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Remarks on Absolute Continuity, Contiguity and Convergence

in Variation of Probability Measures*

by

S. W. He J. G. Wang

Let (Iln, Fn), n3l, be measurable spaces with right-continuous filtrations
£?=(£:)t>o, and E? = tng:' Let P" and B" be probability measures defined on E?.
From [2]-[4], it is known that Hellinger processes are the main tools for the
study of absolute continuity, contiguity and convergence in variation of probability
measures. In §1, by using the results about the convergence of submartingales at
infinity, we give the Lebesgue's decomposition between measures. Then the conditions
for absolute continuity and singularity can be deduced immediately. These facts
are easy, but they supplement the known results completely. In §2 and §3, we give
new proofs of the conditions for contiguity and convergence in variation respec-—
tively. These proofs start directly from derivative processes, don't need the deeper
properties of Hellinger processes. Hence, they are straightforward and can be easily

followed. All results are applied to semimartingale cases.

1. Absolute Continuity
1.1Preliminaries. We'll adopt all denotations of [1] without specification. For
the sake of convenience, we always omit the index n. It appears only in the case,
where it is indispensable.
Set Q =-%(P+§). Suppose that (€, F, Q) is a complete probability space, and

under Q E_=(£t) satisfies the usual conditions. Let Z and 7 be the derivative pro-

cesses of P and P with respect to Q respectively,

R Y14 5 - ¢ g i
. ~ o~
T, = inf{t: 2, Ukl T, = inf{e: Z ¢ 1/kh,
T = sup T, = inf{t: Z_= 0}, T = sup 'i'k = inf{t: 'it = 0},
k k
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r=vro, ml,

STAT S = TAT ,

k "k 'k’

Denote by t‘ the jump measure of Z, by ¥ the compensator of I.L under Q:

u=r4p'Q. Set
A=1+zx/7_

then /\,'XEE, and ( see[3])
r.pyP =A'V ,

(Obviously, 11<0.V= 1x<0.u= 0.)
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F=HE 0, Tk],’
raf=pros,1
A=1 —X/’Z_

0P
K =X

From now on all discussions proceed under the probability measure Q, unless

otherwise specified. We have
z=2%+ X*(p-v),

~
Z+7Z-=2, Z

The Hellinger process (with index 1/2) of P and ? is
Ho= 4 (1/2_ +1/2)%2% + 2R -{R)2 % v

and 1 H = 0.

(raf)c*

1.2. Theorem. Set N ={S <00 or Hg,=09}, Then

(1) PLP on N,
(2) P~P on NC.

Proof. We have (see [1])

{Ze> O} = {T =0e,
{7k> 0} = {&."=°a’

Since 1 is between JA and =,
(1-& )¢ R-IT)?

=

Nzli—'N

.(ZC> + (1 -Jx )2*1),,< o»}
<25 + —Ii')z*t{,a»}

(1-I%)?% ¢ (JX-F)?

Comparing (1.1) with (1.2) and (1.3), we get.

{S =00, Hoo<0o} = {24, >0, Zpy >0}

{S <0 or Hy =00} ={ 2z, =

But P(Z oo = 0) = B(Z o = 0)

1.3. Corollary. ([2],[3]) P« P iff

(i) P «p
[o] o
(i1) P( Hog< oo ) =1,

(iii) B( 1 0 Bo=0) =

0} U{Zs =0}

= 0. The conclusions follow from (1.4) and (1.5).

Z = -x*(r\ V),

(1.1)

(1.2)

(1.3)

(1.4)
(1.5)
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Proof. Since P& P iff P(N) = 0, but

BN) = P( T <00 or Hey =00)
and

{T<00)} U { Hpp=00) = { T=0 ¥ U { 0<T<0o, HT_<oo} U { Hpo=0).
Also notice that

{r=0)Y=¢2,=0Y

{ 0<T<00, Hy_<oo} = { O<T<09, Zp >0 Y={ L o*Few>0}
Hence

L7 <00 YW Hp=®y={2 =03U{1L_g*Fu>0} U {Hx=0},

but

P( 1A=O* Poe> 0

<=> EQ( 1)\=o* Vpy) = 0 <=2 B( L-o* Yy>0)=0,

~ ~ ~
0 <=> E(L_g*Hw)=0 <=> E(L,_A*B),= 0 <=>

therefore the Corollary holds.
1.4, Remark. The condition (iii) in Corollary 1.3 is equivalent to the following
(111') vaeE, Ll =0 a.s. B o> 1) =0 as. B
Proof. (iii) => (iii'). If AGE and lAl*lf,= lA*fli’P =0 a.s. AP’, then
~
) = f s
1A{)«>0} V,, 0 aiP By (iii)
eulP o Xy = Te V. =[x = P
L* Pl = 10 M = Loyt * e [;\*(11\{)00}*1))],,° 0 a.s.P.
(iii') => (iii). Obviously, we have Al,_ ¥ Ve = 0. By (1ii")
~
Lo * Y= 0 a.s. P.
Loo(Z A+ 7 X)¢Vp=0as. P (1.6)
Since Z_A+ 'Zv__'x= 2 , from (1.6) we get
~
1A=0 * Vm =0 a.s. P.
1.5. Corollary. PLP iff
~
P( Z0 = 0 or Hyy=t00r 1/\=0*"°’> 0)=1.
Proof. It is sufficient to notice that 'l;l.LP iff 'II;(N) = 1 and similarly to the
proof of Corollary 1.3. we have F(N) = 'f"( Z°=0 or He=0 or 1A=0*rl>0), hence the
Corollary holds.

1.6. Application to semimartingales. Suppose that Q is a probability measures on E
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such that P« Q and P« (_) ((_) is not necessarily Q, but Q« (_2 This is the difference
from the assumption in [5].) Suppose X = (Xt)t;O is a semimartingale under Q (and so
under P and 'ﬁ). The predictable characteristics of X under P, ? and Q are (B,C,») ,
(E,E,D’) and (B,C,V) respectively, and

v=¢.7, vV-F.p $.5ep

Set a = (at), q= (Et) and a = (gt):

a, =W([t]R), T =D([t]R), a=D([t]R).

Define
T = inf { t: Vart(B—g) + ‘xlllxlsl*var(v—g)t = °°}
0, - T=0,
A = '§t "By xl g ¥(P-0) £, T,
+00, t >T, T> 0.
k=3%ep.

(If on [0, t] A is not absolutely continuous with respect to C, Kt = +00,)
N ={zo'2'o =o}u{c#Clult=0}vu
{KZ.EN + ([f —ﬁ,’)z*ﬂ;,+ Seod1-a -J1-3 2 =00} U
{(‘V?EO*,“X)”) O} U{S“(IAX=O,a=1 or '5=1) > 0}’

where is the jump measure of X.
X

Suppose that under (_) the derivative processes of P and '};’with respect to Q

(still denoted by Z and %,) have predictablerepresentation:
Z = LXE 4+ we(fly - p), 7 = T.x° + W Py - P (1.7)

where L,'I:'Gg, W,’M‘I’G E Applying Theorem 1.2, we have

(1) PLP on N,

(2) P~P on N°.
The conclusion (1) about singularity needn't the assumption of predictable represen-
tation (1.7). But the conclusion (2) need it inorder to represent the Hellinger

process as

H= Lpaefg’.C+ JUF - D + 3s( [T=a -[T-5)2 .
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2, Contiguity
2.1, (’l;h) is contiguous to (P"), if VA"e gn
P"(AM—> 0 = P -0
and denoted by (‘1311) ] (Pn). The main result on contiguity is the following ([2],[3])
2.2, Theorem. (F") 4 (P") iff
(1) (F) 4 (7))
(ii) 1im Tim P'( Hy, 3 N ) =

N—00 n—>w

(111)V'l>0 ]I_g 11m P(l Ny =0,

where Po (PO) is the I‘eStI’lCthH of P () on Fo, and
1) =( 1"1(“:1( xn})*u", N>2.

The proof of necessity, given in [2], is already very simple, needn't improving
further. We'll give another proof for sufficiency. Our proof is based on the
following lemma, as in [3]. But the procedure after that is greatly simpler than
that in [3].

3.3. Lema. ([3]) (P 4 (PM) iff

Lim 1imP"( lim (z/z)S »N)=0 (2.1)
N—>00 n—>00 k->00 k
(Denote by Z® the supremum process of Z: Zt = suplZ })
s¢t

2.4, The proof of sufficiency. From exponential formula, on [ O, Sk]],

2z =7 /7 exp{(1/Z. )% = 5(1/2%).<E% + s(log(1+4%/Z.) - 4Z/Z))
~(1/2.).2 + 21/22).<2% - S(log(1 +42/2_) - AZ/2)}
2 /7, exp{ ~(1/2_ + 1/2).2° - {12 - 1/22%).<z%> +

+ (K'—L)*(F—U) + (logx- (X-1 ))*f‘ - (logA- (A- 1))*"‘}

2,/2, exp{ ~(1/2_ + 1/2).2° Fa 2z« 1Z)%at

+ (K-N)*(p- ”)+(10g-—*-(k ayxpt

= Zo/zo exp{A + B} (2.2)

where ZC’P =2° - 1/Z~ <25,7% = ZC + 1/2_.<ZC> is the continuous local martingale

p,P

part of Z under P. Set §=A/K, U r ,and 0 < b < 1 is a constant. Then

-(1/z_ + 1/7_).2° Py %(I/Z_ + 1/2~_)2-
(i’—z.)*(ta—u) + ( 1ogt - ('X—A))*,i

1 ~
Lip-1yyp 108F ¥+ Lip_yp5p(f -D* Y
t 1o y¢p 108 % *p-9) + Lo 1y ¢p(lo8 .;_ - (1P (2.3)

=B1+B2+B3+B4

A

B



265

In the sequel, we'll discuss under ‘15', and estimate (2.2) term by term in order to

get (2.1).
1° since (53) 4 (Pn), we have

lim Iim P( /z 2N) =
N->0v n->be

2° <ZC’P> = <Z%, and by Llenglart's inequality
~ ~ P #*
B( ((1/Z_ + 1/z_).z°'P)sk> N ) L/N? + P(8Hu 3 L )

~ * 2 ~ ~n
P(Ask) 2N) ¢ L/N® + P(8Hpg 3 L) + P(4Hyy 3 N)
Let k200 , n—>00, N->00, L->60 successively, we get

lim Iim P" ( lim (A )S 2N) =0
N—>® n—>60 k—> o0

3° Using |log(1+x)|<|x|/(1-|x|) for |x|< 1, we have

<1“,_1'<b 1031. 5,; D) g Lp 1,<b 1ogf v
D% V¢ (__r__-f_TT'b_) JF-1) Zeig C,H

lf 1jgb (b 1

where Cb is a constant, dependent on b only. By Lenglart's inequality
~ 3. 2
P( (B )Sk; N) § L/N® + P(C H g JL)

Set k—>»00, h—>00, N->m,L->00 successively, we get
lim Tim ﬁ?% 1lim (Bn’3);n 2N =
N—>t0 n—>w k—> 6o k

AOUsing |log(1l + x) x| < x2/2(1 -Jx|) for |x|<1, we have
|84 <1 -1 1% D
$p-1cpltosf +§-

(f—l)*p<(1+,|1+b) T A
'?""(bZ(lb) Naryew e (F- 1 DS sH

~ *
P( (8t )Sk> N) < P Cllggy N)
Hence

lin Tim P 1im 8%y ) = 0
N—>00 n=> 00 k—>00 k

1B% ¢

Je+1 2
1 - 14
lf—l,)blr_ 2 - %

Sl 2a JTHefF - D2 * D¢ o
B (BZ):k >N) CPOCH, »N)

Hence

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)
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lin Tim P lin (B%gn yN) =0 (2.9)
N->ean->oo k—>60 k

6° Take 0 < §< 1 -b
B¢ gcg - pllog” %)*}“ 1p<81°8+i *H
(1og 1 5 Loca-p) ¥ (le¢s log" ¢ 1y p

B (P ) »N) B ) >1°g ) + P((1, e *H)e >0) (2.10
/’;; 9<1b)}‘ 13/‘& pgs s >0 )

{§’<1—b} § 1{19 ||>b}”-’ ‘b I - 1|>b|f—1l u<CH

By Lenglart's inequality

S log N log 1/8 ~
P((Lo 1p"1s 7705175 ) € M Togf + P( Cpflood 1) (2.11)

On the other hand,
1o, c* D * D
~ ~ »*
p<S§ Ak ™ P+ locRg xa, 948
SR + K 1gyg %S?*ﬁ
< i(R) + X§/(1-[0)%(F - D>
< i®) + 2x8/(1 -I5)% (2.12)
Notice that f‘ is integer-valued, again by Lenglart's inequality
~ ~
* = *
¢+ ¥ (17@*9)3](;7) (2.13)
From (2.10) - (2.13) we get
., Bl 1 5 5
P((e )Sk; N ) ¢ L logy/logh + P(CiH > L) + 1 + P(1,,(K) > ¥
+ BCH,, 0 - [§)2/4K8)
Set k>0, n—>oa, N>oe, L>t0, £-0, K—>oo,'z—->0 successively, we get
g
1im iim B Lin (8 )S >N)=0 (2.14)
N h>00 f»w
then (2.1) follows from (2.2) - (2.7),(2. 9) and (2.14).
2.5. Remark. In Theorem 2.2 the condition (iii) can be substituted by
(i1i') VA"ef"
n,p,P L np,¥ .
LRy >0 i @) > Laun" >0 i ).
Proof. (iii) => (diii')
i a X0 + 1 ~hy 0
A lAn *Po & lN/\n<'Xn X *V:; Aﬂ{mk’;\“}k v
il + N1, X" * Pl

(iii') 4 (i1) => (iii).
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i A L ¢ (W - 72,
Hence for each sequence N  ->wo, take A" ={NnAP<5tn}, we have igg(Nn)-éo in (BM,
therefore (iii) holds.
2.6. Application to semimartingales. We make the assumptions, as in 1.6. Applying
Theorem 2.2, we have the conclusion (see [5]):
(") q (P") iff
@) EHq @D,
(1) tn Tm BEHZE, + SR v s (T - J1 aH2 3 H) =0,
N—>oa n—>00
(iii) V>0,

lim lim P°(1

n
N—>ton>w.  N§

~n ~Nn
G FVo S, ((1 =81y ony g =n) 37) = 0.

In fact, we have

. = ~ * ~ _
10 = Lpppe { Iype * B4 800 - By gy eay)
Similar to Remark 2.5, (iii) can be substituted by following

(1ii') (a) VA" € B
1y *Pg > 0in (P => 1,0 *P8 5 0 in (BY,
(b) VA" e p"
(1yn-8((1-a") 1z 0y ))gy > 0 1n (B

= (1,n.8(1 —En)lt5n>0]))m - 0 in(PY).

3. Convergence in Variation
3.1. Lemma. The following statements are equivalent:
(1) 1" - B -> o.
(2) (2" - s >0 in (PY).
(3) (" - 1)5 -> 0 in(P"), where Y* = JZ°5 ,

Proof. Since JP" - Bl Yz, - % | =289z - 1], |2%- 1]¢1, so

IP® B> 0 <=> |Z% -1]-> 0 in (Q").

(1) => (2) By maximal inequality of martingales, for E>0
n,,n * 1 Q" .n
QU@ -1, &) ¢ £ EZ,, -1

Hence, (2" - 1) -> 0 in (Q%) and (P").
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(2) => (1). Obviously, Zo - 1 -> 0 in (P"). For given &> 0, and OC §<€<I,
1l n
Iz - 1E) 3 fan s

Set n-Yoo, 5->0 successively, we get Z?q -1 ->0 in (Qn).

1/Z5, aP" 3y 1/(148) P(IZ,, - 1I¢§)

Note that 1 ~(Y*)2 = (1 -z*)% and 0 ¢ Y"1, we have
* %2 %*
Q- ¢(1-z9"¢20-1H",
(2) <=> (3) follows.
3.2 Theorem([4]). The following statements are equivalent:
(1) IIP" - > o.
: n _en
(2) (a) lIp, - P l|=> 0,
(b) HY, - 1 >pin (@M.
n
(3) (a) |75 - POl > o,

(b) Hy -1 - 0 in(P").
Proof. (1) => (2). (a) is trivial. Suppose that the Doob-Meyer decomposition
of Y" =JET1—' is
EER SR by (3.1)

where M" is a martingale with M2=0, A" = YE.Hn. By Lemma 3.1, a" - Yg):, -> 0 in

* *
(Q"). A" is dominated by a" - Yg) LAY - Yg) < lAYnl & 1. By lenglart's inequa-
lity, we have A';Q - 0 in (Q"). On {inf YI; )—}},

[ ]

B = (1/Y" - 1).A" 4+ AR t%°2(¥“-1'§ A" 4 A"
o - *Too 00 N\ 6o “ po

On {1nf Y <1}, " - > 1. Therefore, V€> O
* n n * *
Q(H 28) g QUM = Do 23 +Q(2(Y = 1), + DALYE)
Hence; H';, —> 0 in (Q ). (2) => (3) is trivial.
(3) => (1). At first, observe that
He 3 (IR - R Voo A(J)\//\- 1)% 1y Voo

Hence, 1 )A VN — 0 in (Pn) Applying Theorem 2.2, we have

(N
(P 4 (). since P(T} <60 ) ¢ l/k. p“('r{: <) K Uk,
lim lim P“(s <) = (3.2)
k—>00 n—> b0
Now define L =1/Y_.Y = 1/Y_.M - H. Using Tto's formula. on TNI we get
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(/1).M = 3((1/2).2 + (VZ).2) -} - ) *(p-v)
= 31/2_ - 1/2).29F + (JXK - D¥(p-pPH) +
+ 3(1/2_ - 1/Z.)(1/2_).<2% + (A= 1)(JAK - 1)*V (3.3)

c,P

where Z is the continuous local martingale part of Z under P. It is easy to see,

onf 0, ST,

[(1/z_ - 1/2) 1/z_|.<2% ¢ (1/z_ + 1/Z)2.<z%  8n (3.4)

WAR-11¢ X -JX |

I(A- DGR - D] ¢ K+ DIR - 1R - R (K + DR - %)

[(A= DAR- D* VIS (R + DR - D)3 g 2(To2k + DE (3.5)
Under P we have

AWz - 1Z).25F + (JAR- D p- pPP ¢

SHUZ + 1/2)2.¢25 + (ke DR -JR)H* P < (2 4 4k)H (3.6)
From (3.3) -(3.6) and Lenglart's inequality, we obtain

(Ln);: >0 in (PY) (3.7)
By exponential formula, on [0,S, ]

Y=Y E(L) = Yoexp{L + S(log(1 +AL) -aL)}

Note that ng-log(1+x)\<x2 for |x|<%, and AL =J(1+AZ/Z_)(1+A2/£_) - 1 we have
0¢ J (8L-1log(l+a4L) g 2% @L)?
IALl\< } ,AL'\<%‘
§ URK - D P (K= R)™ P
Since ( X - ff')z* "p P & 2(142k)H, using Lenglart's inequality again, we obtain
n n n
(S((AL" - log(1l + AL")) IIALnI\G)S:: —-> 0 in(P) (3.8)
veEd>o,

{(SC 110g(1 +4L) - 8LI))g >}
k
c{(AL);k>' 3} U {(S((L - log(1 + AT ) € } (3.9)
- N
According to (3.7), (ALn)S; —> 0 in (Pn). and from (3.8), (3.9) we get
LR * ny, _ .n
(L7gn + (S(Mog(l + L% - 1 l))S:—>o in (P (3.10)
By (1), Y, - 1 >0 in (P"), now

Y- 1= Y] -1+ Yo{exp(L” + S(log(1 +aL™ - aL’') =1}
and from (3.10) we have
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(1" - Dgn > 0 1n (B (3.11)
For given €> O, ‘

PO - 17 3€) < PA(SE <00) + PH((T" - 1)gn »€)
Set n—>» 6o and k—> 0o successively, from (3.11) and (3.2) we knﬁw

(" - 1), >0 in (P%)
At last, IIP® - B%-> 0 follows from Lemma 3.1.
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