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An Application of the Bakry—-Emery Criterion to Infinite Dimensional Diffusions

by

Eric A. Carlen and Daniel W. Stroock*

The note [1] by Bakry and Emery contains an important criterion with
which to check whether a diffusion semigroup is hypercontractive. Although
Bakry and Emery's interest in their criterion stems from its remarkable ability
to give best constants in certain finite dimensional examples, what will
concern us here is its equally remarkable ability to handle some infinite
dimensional situations.

We begin by recalling their criterion in the setting with which we will
be dealing. Let M be a connected, compact, N-dimensional smooth manifold with
Riemannian metric g. Let & be a smooth function on M and define the
differential operator L by

Lf = 1/2exp(#)div(exp(-&)grad(£)), £eC (M),
and the probability measure m by

m(dx) = exp(-®(x))A(dx)/Sexp(-&(y))r(dy),

where A denotes the Riemann measure on M associated with the metric g. Next,
use {Pt: t > 0} to denote the diffusion semigroup determined by L. The

following facts about {Pt: t > 0} are easy to check:

i) {Pt: t > 0} on C(M) is a strongly continuous, conservative

Markov semigroup under which Cw(M) is invariant.

ii) {Pt: t > 0} is m—reversible (i.e. Pt is symmetric in

C(M)——)o as t—>o for each

feC(M). In particular, for all t > 0 and pe [1,=),

] P il

L3(m) for each t > 0) and |l P f- Stam |l

=1
Lp(m)-—éLp(m)

and there is a unique strongly continuous semigroup {Ft: t > 0} on L2(m)

such that th = P.f for all t > 0 and feC(M).
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As a consequence, note that, for each f€L2(m), t—>(f - ?tf,f) /t is
L2 (m)
a non—negative, non-increasing function and that, therefore, the Dirichlet

form given by

Lim o _ % ¢.5) /t

£(£,£) =
ti0 ()

exists (as an element of [0,®]) for each feL2(m).

Theorem (Bakry and Emery): Denote by H§ the (covariant) Hessian tensor
of & (i.e. H;(X.Y) = X-Y® —‘7XYi for X,Ye T(T(M))) and let Ric be the Ricci
curvature on (M,g). If, as quadratic forms, Ric + HS > ag for some a > O,

then the logarithmic Sobolev_inequality :

(L.S.)  [f2logf2dm < 4/a €(£,£) + || £ N2 1ogh £ 112 , feL2(m)
L2(m) L2(m)
and, therefore, the hypercontractive estimate :

e Al

t

= 1'
LP (m) —>L%(m)
1¢(p<q<{=andt )0 with ¢

(H.C.) ¢
> (@ - )/ (p - 1)
hold.
Remark : Actually, Bakry and Emery’s result is somewhat more refined
than the one just stated. However, the refinement seems to become less and

less significant as N becomes large. Since we are interested here in what

happens as N ®, the stated result will suffice.

Remark : Several authors (e.g. O. Rathaus [5]) have observed that a

logarithmic Sobolev inequality implies a gap in the spectrum of L. . To be

precise, (L.S.) implies that:

Py

(S8.6.) Il £- feam ] ¢ 2/a €(£,£), f€ L2(m),
L2(m)

or, equivalently,

(8.G6.") I\ 'ﬁtf - [fam | < exp(-atf) Il £ 1l , fel2(m).
L2 (m) L2(m)

We now turn to the application of the Bakry-Emery result to infinite
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dimensional diffusions. For the sake of definiteness, let d > 2 and v 2 1 be

given, and, for n ) 1, set

M=(S) ’
n

max

v
where ‘/\n = (ke Z : Wxll = 1<iw

lkil < n}, and give Mn the product Riemannian
structure which it inherits from the standard structure on Sd. Let T
be the natural projection map from Mn onto the kth sphere Sd, and, for X €

(k) _ r(k)‘X. Noting, as was dome in [1], that om Sd

\"‘(T(Mn)). set X (
the Ricci curvature is equal to (d — 1) times the metric, we see that the
Ricci curvature Ric11 and the metric g, on Mn satisfy the same relationship.
Finally, let &neC”(Mn) be given and define the operator Ln' the measure

m the semigroup {P:: t > 0}, and the Dirichlet form En accordingly. As
an essentially immediate consequence the the Bakry-Emery theorem, we have the

following.

Theorem : Assume that for all Xe& \"(T(Mn)):

B, x0l ¢y v -ohx®pnx®y
n
k,!.ej\_n
where y : Z¥—>1[0,o) satisfies
Yr) ¢ 1 -e)@d- 1)
keZ”
for some 0 (g< 1. Set a = £(d - 1). Then:
(L.s.) Jt2logf2dm < (4/a) € _(£,£) + I £ 12 togl £ U2 ,
L’(mn) L’-(mn)

for feL’(mn) and

] P: i =1,
(H.C.) L?(m )—L%m )
n n n

1<{p<q<eand t > 0 with exp(at) > (¢ - 1)/(p - 1).

In particular,

2

(8.6.) he - Jtam |l < 2/a) €n(f.f), fel2(m ),
L2(m_)

and n

s.6.) | p‘t‘f - [fdm ] < exp(-at/2) 1 £ 1l , f€L2(m ).
L2 (m_) L*(m ) n

Proof : Simply observe that, by Young's inequality, the bound
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on ﬂ‘5 (as a quadratic form) in terms of g can be dominated by Ny \l
n 11(z\))
a.z”
To complete our program, set M_ = (s™) , F = {F‘EZv : card(F) < «},
T . . d.F

and, for Fet+ , denote be g the natural projection of M_ onto (s7) .

. . B d /N
(Thus, in the notation used before, T = Tk} and Mn = (S87) .) Next, set
D, = (ony : £ 7(sHT), D= U@ : FeF 1, and Lot T(TH,) be the
set of derivations from %‘ into itself. We now suppose that we are given a
potential ¥ = {JF : FeF}, where:

i) for each FeTF, JFGQF' and for each k< Z  there are only a

finite number of F3>k for which JF is not identically zero,

ii) there is a constant B < @ such that

S x®g ¢ ¥, xez” and xer(TM)),

Fak

iii) there is a v : Z°—>[0,°) such that
} y(k) (=
kez”

and

Y I G® 1O -l xE g

F20c8) |
for all k,Qe Z” and XeT(T(M ).

= i %
Set Hk } JF and define L on by
F2k
Lf-= 1/2 2 exp(Hk)divk(exp(—ﬂk)gradkf)
keZ

where div];" and “gradk" refer to the corresponding operations in the

directions of the kth sphere.

In order to describe the measure m_, we will need to introduce the
concept of a Gibbs state and this, in turn, requires us to develop a little

more notation. For m ) 1 and x,yeM_, define Qn(xly)e M_ by
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x, if ke_/\_n
Qn(xly)k =
v, if kkf\.n

(It will be convenient, and should cause no confusion, for us to sometimes

consider x—an(xly), for fixed yeM_, as a function on Mn and y— Qn(xly).
Nn

for fixed x€M_, as a function on (Sd) .) Define

3 (zly) = } TpeQ_ (xly)
Fnj\n#¢

and let mn(- ly) denote the probability measure on Mn associated with !n(- ly).

We will say that a probability measure m_ on Mm is a Gibbs state with potential

Y and will write mme.):)(‘T) if, for each n ) 1, y——»mn(~ ly) is a regular

conditional probability distribution of m_ given o(xk: k e./\.cn).

The following lemma summarizes some of the reasonably familiar facts

about the sort of situation described above (cf. [2] and [3]).

Lemma : There is exactly one conservative Markov semigroup {P:: t > 0}
on C(M_) such that
L

T
@
Pf - f = jo PL_fdt, feD.

Moreover, if, for each n 21, Qne Cw(Mn) and the associated operator Ln are
given, and if [Ln(van(' ly))](x)—%me(x) uniformly in x,ye M_ for every £feD,
then the associated semigroups P t > 0} have the property that

[PEfeQ (- 13)1(x)—PTt (x)
uniformly in (t,x,y)e [0.T]xwaMw for every T > 0 and fe C(M_). Finally:
H(T) is a non-empty, compact, convex set; mweli)(%‘) if and only if it is a
{P:: t > O}-reversible measure; and for each extreme element m_ of 39 (77)

there is a ye¢ M_ such that mn(- |y)—->mm.
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Theorem : Referring to the situation described above, assume that

} v(k) < (1 -€)@d-1)
keZ”

for some 0 <& < 1 and that m_ is an extreme element of 3 (°¥) (cf. the remark
below). Denote by 8@ the Dirichlet form determined on L2(m ) by {P:: t > 0}.
Then, for fe Lz(mm):
(L.5.), [erlogtran ¢ (W€ (£,6) + el toghgl®
Lz(m ) L2(m_ )
(-] «©
where o = ¢(d — 1). In particular,

el =1,
(H.C.)_ L?(m ) —L%(m )

1<p<q<>andt >0 with exp(at) » (¢ - 1)/(p - 1),

s.60_  Ne-fram WP <2/a € (£,0), feli(m),
Lz(m )
and
(s.6."),  NPf - Jeam | < exp(-at/2) NN £ 1I , fel*(m),
Lz(m_) L2 (m_)

where {P:: t > 0} is the contraction semigroup on LZ(m_) determined
by (P}: t > 0.
Proof : Choose y€M_ so thatm_ =m (- ly)—»m_. Set & =
— © n n © n
Qn(-ly) and define Ln and {Pt: t > 0} accordingly. It is easy to check
that the hypotheses of the previous theorem are satisfied for each n. 1In
particular, (H.C.)n holds for all n > 1. Moreover, the preceding lemma allows

us to conclude that

I P‘: i
Lp(m&)——§Lq(mw)

lim n
<= e il
o= t P (m ) —> L%(m)
n n
for all 1 (p < q <« and t > 0. Hence, we now know that (H.C.) holds.
Since (L.S.)_, (8.G6.), and (5.G.') all follow from (H.C.)_, the proof is

complete.
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Remark: It turns out that the hypotheses in the peceding theorem
allow one to conclude that 90(°Y) contains precisely one element. In addition,

when the potential ¥ is shift invariant (ie. JF+k = JF'*Sk for all k and F,

where S is the natural shift operation on C(M_)) and has finite range (ie.
there is a cube /\ such that .TF = 0 for all F>0 for which FQJ\), one can show
that for each shift invariant probability measure p on M_ and all £eD there is
an A(f)e(0,») (not depending on p) with the property that

|/PJan - ffam | < A(f)exp(-at/2).
These and related results will be the topic of a forthcoming article by the

second of the present authors and R. Holley [4].
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