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THE STATISTICAL EQUILIBRIUM OF AN ISOTROPIC STOCHASTIC FLOW
WITH NEGATIVE LYAPOUNOV EXPONENTS IS TRIVIAL

R.W.R.Darling and Yves Le Jan

Summary. It is well known that every stochastic flow on Ry, whose one-point motion has
an invariant measure m, gives rise to a measure-valued process {vy, t20} with v,=m,
which converges almost surely to a random measure v,, called the statistical equilibrium.
We prove here that if the flow is spatially homogeneous and isotropic, and if either the
covariance is smooth and the top Lyapounov exponent is strictly negative, or if the flow is
“of coalescing type" (these phenomena can only occur when d<3), thenv, =0 as.

1. Isotropic stochastic flows on R4 with C* covariances.

A rather complete description of isotropic stochastic flows on Rd, d22, with a
smooth covariance structure, may be found in the papers of Baxendale and Harris
[1], and of Le Jan [4]. We shall reproduce here only a brief definition, and a few
formulas that we need.

A stochastic flow on R4 is a family of random mappings (actually
diffeomorphisms in the cases studied in [1] and [4)) from RY to itself, denoted
{Xst, 0s55t<o0}, such that Xi,eXap=Xgy if sstsu, Xgq is the identity map, and
Xst, Xgt, .. are independent if s<t<s'<t’s.. . In certain contexts it is helpful to
consider "backwards time" flows, i.e. {Xgt,-o0 <s<t<0}). We treat the case where:

(a) For each x in RY, the one-point motion {Xot(x),t20} is a standard Brownian
motion in R with Xgo(x) = x.

(b) The covariance structure for the motions of k points, k22, is spatially
homogeneous, and isotropic in the vector sense (see Baxendale and Harris [1]).
Such a structure is obtained as follows:
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Take any pair of positive, finite measures Fi and Fy on (0,), with finite fourth
moments, suitably normalized. Let

(1.1) A=d1fp?F(dp), B =d 1fpZFn(dp).

From F| and Fy we calculate the ‘longitudinal and transverse correlation
functions” By and By, which are scalar functions on (0,0) tending to zero at
infinity, satisfying

(12) BN = 1-pr2+0(rd,
BL(r) - Bn(r) = -5r2 + 0(rY), asr | 0,

where p and ¥ are defined in terms of (1.1) by
A=2p+(d+1)y, B=2p-¥.

From Bi and By we obtain a ¢* dxd matrix-valued function b on R4, called the
covariance matrix, by the formula

bPA(z) = (By(I2l) - BN(Izl))z"z“/|zl2 + BN(I2))8P9, z = 0.

The law of an isotropic stochastic flow is uniquely specified by this.covariance
matrix, because the latter determines, for each k 2 2, the generator of the k-point
motion, namely

AW = % S1 ek Z1epqea DPUz-zp) P4/02002, £ € CGURDY).

Given an isotropic stochastic flow of this type, the “distance process’ dy = 1Xo,¢(x) -
Xo,t(y)l, for given x and y in R4, is a one-dimensional diffusion on (0,%) with
generator

(1.3)  Rglr) = (1 - Bp(r)g'(r) + (d-1)r 11 - By(ng'(r).
The almost sure limiting behaviour of the distance process may be described in
terms of the scale function f{s'(u)du and the top Lyapounov exponent 1 (see Le

Jan [4,p.618]); namely

ford=2:2¢<0=
(1.4 [Xo,t(x) - Xo,i(y)l = 0 as for all x,y € R4,

for d = 3: 21 < 0= [gs'(u)du < e, and
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P(1X0,4(%) = Xo,t(y)l = o) = 1 - P(1Xg 4(x) - Xg4(y) = O)

JE Y swau

= n(lx-yl) =
Jos'(wdu
(1.5) ~ clx-yI™ 1 as Ix-yl | 0,
where
. (@-DlA+ @B, (@-Dp
(1.6) W=-2+ A+ (DB C 2+—-—M.

Recall that

(17) g = 5(7157 [(d-4)A + d(d-1)B].

(= (B-A)/4 if d = 2, and = (6B-A)/10 if d = 3). Thus A1 can be strictly negative
only when d < 3, and (1.6) shows that in that case

[ (-5/3,-1)ifd = 2,
U8 wet (asz ifd-s3,

which verifies that n(lx-yl) - 0 as Ix-y| - 0.

To calculate the density of an invariant measure for the distance process
(d,t20), we solve the adjoint equation R*u = 0. One solution h is the invariant
measure with respect to which the transition semigroup is self-ad joint, namely:

Br(s) - Bn(s) .
s(1 - BL(s)

(1.9)  Inh(r) = -In(1-BL(r)) + (d-DInr - (d-1) I=

The asymptotics of h are:

d-1 -
(110) h() ~{ T AT,
cort as r = 0, where ¢ > 0.

To find a solution g to "R*u = 0" which is independent of h, we write g(r) =
h(r) k(r) and solve for k; we find that

o) 1 2 (d-1)(1-Byy(s)) .
e~ °I Roa-BLo (exPI__—_s(i—BL(su)) ds)dt + ¢

When d=3, we verify below that a suitable choice of constants in (1.11) gives a
solution g with the following asymptotics:
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| <:11"1 asr | 0, for some ¢4>0;

(112) gln) ~ | -car as r | oo, for some ¢2>0;

In particular, since -4/3 < | < -1 when d=3, it follows from (1.10) that for all a ¢
R,

(113) ag(r) +h(r) ~ h(r) asr | 0.

The verification of (1.12) goes as follows: for simplicity, suppose ¢ > 0 in (1.11).
Then according to (1.2), (1.6), (1.10) and (1.11), for some ¢1>0,

gr) _ -2u-4 2p
) csft i exp(———ﬁw Int)dt +c4 asr] 0,

¢
= ¢3 ’ft-4-2u+u+2 dt + ¢4 = 31 rivicy,asr]o.

and

—;‘1—((:—)) ~ cs{rt'4exp(21nt) dt + cq

Lasrfe.

= csgt’zdt +cg =Cq-CIT
Setting ¢4 = ¢4 = 0 (to remove the multiples of h), we see that g(r) has the desired
asymptotic behaviour.

Statistical equilibrium.

Since the one-point motion is Brownian, it has the Lebesgue measure on IRd,
denoted dx, as its invariant measure. As in Le Jan [4], [5], we study here the
processes {vs ¢, s<t}, for t € (-e0,00), taking values in the space of {unnormalized)
mass distributions on Rd, defined by

(114) <@, v {0)> = [ @(Xep(w)x))dx, ¢ € Ck(RY).

(Here CK(Rd) denotes the space of continuous functions on R¢ with compact
support) For a discussion of the "backwards-time" stochastic process {Xet,
- ¢sst<0}, see Le Jan [5].
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Le Jan [4] shows that, for each fixed t, {<p,vg¢>, sst} is a real-valued
backwards martingale in s, and in fact the difference of two positive backwards
martingales, and therefore converges almost surely as s | -oo. Since the

convergence occurs for all ¢ in Ckg(RY), this proves that for each fixed t, {vg,t, 52t}
converges almost surely in the vague topology to a random measure v-, t as s
o0, Since the flow is time-homogeneous, v-,, ¢ has the same law for every t. We
abbreviate v_, 0 to v-g.

Le Jan [4] has shown that, for an isotropic stochastic flow in RY with MO0,
the martingales above are square integrable, and a nontrivial statistical
equilibrium wv.-, exists which is as. diffuse when A = 0 (see (1.1) above), and
which is simply Lebesgue measure when A = 0 (the volume-preserving case).

The purpose of this paper is to show that when A\ < 0, v, = 0 as,, at least for
the isotropic case. Our methods are analytic rather than geometric, and depend
heavily on the fact that the distance process is a one-dimensional diffusion in the
isotropic case. It would be interesting to have an alternative proof which would
apply to the non-isotropic case, when A1 < 0. No result is known for the case A\ =
0, even for isotropic flows.

2. Isotropic stochastic flows on RY of coalescent type.

On the basis of a suggestion of Harris, Darling has given a construction of
isotropic stochastic flows in RY, for d =2 [2] and d =3 [3], for which the covariance
function b(z) is not differentiable at z=0, and instead of (1.2) we have

(21) BN =1 -pr¥l+0(?),
BL(r) - BN(r) = -¥r%1 + 00r?), asr | 0,

for some constant § with d-1<8§<3,

These flows are called coalescing because the distance process {d,t20} may
actually reach zero in finite time, whereupon it is absorbed at zero.

As in the smooth case, the distance process has an invariant measure h(r)dr,
with respect to which the transition semigroup is self-adjoint, given by formula
(1.9), ie.

Bp(s) - Bn(s)

SL-BLe) &

To see that the final integral is finite, note that by Darling [2,(16.21)] and [3,
Appendix], B.(r) and By(r) are O(r~(d+1)/2) 5 ¢ 1 e, and therefore the integrand
in (2.2) is O(s~(@*+3)/2) 5¢ s | e, and so the integral is finite.

We need to know the asymptotics of h(r) for the coalescing case. Asr | 0, (2.2)
gives

(22) Inh(r) = -In(1-BL(r)) + (d-Dinr - (d—i)Jj
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Inh(r) ~ {-(8-1) + (d-1) - ¥(d-1)/(p+¥}Inr.

In the “pure potential” case studied in Darling [2], [3], ¥ = (6-1)p (both for d=2 and
d=3), and so

Inh(r) ~ {1 - 8§ + (d-1)/8}Inr.
Referring to (2.2) again, we see that

ferfasr] 0,

(23)  h) ~ \rilasr] o

where
(24) ©=1-8+(d-1)/8.

(Notice that the formula for & is consistent with the formula (1.6) for u, taking
§=3in (24) and B=0in (1.6).)

The behaviour of the distance process is as follows: for x,y ¢ Rd,
(25) d=2: [Xp,t(x) - Xp t(y)l = 0 as..
d=3  P(Xp4(x) - Xot(y)l = ) = 1 - P(Xg4(x) - Xg4(y)| = 0)

J‘O&'V' s'(u)du

= n(Ix-yl) =
Jo swdu

(2.6) ~ clx-yl172/8 a5 Ix-yl | 0,

where s() is the scale function, which satisfies [ s'((u)du < co: see Darling (2,
Proposition 16.1] and [3, Appendix]. Observe that 1 - 2/8 > 0, by choice of &.

As in the smooth case, there is another solution g to R*u=0, independent of h
as in (2.2), such that g(r)/h(r) satisfies (1.11). We shall demonstrate that when
d =3 the asymptotics of g(r) are as follows:

_feqr¥ P asr |0, for some ¢y > 0
27)  glr) | -cor as r ] =, for some ¢ > 0.

To verify this, suppose ¢ > 0 in (1.11); according to (1.11), (2.1) and (2.3),
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—E—E:—; ~ cg{(t'ze'za*zexp(f%lnt) dt+cg asr O,

Now 2p/(p+¥) = 2/8, since ¥ = (6-1)p. Hence the last expression is

c3
- -20-26+2+2/% =
c3 {t dt + ¢4 1278

rl2/4 ¢y asrlo,

since by (2.4), -28-26+2 = -4/6. Observe that (2.3) and (2.4) imply

h(r)r1'2/5 ~ pl-2/8+1-6+2/6 _ re=b ag rl 0,

which verifies the first part of (2.7) on taking c4=0. The proof of the second part
is similar to that of (1.12).

3. The statistical equilibrium is trivial when A4 < 0.
THEOREM A

For an isotropic stochastic flow in R with ¢ covariance matrix, if the highest
Lyapounov exponent is < 0(which can only occur when d=2 or ), then the
statistical equilibriumv ., Is zero almost surely.

Proof. As for any random measure on Rd, there are just three alternatives for
Vo

Case I: For almost all w, v-,(w) is a Dirac measure, concentrated at some Y(w) in
RY,

Case II: There exists £>0, and non-negative gy, 93 € Ck(RY) such that 91(x)pa(y) =
0 whenever [x-yl < ¢, such that E[<g1,v-,><gp,v_,] > 0.

Case Ill: v_,, = 0 as.

It is easy to eliminate Case I, because if this were true, then Y(w) would have
to be uniformly distributed on R4 (by spatial homogeneity of the flow), and this is
impossible when Y is a random variable. It remains to prove that Case II cannot
occur when A < 0.

Suppose that the situation described in Case II is the correct one. Then by
Fatou's Lemma and the almost sure convergence of <@yv-y o> to <@jv_,> as t —

oo’
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0 ¢ El<p1,v-02¢92,0-0°] =Ellimyse0 <91,0-4,07¢92,0-1,0°]
< lim infi— o E[<Qq,v-407¢92,v-¢.0°),
= lim infy— e J J El1(X-t,0(x)) 92(X-¢ 0(y))]dxdy,
(3.) = lim infy—, 00 IIP&Z)u(x,y)dxdy,
where u(x,y) = ¢1(x)¢g2(y), and {P?), t20} is the transition semigroup for the
two-point motion.

As mentioned in Section 1, the interpoint distance process {IXg ¢(x) - Xo (),
t20} is a one-dimensional diffusion with an invariant measure h(r)dr on [0,e0).
Therefore the two-point motion {(Xg (%)X 1(y)),t20} has (by a change of
variables) an invariant measure H(x,y)dxdy on R2d, where H(xy) =

h(lz-yDIx-y11 4. The self-adjointness of PtZ) with respect to this invariant measure
gives

I P?)“(X»Y)dx dy = [ PS;Z)U(X.Y) H(x,y) 1H(x,y)dxdy
(32) = [To1®eay)PDU/Mxy)Hx,y)dxdy.

As described in Section 1, (1.6) and the asymptotics of h(r) given in (1.10) show
that

[clx-yld1 " as|x-y| | 0

(33)  1/H(xy) ~ \ 1 as lx-yl 1 .

Since A1 < 0 by assumption, it follows from (1.8) that n < -1, and so d-1-u > d.
Therefore there exists My > 0 such that

(3.4) SUPyay 1/H(x,y) £ My.

According to the description of Case II, there exist k > € > 0 such that ¢1(x)¢2(y) =
0 unless € < Ix-yl < k. Define

(35) Mz = maxger<p(h(rl™d) < .

By (3.4) and (3.5), the integrand in (3.2) satisfies:

[=0if Ix-yl>k

(36) 109IPPUMEIE®Y) | L M. Moy mocgpm if Ix-yl<k

(Here m denotes Lebesgue measure on R4) Observe that the bound is uniferm in t.
We now consider the cases d=2 and d=3 separately.
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The Case d=2.
By (1.4), (3.3), (3.4) and Lebesgue's Bounded Convergence Theorem (LBCT),

(37)  PR(1/H)(xy) = E[1/H(Xg (%), X0 (y)] = 0 as t = o,

for each x,y in RY. Now (3.2), (3.6), (3.7), and another application of the LBCT show
that

limy,eo [[PPulx,y)dxdy = 0,

which contradicts (3.1). Hence Case II cannot occur, which completes the proof
when d=2.

The Case d=3.
' It follows from (3.1), (3.2), and (3.4) that

(3.8) El<Q1,V-><92,9-,>] £ M1 [ [ @1(x)@a(y)H(x,y)dxdy,

where the constant Mj is independent of ¢1 and ¢3. By the Riesz Representation
Theorem and the Radon-Nikodym Theorem, there exists a non-negative
measurable function G on R9xR¢ such that

(3.9)  E[Q1,v-¢92,9-02] = [J91(x)92(y)G(x,y)dx dy.

Moreover the measure G(x,y)dxdy is invariant for the two-point motion, in the
sense that (for u(x,y) = @1(x)¢92(y)),

(3100 Jf Piz)u(x,y)G(x,y)dxdy = [[ulx,y)G(x,y)dxdy, all t20;

to verify (3.10), observe that by time-homogeneity of the flow, for any t>0, the
right side may be written as:

T T 01 92(y)G(x,y)dxdy = E[<Q1,V- )92,V 1],

= Ellimy, 00 [ 91(X-y 4(x))dx [ 92(X-p 1(y))dy], by (1.14) et sequ.,,

Ellimp—; o [ 919 X0,1(X-r,0(x))dx [ 92°Xg (X-r o(y))dy]

= El<(p1 0 Xp,4,V-00? <920 X0 t,V-0]
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= El [ [91(Xo,1(x))2(Xp t(y)) G(x,y)dxdy],

by the independence of Xg ; and v-,. By Fubini, this equals
=[] Elo1(Xo,1(x))92(Xo t(y)]G(x,y)dx dy
= [TP@u(x,y)G(x,y)dxdy,

which verifies (3.10).

On the other hand, (3.1) shows that for all ¢4, 97, as in Case Il

ST 01®e2(y)Gx,y)dxdy < lim inf—, e HP?)u(x,y)dx dy
(311) = [Jo1(®)pa(y)Mq n(Ix-y)) H(x,y)dx dy
by (3.2) and (3.4), where
n(Ix-yh) = P(IXp,u(x) - Xo,((y)l = o).
Since this inequality holds for all ¢4, g2 as in Case II, it follows that
(312)  G(xy) < Myn(ix-yhH(x,y).

From the translation-invariance and vector isotropy of the law of the flow, we
obtain the fact that G(x,y) = v{ix-yDIz-yl"2 for some function v:(0,) — R, such
that R*v = 0, where R is the generator of the distance process, as in (1.3). Let
g:(0,0) = R be the solution of R*u = 0 which was described in (1.12). It is
impossible that v is a multiple of g, because g(lx-yl)dxdy is not a positive measure,
by (1.12). Hence v = ajg + ah for some aj € R and some a3 > 0, such that a;g(r) +
agh(r) 2 0 for all r. By (1.13), v(r)/h(r) ~ ap as r | 0. This contradicts (3.12), which
says that v(r)/h(r) = O(n(r)) = Or™*1) by (15); recall that -p-1 > 0 by (1.8).
Hence Case Il cannot occur, and this comnpletes the proof. O

THEOREM B

For an isotropic stochastic flow inR? orR® of ‘coalescent type” (as in Darling [2](3)
the statistical equilibriumv-,, Is zero almost surely.

Proof. The proof is essentially the same as for Theorem A, except that:
(i) u is replaced by @ in (3.3); according to (2.4),
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o . J(0,8/3) when d=2,
d-1-® €4 (7/3,10/3) when d=3.

Thus (3.4) still holds.

(ii) The asymptotics of n(lx-yl) in (3.12) are given by (2.6) instead of (1.5); the
same conclusions hold however. O
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