 2 % for all x,y, so the SDE

dLy =L, {S ()~ | 1+ 0D 1Y @)™ 6D 1Y () G (dy)) dt
E

—L (1 + 0D 1Y ey 6D 1Y (42,)) (—V) (@dy,dt),

has a unique solution with L, e N LP(IP). Moreover d (K;L;)=0,s0 L, =K ,‘1 . We have
p<ee
G(h2€)~eWase—0,s0 by Lemma 2.1

EHP)<CrPY forall 0<zr<1. (2.24)

It follows by a limit argument that the function

«.K,H) 1> fx)KH™?
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may be integrated by parts to give

DK DH, R
E[Df (x,)] = E[f (x,) {K;? 7} +K;! H—?’—K;I ;i}l, (2.25)

where
th=D2V(t:)’) (H—V) (dy,dt)’ R0=0

The proof of (2.23) is completed by finding suitable bounds in L 1(IP) for the three terms
inside the curly brackets. There are constants C, a < eosuch that forall r >0

E(K;* DK, 12 < Cre2®
E(K;%2 R?) < Cte?® |

1
¥+
This together with (2.24) gives a bound of the form Ct ' Te‘” for the first and third

terms.

We consider the second term. There exists an increasing process A (¢) with
IE(A (t)) < C (p) e2®¥
forall p < oo, such that
IDh(y) v(t,y)| <A (r) y=2r+e"
So IDH;| <A (t) Q, where

d0;=kQ@)u @dyd), Q¢=0

and k (y) =y 2%, Fix g with 1 < ¢ < 3"% We have
Y+

EQH*) =Ty | p%-1 ¢~4B¥ n(B) 4p
0
where

EB) =] (1-e B0y gy
1

MB) = [ k() e PO gy
1
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1
But EPB)28B" —¢ for some J,c<oo (see proof of Lemma 2.1) and

, —2+%(cz”+l)
nPe)<é'p + ¢ for some &',¢” < o0, So

oo

1, »
-2+T(a +1)

E(Q,H;2) <T(p)t | p2-! (5B + e~ gp
0

so by a substitution B’ =17 B we get

201/ -27+l(2y—a”)
EQH ) <Ce¥r 1

1
—2y+y+
<Ce%t z

by our choice of q. Hence, if % + % =1

DH, o |
E(KI— D <EUKIPA (¢ p | =
(IK; i ) SE(IK; Y 0n o

< Cea: t—y+1/2

for some C, a < . Finally for A > a by (2.25)

oo

]EI e_h Df (x)dr < 3CIlIfll. je_(;‘"a)t ["Y+1/2 dr
0 0

8

3 1
3CUfll—-a) "2 [ e s Zds<oo.

IA
=)
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