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Riesz Representation and Duality of Markov Processes

by Ming Liao

Summary The Riesz representation of Markov processes was first studied by
Hunt under a set of dualiﬁy assumptions. In a different direction, Chung and Rao
discussed the Riesz representation and other related topics under a set of analytic
conditions on the potential density with no duality hypotheses. In this paper, we
first extend Chung and Rao’s results under weaker assumptions, then we construct
a right continuous strong dual process by using the Riesz representation. The dual
process may have branching points and the set of branching points is just the set

on which the uniqueness of the Riesz representation fails.

§1. Introduction

The Riesz representation is one of the important results in classical potential
theory. Let E be an open subset of R™ and let u(z,y) be the Green function of
E. If f is a non-negative superharmonic function in E, then there exist a harmonic

function h and a measure u on E such that
8} f(z) = h(z) +/ u(z,y) pu(dy) forz€ E.
E

Morcover, the above representation of f is unique.

(1) is called the Riesz representation of f. The second term on the right
hand side of (1), [}, u(z,y) u(dy), which is usually denoted by Up(z), is called the
potential part of f. For a comprehensive treatment of classical potential theory, see
the book by Landkof [10].

Hunt studied the Riesz representation under the general setling of Markov
process theory. He assumed a set of duality conditions (namely, the given process

is a transient Hunt process with E as its state space and it is in strong duality with

a strong Feller process) and proved (1) for any excessive function f. See [1, Ch 6].
In a recent paper by Getoor and Glover [9], Hunt’s result above has been extended

to Borel right processes under weak duality.
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In a different direction, Chung and Rao in [2] discussed the Riesz representation
and other related topics without assuming duality. Their conditions are analytic
ones imposed on the potential density u(z,y). To be precise, they assume that

u(z,y) is the potential density of a transient Hunt process and satisfies:

(2) wu(z,y) is extended continuous in y for any fixed z, u(z,y) > 0 for any (z,y)
and u(z,y) = oo if and only if z = y.

It is proved in [2] that (1) holds for any excessive function f and this repre-
sentation of f is unique if we require that the measure x4 does not charge a certain

subset of the state space. This subset, denoted by Z, is called the exceptional set.

In this paper, we first extend Chung and Rao’s results under weaker assump-
tions (§2 and §3), then we construct a strong dual process with the exceptional set
as its set of branching points (§4, §5 and §6). The existence of such a dual process

shows a connection between Hunt’s theory and that of Chung and Rao.

The results in this paper form the major part of the author’s Ph.D. disscrtation
[11]. The reader is refered to [11] for additional information and for the application

of the Riesz representation to the study of harmonic functions.

§2. Representation by Potentials of Measures

We will use the notations adopted in [1], [2] or [5] except when explicitly stated
otherwise. Throughout this paper, let X be a Ilunt process and I be its state
space which is a locally compact Hausdorff space with a countable base. 'We use
€ to denote the usual Borel field on E. Let m, a Radon measure on (E, £), be a
reference measure of X and let u(z,y), a non-negative £ x -measurable function

defined on E x E, be the potential density of X with respect to m, i.e.
(3) Vfeé, andz € E,

Uf(z) = /0 " Pif(a)de = /D u(z,y) f(y) m(dy),

where £ denotes the family of all non-negative £-measurable functions on E and
{P:} is the transition semigroup of {X;}.

We will use the following notations:
Ej: The usual one point compactification of E with 8 being the “point at infinity”.

b&: The space of all bounded, £-measurable functions on E.
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b€, : The space of all non-negative functions in b¢.
C:(E): The space of all continuous functions on E with compact supports.
bC(E): The space of all bounded, continuous functions on E.

We will use the convention that any function f defined on E is understood to

be £-measurable and is extended to be a function on E5 with f(8) = 0.
Now we assume:
(i) m is a diffuse measure, i.e. Vz € E, m({z})=0.

(i) X is “transient” in the following sense:
V compact K C E and z € E, ltlim P*(Tk 00, < 00) =0,
— 00

where T is the hitting time of K and 6, is the usual shift operator.

(iii) Vz € E, u(z, ') is fnite continuous in E — {z} and

li:ﬁn inf u(z,y) = u(z,z) which may be finite or + oo.
Thy— .

(iv) Vyo € E, there exists a neighborhood U of yo and V' € € with m(V') > 0 such
that Vz €V, u(z,-) >0 on U.

Remarks:

1. By a theorem in [5, Ch 3, Sec 7], (ii) is implied by the following condition:

Vy € B, u(,y) is lower semi-continuous and

Vcompact K C E, / u(z,y) m(dy) < oo.
K

2. The requirement liminf, 2y, 4(z,y) = u(z,z) in (iii) implies that u(z,) is
lower semi-continuous in E. This requirement, in fact, is not essential. Since m
does not charge single points, we can modify u(z,-) on a set of zero m-measure, so

we may simply define
u(z,z) = Ii;n inf u(z,y) forze€E.
THY—T

This modification of u(z,y) will not affect the continuity of u(z,-) off {z} and (iv).

3. If we assume that (z,y) — u(z,y) is lower semi-continuous on E x E, then (iv)
is implied by
VyeE, u(-,y) #£0.
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The following proposition is proved in [2].

Proposition 1. There exists h € £, such that 0 < h <1 and 0 < Uh <1.

We have the following general result. See Proposition 10 in [5, Ch 3, Sec 3.

Proposition 2. Assume the conclusion of Proposition 1. Then for any excessive
function f, 3g, € £ such that g, < n2?, Ug, < n and Ugn 1 f. This result holds

for any right continuous, normal Markov process X.

Our hypotheses (i), (ii), (iii) and (iv) arc weaker than those assumed in [2].
There are many processes, for example, the uniform motion and the one sided stable
processes which satisfy our hypotheses but not those of [2]. However, the major
results proved in [2] continuc to hold under the present weaker conditions. Some
of these results, such as [2, Theorem 2] with its extensions and the existence of a
“round” version of u(z, ), need revised proofs under the present weaker conditions.
We will state all these results and provide proofs when they are different from the

old ones.

Proposition 3. For any y € E, u(., y) is superaveraging, i.e.
Vi>0andz€ E: Pu(z,y) = [P,(a:,dz) u(2,v) < u(z,y)
Proof: By the proof of [2, Proposition 3,
Piu(z,y) < u(z,y) except for y = z.
By (iii), 3y, # z such that y,, — z and
u(z,z) = Ii11.11 u(Z,Yn)-

Letting y = y, and taking the limit, we obtain Piu(z,z) < u(z,2). O
We will use u(-,y) to denote the excessive regularization of u(-,y).

By a measure u on E, we mean a measure defined on (E,€). Let u be a

measure on I, define

(4) Uup(z) = / u(z,y) u(dy) for all z € E.

Uy is called the potential of the measure B
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Remark: If Uy < co m — a.e. then u is a Radon measure. To see this, let K be
a compact set, we want to show u(K) < co. By (iv), for any yy € K, there exists
a compact neighborhood I of yg and = € E such that Up(z) < oo and u(z, J>0
on F. Since u(z, -) is lower semi-continuous, 36 > 0 satisfying u(z,:) > 6 on F. We
have
1 1
wF) < % ru(z’y)#(dy) < 5UH(3) < 0.
Since K can be covered by a finite number of such F’s, u(K) < oo.

An excessive function f is said to be harmonic if
(8) V compact K, Pg.f=f,
and it is said to be a potential if for any sequence of compact sets K, 1 E,

(6) lim Pg.f=0 m—ae.
n-—00

The following proposition follows directly from the proof of [2, Theorem 6].

Proposition 4. If f is excessive and f < oo m — a.e. then there exist a harmonic
function h and a potential p such that f = h + p. Moreover, this decomposition of

[ is unique.
The following technical result will play an important role in our theory. It-is a
generalization of Theorem 2 in [2] under our weaker hypotheses.

Theorem 1. Let {u,} be a sequence of measures on E and f, g be non-negative

functions which are finite m.— a.e. Assume (a), (b) and cither (c;) or (c2) below:

(a) Vn, Upn<g and g is excessive.
(0) imUpp = f.

n ‘
(c1) Vn, supp(p,) is contained in a fixed compact set.

(c2) Vn, pn(dz) = n.(z)m(dz) for some n, € €4 and g is a potential.

Then there exists a subsequence of {u,} which converges vaguely to some Radon

measure p and
f(z) =Up(z) for ze[f=f]lN[g<oo]n {z : p({=z}) = 0},

where f is the excessive regularization of f. Moreover, if f is excessive then f = Up.
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Proof: By an argument similar to that used in Remark following (4), we can prove

that {un(K)} is bounded for any compact set K. From this we conclude that there

exists a subsequence of {u,} which converges vaguely to some Radon measure .

For simplicity, we may assume:

(7) Yn — p vaguely.

Let A =[g = 00]. Since g < 00 m — a.e. it is well known that A is polar. See

[5, Ch 3, Sec 7]. Fix z € A°. Let
Ln(z,dz) = u(z, 2) pa(dz).

By the proof of [2, Theorem 2|, there exists a subsequence of Ly (z,-), say La,(z, ),

which may depend on z, converges to some Radon measure L(z,-) weakerly and
(8) Ve e A, f(z)= L(z,1).

For any ¢ € C.(E), if ¢ vanishes in a neighborhood of z, by (7) and the fact

that u(z,-) is continuous off z, we have

L(z,¢) = li}n Lo (z,¢4) = li;n/u(z, 2) §(2) pn, (dz) = /u(z,z) &(2) p(dz).

This implies: If z € A¢, then
(9) VAef and ACE - {z}, L(z,4)= / u(%,y) u(dy).
A

Suppose that L(z,-) and L'(z,-) are two weak limits of L, (z,-) corresponding
to different subsequences, then by (9), they agree on E — {z}. On the other hand,
by (8),

L(z,1) = f(z) = L'(z,1).
Hence L(z,-} = L'(,-). Therefore,
(10) Vz € A°, the whole sequence L,(z,-) — L(z,-) weakly.

Let

H=[f=fln[g <oo]n{z: u({z}) =0}

Then m(H®) = 0 because m is diffuse, {z : u({z}) # 0} is countable and f = f

m — a.e.

Now fix z € H. The proof of [2, Theorem 2] shows:



372

(12) L(z, {z}) < PiL(z, {z}) + <.

Under the present assumptions, {z} is not necessarily a polar set (for example,
consider the uniform motion), so the subsequent argument in [2] does not apply.
However, we can use the following argument.

Since m does not charge {z},

/ Py(s, {z})dt = U(z, {z}) = 0.
0
So 3t; | 0 such that P ;(z,{z}) = 0. Since A is polar,

P, (z,{z} UA) =0.

By (9),
Py, L(z,{z})=0.

It follows from (11),
L(z,{z}) <e.

Therefore L(z,{z}) = 0. By (9), we have
(12) Vze H, L(z,dz)=u(z,z)p(dz).

If f is excessive, then

Ve E, f(z)= /y(:c,z) p(dz).

On the other hand, since u(z, 2) is lower semi-continuous in z,

f(z) = lim Upn(z) > /u(:z:,z) p(dz),

which implies f(z) = Uu(z). The theorem is proved. ¢

Corollary 1. Let f < co m —a.e. be an excessive function and D be a relatively

compact open set. Then there exists a Radon measure u such that
Ppf=Up and supp(u) C D.

As shown in [2], the above corollary follows immediately from a technical result
due to Hunt (3gn € &4 with supp(gn) C D such that Ugn T Ppf). See (1, Ch 2,
(4.15)).
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The following result is a direct consequence of Proposition 2 and Theorem 1.

Corollary 2. If f is a potential, then there exists a Radom measure u on E such

that f =Up.

§3. The Exceptional Set and Uniqueness of Representation

In this section, we introduce the exceptional set Z and prove an important
complement to Theorem 1.

Recall that u(-,y) is the excessive regularization of u(-,y). Let
(13) Z =FE—{y€FE; Vopenset D>y, Ppu(-,y)=1u(-y)}

Theorem 2. Z is a £-measurable set with m(Z) = 0 and it can be characterized

by the following relation: For any y € E,
y¢Z <> u,y)is excessive and V open D >y, Ppu(-,y) = u(-y).

Proof: Let {D,} be a countable base of open sets of E. By Proposition 1, 3k € b€y

such that A > 0 and Uh < 1. Since Uh is excessive, we have

[ o) b)) = [ tim Peatz, ) ) mic)
= ‘li%PgUh(z) = Uh(z)

- / u(z, y) h(y) m(dy).

Jence
(14) Ve E, u(z,)=u(z,’) m—ae.
Now for any open sect D,
J, Pouta ) b6 mids) = Po( [ a(.4) ) mien]e)

— Po[U(410)](2) = U (410) (2)
= /D u(z,y) h(y) m(dy)

soVz € E, Ppu(z,-) = u(z,:) m —a.e. in D. By Fubini’s thcorem and the fact

that u(-,y) is excessive, we have: for any open sct D,
(15) Ppu(-,y) =u(,y) form—a.e yin D.
Let

(16) I, ={y € Dn; Pp,u(-y) # u(-v)}.
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It is easy to see that y € I, if and only if y € D,, and

/m(d:c) (u(z,y) — PD'_y_(:c,y)) > 0.

Hence I, € £ and by (15), m(I,) = 0.
Let I =U,I,. It is clear that

yg¢l <= VD,>y, ul(,y)=Pp.u(,vy).
Since for any open D 3y, AD,, with D D D,, © y. We have
(17) yg€I <= Vopen D>y, ul,y)= Ppu(,y).

By (13), the definition of Z, we see that Z = I, hence Z € £ and m(Z) = 0. This
is the first conclusion of the theorem.

To prove the second conclusion, it is enough to show that u(-,y) is excessive
for any y ¢ Z. Now fix y ¢ Z. Let D be an open set containing y. By (13) and
Corollary 1 to Theorem 1, we have

u(-,9) = Ppu(-,y) =Up

for some Radon measure p with supp(u) C D. Let D | {y} and apply Theorem 1,
we obtain

u(,y) = Au(,,y)
for some constant A > 0. Since u(-,y) Z0, A > 0, so u(-,y) = u(-,y)/X is excessive.
&

Remarks:

1. The exceptional set Z defined in this section seems to depend on the choice of
the potential density u(z,y) and the reference measure m. In fact, it is not so. Let
m' be another reference measure of X and let u/(z,y) be the potential density with

respect to m’. Assume /(z,y) satisfies (iii) and (iv). Since
o' (z,y) m'(dy) = u(z,y) m(dy),

we sce that m and m' arc equivalent. Therefore there exists f € &4 such that

f(2) m(dz) = m'(dz). We have

Ve E, (z,’)f=u(z,) form—ae.y.
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By (iii) and (iv), f can be chosen so that the above holds for all y. It is clear that
f > 0. As a consequence of Theorem 2, the exceptional set defined from m' and

u'(z,y) is Z.

2. Define

(18)

w(,y) = {g,("y)’ ll;zgg

It is clear that
(19) Vy € E and open set D3y Ppw(-,y) = w(-,y).

w(z,y) is called the “round” version of u(z,y). The present existence proof for
w(z,y) is different from that of [2, Theoremn 1]. In [2], w(z,y) is constructed directly
from u(z,y). In fact, it is taken to be the excessive regularization of lim,, Pp_u(z,y),
where {D,} is a sequence of open sets containing y and D,, | {y}. This constructive

argument needs the assumption that singletons are polar, see [2, Theorem 1].

The following result is an important complement to Theorem 1. See Theorem

2 (continued) in [2].

Theorem 3. Assume the conditions of Theorem 1 and Vn, un(Z) = 0. Then the
conclusion of Theorem 1 holds without the condition p,(dz) = Nn(2) m(dz) in (c2)

and if f in (b) is excessive, the limiting measure p satisfies: u(Z)=o.

Proof: We use the notations in the proof of Theorem 1. By the proof of [2, Theorem
2 (continued)|, the first assertion is true and to prove the second assertion, it is

enough to show:
(20) PpUuP = UuP,

where D is any relatively compact open set satisfying: u(dD) = 0 and uP is the

restriction of 4 on D, i.e.
VAe&, uP(4) = u(ANn D).
Recall L, (z,dz) = u(z, 2) pu(dz). Since p,(Z) = 0,
Ln(2,d2) = u(z, 2) pn(dz).
We know that L, (z,) converge weakly to L(z,-) and

L(z,1) = Up(z) = Uu(z) for z ¢ A.
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Let ¢ € C(E) and 0 < ¢ < 1. Observe that u(z,z) is lower semii-continuous in
2 since it is the increasing limit of Pu(z,2) as t — 0 and each Pu(z,z) is lower

semi-continuous in z. Since w, converge to u vaguely, we have:

lim inf Lu(z,4) > /g('z, 2) ¢(z) p(dz).

The above holds also with ¢ replaced by 1 — ¢. Since Ln(z,1) — Un(z) for = & A,

we can conclude that

(21) lim La(z,8) = [ (2,2) pa) u(dz) for = & A

Therefore L, (z,dz) converge to u(z, z) u(dz) weakly. Now for open D with u(8D) =
0, we have

Q(lp p)(a:) = li'r.nL,.(z,D) for z ¢ A.

Since pn(Z) = 0, PpLn(z, D) = La(z,D). Taking limit as n — oo and using the

fact that A is polar, we obtain

PpU(1p p)(z) = U(1p p)(2)

for z ¢ A. Since both sides of the above are excessive, it holds everywhere. This

proves (21) hence the thcorem. ¢

Corollary. If u is the measure appearing in either Corollary 1 or Corollary 2 to

Theorem 1, then p(Z) = 0.

Now we show that the representation by potentials of measures is unique if we

require: u(Z) = 0. We assume:
(v) Foranyy,z€E,ifu(,y)= Au(-, 2) for some constant A > 0, then y = 2.

The above condition is sometimes refered to as u(z,y) is linearly separating
(see [4]).
Remark: In almost all examples, the diagonal of E X E is the set of singular points
of u(z,y), so (v) holds trivially.

The uniqueness of the Riesz representation is proved in [2] under the condition
u(z,z) = oo for all € E (see the proof of [2, Lemma 4]). By an argument in a
un-published paper by Chung and Rao (see [4]), this condition can be replaced by

(v). We will present this argument below.
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Theorem 4. Let p and v be two measures on E. If u(Z) = v(Z) =0, Up < oo
m —a.e. and Uy = Uv, then u =v.

Proof: By the proof of (2, Theorem 5], it is enough to prove the following statement:
(22) If supp(u) is compact, then supp(u) = supp(v).

By Remark following (4), both x and v are Radon measures. Let K = supp(y).
1t suffices to show that supp(v) C K.

Let D be an relatively compact set containing K. Since u(Z) =0, PpUu = Up,
hence PpUv = Uv. This implies:

Vze€ E, Ppuw(z,-)=w(z,:) v—a.e.

By Fubini’s theorem, AN € € such that ¥(N) =0 and if y ¢ N, Ppw(-,y) = w(-,y)
m — a.e. hence

Vy ¢ N: PDw(')y) = w(’)y)'

Since ¥(Z) = 0, we may assume Z C N. If supp(v) is not contained in K, we may

choose D so that Jy € (D)° — N and
(23) Ppw(-,y) = w(-y).

Fix such a y. By (23), Corollary 1 to Theorem 1 and Corollary to Theorem 3,
there exists a Radon measure o satisfying: supp(c) C D, ¢(Z) = 0 and

w(-,y) = Ppw(-,y) = /u(',z)a(dz) = fw(-,z) o(dz).

Let {G,} be a sequence of relatively compact open sets such that G, | {y}. We

have
/w(-,z)o(dz) =w(-,y) = Pg,w(,y) = /P(;ﬂw(~, 2) o(dz).

Vze E, w(z,)=Pg,w(z,-) oc—ae.
From this, we can conclude that 3z € D — Z such that
Vn, w(-,z)= Pg,w(:,z) m —a.e. hence everywhere.
By Theorem 1, letting n — oo, we see that
Pg w(z,z) — Aw(z,y)

for some constant A > 0, hence w(-,2z) = Aw(-,y). Recall that y, z € Z, so u(-,2) =
Au(-,y). By (v), y = z. But this is impossible since y ¢ D and z € D. The
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contradiction shows supp(v) C K. This proves (22) hence the theorem. ¢

Remark: In the statement of Theorem 3, u is in fact the vague limit of the whole

sequence {p,}. This is because any subsequence of {u,} converges vaguely to u by

the uniqueness.

It is easy to see that the uniform motion, Brownian motion, the symmetric
stable processes and the one sided stable processes satisfy our hypotheses (i) through
(v). In all these examples, the exceptional set Z is empty. This can be checked
directly by using Theorem 2.

Now we present an example for which the exceptlional set Z is not empty.

Example: Let I = (0, 1) U [2, oo) equipped with relative Euclidean topology
and m be the Lebesgue measure on the real line. We construct a process X on £
according to the following description: if the process X starts at z with 2 < z < oo,
then it moves to the right at unit speed; if X starts at z with 0 < z < 1, then
it moves to the right with unit speed until a random time T which is < 1 —z. If
T =1 -z, X dies at time T, otherwise it jumps to 2. We assume that the random

time T is distributed exponentially before X “hits” 1, i.e.
t
Vi<l-z, P*{T <t} :/ e du.
0

It is not difficult to see that the transition semi-group {P;} of X is determined

as follows:

(24) for z € E and Borel set A C E,
f(:e‘“ 142+t —u)du
+et1a(z +1), for0<z<landt<1-—g;
Pz, 4) = fol—zc“‘lA(2+t—u)du, for0<z<landt>1-uz;
1a(z +1t), for 2 < z < oco.
It is easy to verify that {P;} so defined is a Feller sub-markovian semigroupon E.
The potential density of X is given by
0, ify<zexceptz=y=2;
e*Y, fz<y<l

(25) u(z,y) =
1—e* !, ifr<landy>2;

1, f2<z<yorz=y=2.
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We have taken care to make sure that u(z,y) satisfies: liminf, 4y, u(z,y) = u(z,y)
as is required by (iii).

It is clear that the process satisfy our basic assumptions (i) through (v). By
(25), if y # 2, u(-,y) is lower. semi-continuous and

1—e*71 fo<z<1;
u(z,2) = ¢ 1, ifz=2;
0, if z>2.

It follows from Proposition 2 that any excessive function is lower semi-continuous.

Since u(-,2) is not so, it is not excessive. By Theorem 2, 2 € Z. It is easy to show:
(26) Z ={2}.
§4. Existence of a Dual Semigroup

It was established in [7] that under conditions stronger than those assumed in
(2], there exists a Hunt process which is in duality with X. In this paper, we will
show the existence of a dual process under the present weaker conditions. We will
see that there exists a right continuous strong dual process Y which “lives” on E,
consisting of y € E such that u(-,y) is a pure potential and Ey N Z is the set of
branching points of Y.

For f,ge &,, let

(1:9) = [ 1(=)olz) m(da).

Suppose E' € £ and m(E — E') = 0. We equip E’ with the topology induced from
E. Let Y be a Markov process on E’' with the transition semigroup P, and the

same reference measure m. We say that Y is in duality with X with respect to m if

(27) Vf,g€€+, (Ptf)g):(f:ﬁtg)'

Our definition of duality is a little different from the one given in [1]. But it is easy

to see that they are equivalent if B = E and Y is a Hunt process.

Our hypotheses in this section are (i), (ii), (iii), (iv), (v) introduced in §2 and

§3 and the following condition
(vi) m is excessive.

Remark: The excessiveness of m is a necessary condition for the existence of a
dual process, see [1, Ch VI, Sec 1]. If m is not excessive, then we can choose an
excessive reference measure and under additional conditions, we can show that the
corresponding potential density satisfy our basic hypotheses. We will not discuss

this in details.
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Recall a pure potential p is a potential such that
lim Pbp=0 m —a.e.
t—oco

u(-,y) is the excessive regularization of u(-,y). Let

(28) Eo = {y € E; u(,y) is a pure potential }.
By [2, Proposition 13],

(29) E§ = E — Eg is a polar set.

For y € Ey, u(-,y) is a potential. By Corollary to Theorem 3 and Theorem
4 in Chapter I, any potential f can be expressed uniquely as Up with p(Z) = 0.
Hence the following formula uniquely defines a measure Ist(y,dz) onZ°=FE—-2Z

fort > 0.
(30) Puu(z,y) = uPi(z,y) where uPy(z,y) = /u(z,z) Pi(y, dz).

Since u(-,y) is a pure potential, so is Pyu(,y), this implies that P,(y,dz) does

not charge E§.
(31) Vye Ey, P/(y,E5UZ)=0.

Hence P;(y,dz) is a mcasure on Ey.

Remark: E; is £-measurable since,
Eq = {y; [m(dz) lim Pgc u(z,y) =0 = /m(da:) tl_lfgo Pu(z,y)}

We equip Iy with the topology induced by that of E, then the natural Borel field
of Ey is the restriction of & to I, denoted by &|g,. We can prove: if A € €|g,,
then

(32) (t,y) — Py(y,A) is B x €|g,-measurable,

where B is the natural Borel ficld of R} = [0, oo).

To see this, observe Pu(z,y) = uPt(z,y) is the increasing limit of

S =

t+h
/ P,u(z,y)ds
t
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as h | 0. Since u(,y) is a pure potential, we have

1 t+h 1
i [ Palen)ds = LUIP(y) - s )l(a)
t
so Py(y,dz) is the vague limit of

F1P(z,9) — Pesau(z,v)}m(ds)

as h | 0. This proves (32).

By (30), The uniqueness of the Riesz representation (Theorem 4) and the fact
that P, is a semigroup, it is easy to show that {f’,} forms a semigroup. See [2]. By
(32), it is a Borel semigroup. The argument used in [2, Theorem 8] proves that P,

is a submarkovian semi-group on Ey, i.e.
(33) Vy € Bo, Pil(y) = Pi(y, Bo) < 1.
For the proof of the following formula, see (2, Theorem 7).

(34) Vfe&y, Uf(y) =[0°° Pif(y)dt =/m(dw) f(z)u(=,y) for y € Eo.

The following lemma which shows that the semigroups P, and P, are in duality
with respect to m was proved in an un-published paper by Chung and Rao, see [3].

We reproduce its proof here for the reader’s convenience.
Lemma 1. Vf,g€ &4, (P:if,9) = (f, Pg).
Proof: By I Proposition 1, 3k € £, such that
h>0 onf and 0<UAR<L1.
Forany A€ €, let f =h1,. We have
[w@9) Ps) mia) =R = PUF
= [ Peate,) 1) m(a)
= [ Pastz,9) 1) m(a)
= [ ubu(a9) 1) m(dy)
= [utz.2) [ Putyrde) 1) ma).
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Since the above expressions are finite, we can apply I Theorem 4 to conclude
Pof(y) m(dy) = / Py(z, dy) f(2) m(dz).

For any g € £, multiplying both sides by g(y) and integrating, we obtain (P, f,g) =
(f, Ptg). Since A € € is arbitrary and h > 0, the lemma is proved. ¢

By Remark following Theorem 4, if t >0 and s || ¢ (i.e. s >t and s | t), then
for y € Ep,

P,(y,") = Pi(y,-) vaguely.
Since P, is a submarkovian semigroup, f’,,l(y) < P1(y), we have
(35) Vye Ey, sllt>0, 13.-(!/, ) - P, (v,-) weakly, i.e.
Vf€bC(E), limP.f(y) = Pf(y).
Let us record what we have proved so far.
Theorem 5. L defined by (28) is a £-measurable set and its complement E§ is
polar. {i’,} defiued by (30) is a Borel, submarkovian semigroup on Iy which does

not charge Z and satisfies (34) and (35). Morcover, for y € Ey, Po(y,-) = 6, if and
only if y & Z, where 6y is the unit mass at y.

A function f > 0 defined on Ey is said to be co-superaveraging if Pif<fon
E, for any t > 0. Let S’ be the collection of all bounded continuous functions on E
whose restrictions to Eg are co-superaveraging. It is clear that S’ is a convex cone
and if f,g€ S’ then fAgeE S'.

For z € E and y € Ey,

Pilu(z,))(v) = wPy(z,9) = Pau(z,9) < u(z,y) < u(z,v),

so u(z, ), restricted on Ey, is co-superaveraging. So is u(z,) Ac for any constant
c>0.

Let F be a compact set and ¢ > 0. Consider the following function,

fly) = /F m(dz)[u(z, v) A dl.

It is clear that the restriction of f to Ep is co-superaveraging. Fix yo € E. Since
for = # yo, u(z,-) is continuous at yo and m does not charge {yo}, f is continuous

at yg. So fe S’
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By (iv), we can choose countably many compact sets K, with U, K,, = E and
for each n, a compact set F,, with m(F,) > 0 such that if z € F,, then u(z,-) >0
on K,. Let

fulw) = [ m(da)lulz, ) Acal
Fn

for some constant ¢, > 0. Then f, > 0 on K,,. ¢, can be chosen properly so that
0< fn<1. Let

©o

=3 gk

= 2"
Then f € 8’ and f > 0 in E. Therefore S’ contains a function which is strictly
positive.

Now we show that S’ scparates points on E, ie. for any y,, y2 € E with

Y1 # y2, 3f € S’ such that f(y1) # f(y2). Otherwise, for any compact set F' and

constant ¢ > 0,

/ m(dz){ulz, 1) A d = / m(dz)[u(z,¥2) A d].
F r

This implies: u(-,y1) = u(-,y2) m — a.e. which contradicts (v). Hence S’ must
separate points on E.
Let
L'=8-8={f-g¢; f,9e8'}.
For f, g € S’, we have
If—gl=F+g-2fAg)
and for h, k € L', we have
hvk=(h+k+|h—k|)/2 and hAk=(h+k~—|h—k|)/2
Hence L' is a vector lattice, i.e. L’ is a vector space satisfying:
Vf,ge L', fvgand fAgelL'.
For any compact set K, let C(K) be the space of continuous functions on K.
Let L'(K) be the restriction of L' to K. Since L’(K) separates points on K, by the
lattice form of the Stone-Weierstrass theorem, L'(K) is dense in C(K) under sup
norm. Let K, be a sequence of compact sets and K, T E. For each n, C(K,) is
a separable metric space, so is L'(K,). By the fact that L’ is a lattice, there is a

countable subset L, of L’ such that the restriction of L, to K, is dense in C(Ka»)

and

Vf €Ly, sup|f(z)l= sup |f(z)|
z€ell z€EK,
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Since U, L,, is countable, we can choose a countable subset S of S’ such that
UnLn, € S — S. We have

Lemma 2. There is a countable family S consisting of bounded, continuous func-
tions on I whose restrictions to Iy arc co-superaveraging. S scparates points on E
and contains a strictly positive function f. Let L = S—S. Then for any g € bC(E),

there is a uniformly bounded sequence {g,} € L such that g, — g pointwise in E.

Proof: Let K, be as above. For each n, choose g, € L, such that
1
sup |ga(z) — 9(z)] < —.
z€EK, n
Then {g,.} is the required sequence. ¢

Now let ' be the set of all maps from Ry = [0, oo) into Ey = EU {3}. For
w €, w(t) is a function defined on R and it takes values in E5. Let

Y'(t,w) = ¥/() = w(t)

Then Y’ is a process on {1'.

Let § be the o-field on ' induced by the process Y/, ie.
(36) G=0o{Y}; 0 <t < oo}

By Kolmogorov’s theorem, for example see [1, Ch 1, Sec 2], for y € Ep, there
is a probability measure PY on (¥, G) such that

(37) YAg, Ay, A €€ and 0 <t <tz <+ <ty <00

PYY) € Ao, Y{ €Ay, Yy €An} =
=/ f’o(y,dyo)j P, ('.'/O)dyl)/ ﬁtg—t;(yl,dyZ)'“/ Pi e (Yn—1,dyn).
Ag Ay Az A

We will use ¥ to denote the expectation with respect to Py,
From the above, Y' is a “raw” Markov process on E with transition semigroup

P,. By (31), for fixed t >0,
Ytl € Ey ﬁy —a.e.

Remark. Observe that the state space of Y! is taken to be E instead of Ey. This
is because in order to apply the Kolmogorov’s theorem, it requires that the space

in question is o-compact. It is not clear to us that Eg is so. However, in the next
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section, we will show that there is a right continuous version Y of Y’ which "lives”

on Ey, i.e. for any y € Ey,

PY—qge Vt>0, Y:ieEyu{d}.
Therefore we can take Ej to be the state space of Y.
Let T be a countable dense subset of R satisfying:
(38) Vr,s€T, r+s€T andr—secTifr—s>0.

Consider the discrete time process {Y,; r € T'}. By Lemma 2, 3f € S such
that f >0in E. For y € E,,

{f(¥)); reT, P¥}
is a non-negative supermartingale (Recall f(8) = 0). f(Y¥)) = 0 if and only if
Y/=08.Forr,s €T and r > s,
EV(f(Y,); Y] =9} < E*{f(¥)); Y] =9} =0.

This implies: For any y € Ey,
(39) PY-—ae VseT, Y/=0 implies Y/ =9 forallr >sandreT.

We can take T to be @, the collection of all non-negative rationals. Define
(40) ¢=inf{r € Q4; ¥, = 0.

It is clear that for any y € Ey,
(41) PY—ae VreQ,, Y €Eforr<¢ and Y =0 forr>¢.
Remark: If we replace Q. by any bigger countable subsct T' of R, satisfying (38)

in the definition (40), then ¢ will not be changed except on a set of PV-measure

zero for any y € Ey.

§5. The Dual Process

In this section we construct a right continuous version of Y.

Fix y € Eg. Let f € S. Then f(Y/) is a non-ncgative supermartingale under
Py, By the general martingale theory, for example see [5, Ch 1], Pv—ge.
V20,  Wm{f(V));r€Qu rllt} and Lm{f(¥)); re Qs riTt) exist.

Since S is countable and separates points on E, we have the following result.
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Lemma 3. PY—ae. Vt >0, eachof {Y/; r€Qy,r || t}and {Y;r€Qy, 1T t}
has at most two limiting points in Es = E U {8} and if there are two, then one of
them is 0.

Define

lim{Y/; r € Q4, r | t}, if it exists;
() Y=
the finite limiting point of {Y/; r € @4, r [l t}, otherwise.

Remark: The above definition is motivated be the regularization of sample paths
for general Markov chains. See the discussion about z (t) = liminf,|; z, in Chung
[6, Part II, Sec 7). It is proved there that z4(t) is a right lower semi-continuous

version of ;.

The following lemma shows that Y; is a version of Y{.
Lemma 4. Forye€ Eg andt >0, Y, =Y/ Pv_qe.
Proof: Let H = [Y; = 9]. First we show
(43) PY{H, t< ¢} =0.

Tix € > 0. Choose a compact set K such that

PY{Y/cE-K}<e
and h € bC(E) such that
h=0on K,0<h<land h=1 outside a compact set.
Let r, € Q4 and ry, || t, we have
e > EV{h(¥{)} = Peh(y)
= lim P, h(y) = lim EY{n(Y; )}
> lim"infE”{h(Y,'"); H, t<¢}
> EY{liminf A(Y;); H, ¢t < &)
=Ev{H, t <}

The last equality follows from the fact that Y! —donH.
Since € > 0 is arbitrary, we have proved (43).
Next for w € H¢, Yy(w) is the limit of a subsequence of Y, (w). Hence if f € S,

£ (¥i(w)) = lim £ (Y7, (w))-
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Let A € o{Y/}, we have
Ev{4, f(Y)} =lmEY{4, [(¥;)}
—lim BY{A, P f (¥))} = E"{4, Pof(Y)}:
Since Py(y, Z) = 0 and Pof = f on Eo — Z,
BY{A, f(¥)} = E¥{4, f(Y)},

for any A € o{¥}'}.
By a well known result, see Lemma 1 in [5, Ch 1, Sec 4], the above implies:

ﬁy — a.e. Yg = Y".

The lemma is proved. ¢

By Lemma 4, we may assume
(44) ' VreQy, Y.=Y.

Hence Lemma 3 holds with Y/ replaced by Y;.

Fix a sequence of compact sets Kn 1 E from now on. For ¢ > 0, define

(45) Hy=U, NreQ@ N0, ¢ [Xv € Kn]'

(46) Ig = Un n,GQ '_n[(), t] [Yr € Ka,.].

H, is the set of w such that X, (w) is bounded for r € Q4+ N0, t]. I is the
same set for Y.

Given a measure p on E, P* is the measure on ({V', §) defined by

VAcg, PM{A}= / u(dz)P*(A).

P* is defined in the same way with P replaced by Pv.

Use the duality relation given by Lemma 1, we can derive the following well
known identity. Let Ao, A1, -+, An be relatively compact sets in £ and 0 <t <
tg < -+ < t, < 00, then
) P™{X, € Ao, Xi, € Ay, -+, Xt, € Au}

47
=P™{Yo € An, Yen—tu_, € An-1,**) Yea—t; € A1, Vi, € Ao}.
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Note that the above expression is finite since P™{X, € Ap} = m(A4o) < oo.
Let K be a compact set and ¢t € Q4. By (49), we have

P™{XocK,X;:cK}=P™{Yy€K,Y, €K} and

P™{H,, Xo€ K, X, € K} = P™{I,, Yo K, Y, € K}.

Since X is a Hunt process,
P*{Xyec K, X, € K} =P™{H,, Xo € K, X; € K}.
We obtain
(48) P™{YoeK,Y,cK}=P™{I,,Yo €K, Y, € K}.
From the above, there exists N € Ej such that m(N) =0 and
VyeEy— N, PY{I,Y,eK,Y,eK}=P'{YoeK,Y, €K}

N can be chosen independently of K and ¢t € Q. Letting K { E, we obtain,

(49) Vye Ey— N, PY{I,Y.e€ E}=P'{Y,c E}.
Let

(50) I=nN,eq,{I:V[Y: =9}

Then

(51) I is the set of w such that

Vt < ¢(w), Y,(w) is bounded for r € Q+ N[0, ¢].

As a direct consequence of Lemma 3 and (42), we have

Lemma 5. Let y € Eg. Then on I, Py — a.e. we have
(@). t — Y; is right continuous.
(b). YieEift<{andY, =8 ift 2.
(c). Ift < ¢, then Y;_ exists and Y:— € E.

By (51), if y € Eo — N, PY{I, U[Y, = 8]} = 1. Hence Pv{I} = 1 and
Pv{I°} = 0. We want to show:

(52) vyeE,, PY{I°}=0.
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Let
(53) fy)=PY{I°}  fory € Eo.

Then f =0 m — a.e. on Ey. Suppose we can show that f is co-excessive, i.e.
f is co-superaveraging and lim¢—.o f’,f = f on Ey. Then f is excessive with respect

to P,. The corresponding resolvent is given by
[~}
Uf =/ e ™P,fdt for f€ €y and a > 0.
0
By (34), U = U0 is absolutely continuous with respect to m, so is U= for any a > 0.
The excessiveness of f implies:
f=lim a0°f.
atoo
Since f =0 m —a.c. so aU"‘f = 0. lence f = 0 everywhere on E. Thercfore in

order to show (52), it is enough to prove that [ is co-excessive. This will be proved

in the next section (Lemma 9).

By Lemma 4 and Lemma 5, we sce that Y; is a right continuous version of Y,/

and for y € Iy, PY—a.e.

(54) {Vt < g':, Y; € E, Y;_ cxists and Y,_ € E;
Vt>¢, Ye=a.
Since ¥; = Y/ PY — a.e. we also know that for each fixed ¢ >0,
PY--ae. Y,eEyu{d).
In fact, we can prove: for any y € Ey,
(55) PY_ae. Vt>0, Y,€Eyu{d}.

This will be proved in the next section (Lemma 10).
The following thecorem suminarizes the above results.

Theorem 6. Y; dclined by (42) is a right continuous Markov process with transition

o
semigroup Py and state space Ey. Morcover, it satisfies (54).

Now we assume, in addition to (i) through (vi), the following condition:

(vii) Tor any y € IZ and compact set K C E,

/Km(da:) u(z,y) < oo.
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Under (vii), we can apply Proposition 2 to Y to conclude: if f is co-cxcessive,

then

(56) 39, € b€, such that Ug, 1 f.
This implies:

Lemma 7. Any co-excessive function is lower semi-continuous.

For the proof of the following lemma, see [7, Sec 4, (D)].

Lemma 8. If f is co-excessive, then for any y € Ey,

PY —ae. tws f(Y:) is right continuous.

For t > 0, let
(57) F=0{Y,; 0<s<t} and Fir = Noxi e

The arguments in [7, Section 4, (E)] show: for any f € €4, t>0and y € Ey,
and any optional time T with respect to the filtration {#4+}, we have

(58) B (Y (T +0) s} = PV (T)).
Observe that (vii) implies

(59)  VfeC.(E), E¥{ / ” (%) dey = f m(dz) f(z) u(z,y) < oo
0
This is used in the proof of (58), see [7].

Now we know that Y is a right continuous, strong Markov process with state
space Fy.

By Theorem 1, we have
(60) Po(y,) =6, ifandonlyif ye EonZ°.

By (31), I%(y,-) does not charge Z for any y € Eo, this implies that Eo N Z is
the set of branching points of Y. Here we are using the usual definition: y is a
branching point if Po(y,E -{y}) >0.

It is a well known fact that for a right continuous, strong Markov process, the

set of branching points is polar, i.e.
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(61) Ey N Z is co-polar, i.e.

VyeEy, PY{3t>0,Y,€LEynZ}=0.

In fact, (61) lollows dircctly from the strong Markov property (58). To scc this,
let K be an arbitrary compact subset of Ey N Z, T be the hitting time of K and
f =1k, then by (58),

PYT < oo} = EV{f(Yr)} = E*{Po(Yr, K)} =0

since Py(y, Ly N Z) = 0 for any y € Eg. Now by the standard argument using the
Scction Theorem, we sce that 2y N Z is co-polar.

The following theorem is the main result of this paper.

Theorem 7. Y is a right continuous Markov process on I&y which has the strong
Markov property expressed by (58). The sct of branching points of Y is EyN Z

which is a co-polar set.

Example: Consider the cxample in §3. Recall: E'= (0, 1) U |2, oo) and Z = {2}.
It is tedious but not diflicult to show that Ey = I and the dual semigroup Py is
given by
X et 8iy_t}, f0<y<1;
(62)  Pu(y,’) = Sty-13> fy—t>2
e~tty—2 fol dzé(, 44y_2y, f2<yandy—t<2

Here 6, denotes the unit mass at 2.

Remark: It is proved in [11] that Y is a lunt process if By = Fand Z=0Qand Y

is continuous if X is.

§6. Two Lemmas
It remains to prove that f defined by (53) is co-cxcessive and E§ is co-polar.
Lemma 9. [ defined by (53) is co-excessive.

Proof: Fix y € Ey and t > 0. By (53), we have

(63) P f(y) = E*{I°06,}.
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Let T be a countable subset of R, such that Q. U{t} C T and T satisfics (38).
We could have used T instead of Q. in the above discussion and all the formulas
remain valid except on a fixed set of zero PY-measure. (see Remark at the end of
the last section).

If we ignore that fixed null set, by (51), we have

(64) I¢is the set of w such that
Js < ¢(w), Y,(w) is unbounded for r € TN [0, s].
(65) I€o6, is the set of w such that
Js < {0 0;(w), Yiyr(w) is unbounded for r € TN [0, s).

Since t € T', we have {00, = ¢ — t if {00, > 0, hence

(66) I€o0; is the set of w such that
Ju with t < u < {(w), Y,(w) is unbounded for r € T N [¢, u].
Compare (64) with (66), we have
(67) Ifob, C I

It follows from (53) and (63) that Pif(y) € f(y). This proves that f is co-

superaveraging.

Now we show that f is co-excessive, i.e.

(68) lim Bf(y) = f(y) forye Eo.
From (66), it is easy to show:

(69) lim P, f(y) = P*{A},

where

(70) A is the set of w satisfying: s, u € Q4 with s < u < {(w) such that
Y, (w) is unbounded for r € Q4 N [s, u}.

Compare with the expression (64) for I¢, we see that in order to prove (68), it

suffices to show:
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Py _g.e. li Y, =Y,
(™) P -ae fllO,Irn60+ 0
Fix z € E. Let
(72) gn(y) = [Przu(z,y)| AL

Since u(z’,-) is co-superaveraging for any z’ € E, so is Pg:u(z, ). Hence g, is
bounded and co-superaveraging on Ey. {g.(Y:)} is a non-negative supermartingale

under PY. We have
PY_ge. lim{g,(Y;); r || 0} exists.
If Yo(w) € E, then Iry € Q4, 7% || 0 such that
li,tn Y:, (w) = Yo(w).
Since g,, is lower semi-continuous,
lim{ga (¥, (w))} = lim gn (¥r, () 2 ga (Yo(w)).
This is trivially true if Yy(w) = 8.
Because g, is co-superaveraging, E"{g,.(Yo)} > E"{gn(Y,)},
E*{gn(Yo)} 2 lim B¥{gn(¥:)} 2 Ev{lim gn(¥,)}.
This implies:
(73) PY—ae. gu(Y0) =lim{gn(¥.); r 1L 0, r€ Q4 ).

If for some w, (71) fails, then Yp(w) € E and 3rx € Q. such that Y, (w) — 4.
See Lemma 3.
By (73),

(74) PY_ae g, (Yo(w)) = li'x‘ng,. (Y, (w)).

It follows from (72) and the “round” property of u(z,y), see Theorem 2 in Chapter
I, that for sufficiently large k,

(75) 9n(Yr\ (@) = u(z,Y,, (w)) AL

Therefore the right hand side of (74) is independent of n.
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On the other hand, if y € Ey N Z¢, then u(,y) = u(-,y) and by (28), the
definition of Ey, gn(y) — 0 as n — oo provided y # z. Since except on a set of zero

Pv-measure, Yy(w) € EyN Z*, we have, PY —ge.
li'xln gn (Y()(w)) =0 forwe Yy #1]
We have seen that the right hand side of (74) is independent of n, we must have
91 (Yo(w)) =0 for w € Yy # g].
We could have chosen K; =0, so
PY —qe. u(z,Y%) =0 on [Yp # z].

Since z is arbitrary, the above contradicts (iv). Thus (71) is proved and f is co-

excessive. ¢

Lemma 10. E§ is co-polar.

Proof: By a standard argument using the Section Theorem, see [9], E§ is co-polar
if any compact subset K of E§ is co-polar. Choose a sequence of relatively compact

open sets D,, such that Dny1 C D, and K =NpDy,. Forr >0in Q4+, let

(76) B, =Un Nseq.n(o,n) [Xs € D7)
and

(77) B =nNy>o{B, U[X, = 8]}
Then

(78) B is the set of w satisfying:
Vr € Q4 with 0 < 7 < {(w), 3n such that X,(w) € Dj, for s € @+ N (0, ).

Similarly we define B, and B using Y, instead of X,.
Let F be a compact set. Since K is polar (with respect to X ) and X is quasi

left continuous, we have
Vze K¢, P*{B,,Xo€F, X, €F}=P{Xo€F, X, € F}.

Let
fly) =Pv {B°} fory € Ey.
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Exactly repeating the argument preceding Lemma 5 and the first part of the proof

of Lemma 9, we can show: f =0 m —a.e. f is co-superaveraging and

(79) lim P.f(y) = PY{C} fory € Eo,

where

(80) C is the set of w satisfying: Ju, r € Q4 with 0 < u < r < {(w) such that
Vn, Y,(w) € D, for some s € Q+ N (u, ).

Compare with

(81) B¢ is the set of w satisfying: 3r € Q4 with 0 < r < {(w) such that
Vn, Y,(w) € Dy, for some s € @4+ N (0, r).

It is clear that C C B¢. Suppose w € B¢ — C. Then 3r, € Q4 with r, || 0 such
that Y, (w) € Dn. By (71), Pv —ge. Yy =lim,Y,_, so except on a set of zero
Pv.measure,

Yo(w) € NwDn = K C E§.
Since P¥{Y; € E§} = 0, such w only form a set of zero PY-measure. Therefore

A A

PY —ae. C =B°.

This shows that f is co-excessive. The fact that f =0 m —a.e. implies f =0 on

E,. This proves that K is co-polar. ¢
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