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Séminaire de Probabilités XVIII

Path Continuity And Last Exit Distributions

Ming Liao

It is well known that a Hunt process is determined by its hitting
distributions up to a random time change, see [1, VSJ . It was proved
in (4 ] that the similar conclusion holds for its last exit distributions
provided the process is transient. It is not difficult to show, see (133,
that a Hunt process is continuous if and only if the hitting distributions

are concentrated on the boundaries, i.e.

\{relatively compact open set A and x € A,
x =
P [x(TAc) ¢aA, TpC <oo:| =0 (n
Naturally a question arises: Do we have the similar conclusion for the

last exit distributions? To be precise, given a transient Hunt process Xt’

is it true that the path continuity is equivalent to the following condition:

\jrelatively compact open set A and x € A,

Py ¢ 3n Y<K -0 @
where ;A = sup {t : Xt € A} with sup¢ = 0 and g is the lifetime of Xe .
It is clear that the continuity implies (2). The purpose of this paper is
to show that in general (2) does not imply continuity: An example is
presented in Sec 1. (If killing is allowed, we can obtain a much simpler
example as is given at the end of Sec 3.) In Sec 2, we show that under
an additional condition, (2) does guarantee continuity and consequently
the process is continuous if and only if the equilibrium measures are
concentrated on the boundaries. In Sec 3, we establish two other results

under the assumption (2).
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Sec 1 . Let E = {(x,y)e R'z, -0 x££ 00, 0€y&1 } . We construct
a process Xg with E as its state space, and, roughly speaking, having the
following properties : If X4 starts from (x,y) with y » 0, then it moves
at unit speed along a vertical line down to the x-axis; if X4 starts from
a point on the x-axis, then it moves at unit speed to the right except that
it may have several jumps along its paths and each jump brings Xt to a

point one unit above its current position.

Let us first write down its transition functioms.

For 0 tg 1, z€EE and £ 2 0 measurable on E, define Ptf(z) by

t _u -t
P.tf(x,O) = \ge duf(xtu,l-t+u) + e  £(xt+t,0)
Ptf(xa}') = f(x,Y"t) if Y; t
= Pt_y £(x,0) if y£t. 3
L 1 :
emma For t,s >0 and t + s <1, PtPSf(z) Pt+$ £f(z)
proof : We only show this for z = (x,0).
P, Pg £(x,0) = SE Py ((x,0), dw)Pg £(w)
t -0 "t
= Soe dukg f(xtu,l-t+u) + e Psf(x+t,0) (Since s £ 1-t)

t S
Soe‘u duf(x+u,l-t-s+u) + e—‘tj evdvf(x+t+v,1-s+v) +
0

~tt+s) tes

e f(x+t+s,0) = 3 e = duf(x+u,l-(t+s)+u) +

~(t+s)

e f(x+t+s,0) = Pth £(x,0) . QED
n

For any t » 0, write t =3_ t, with 04 t, <1, let P f =
kel X

P"-nftl.”Ptnf . By Lemma 1, Ptf is well defined and {Pt} form a

semi-group of probabilities. By (3), we see easily that {Ptg
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is a Feller semi—group’-hence there is a Hunt process Xy with

{Pt} as its transition semi-group.

oy
For h> 0, let r(h) = p % { X, hits (x+h,0)} .8

t
It is easy to see that r(h) is independent of x.

Lemma 2 : For any h >0 , r(h) =1 .

Proof : By the strong Markov property, r(h+k) = r(h)r(k), so

it is enough to show r(t) = 1 for 0 £ ¢t <1 . By (3),

~ - t
r(t) >/ e‘t and r(t) = et + S e udur(t—u) (5)
°

-t T ) -t
So r(t)} e + 5; e due =e (14 t) . Substituting this in

(5), we obtain

- t . ~(t-u -t - -
r(t)} et+Soeudue(t )(l+(t—u))=e +ett+-ll-,ett1
By induction we can prove
-t L2, L3 ey =
r(c)ze(1+t+2!c +3£t+ ) =1. QED

Lemma 2 shows that X is a transient Hunt process. We can check that Xe
satisfies the properties prescribed in the first paragraph of this section,

and from this it is easy to see that (2) holds but X4 1is not continuous.

Sec 2 . From now on , we assume- Xt 1is a Hunt process with state space E

and that it is transient in the following sense :
X
VXGEand compact KC E, P [\SK=(}0] =0 (6)

Lemma 3 : Suppose for any compact set K and y¢K, there exists a neighbor-

hood U of y such that V z € K, PUl(z) < 1. Then (2) implies the continuity

oth :
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Proof : It suffices to prove (1). Let A be a relatively compact open set,

xE A, Let T = TA': and suppose

Px'[x(T)¢ 24, T< 00) > 0.

—~C
There existg a compact set KC (A)" such that

PX[X(T) € K] >0 (7

Let u be the measure on E defined by
u(dz) = PX[X(T—) € dz, X(1) € k) (8)
u is carried by A and is non-trivial. We may assume supp(u)ﬂ A *¢ , other-
wise we can replace A by A' witha c A' C Kc.
Let y € supp(u)f) A. By the assumption, there exists an open set W with

yE WA and PW1< 1 on K. Let U,V be open sets with y & VvecVcucUcw.

Since y € supp(u),

X
P [x(T-) €V, X(MDEK) >o. 9)
Let T, =0, T, = Ty, To= T, + TUCOQT, and inductively let
Tagey = Tax + TvveTzK s Togaa = Tagr + TU°°9T1.<+: . Since a.s. t=> X; has
left limits for t <00 , Px—a.s.
oQ
(X(T-—) eV, X1 E K] c kL‘}-l [le_|< T, Ty = Ts X(T) € K] . (10)
By (9), for some k,
P [1,¢= T, XME K] 7 0 (11)

Since R, 1 <1onK, P [TW= 00] > 0 for z € K, hence

Ta) -
P a0 € 1 e 0] - 2 [xm € x, X - )] So.

x 1 X(Tuger) _
e [» [ xryo) € &, Tw BT e -01] o (12)

Since X(le-\) € V on [T’_K_' <00] , for some z € V,
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2

p [x(r,0 ek, Tw'erui ] >0 (13)
on [ X(0) = z, X(T,,0) € K, TwoeTUc=00] ,

Tuc = Tye= XW < 00 and X( gw— ) = X(TU,_.—) 3 —17, therefore

Zz —

" [xy ) eT] Yo (14)

This contradicts (2)3 hence (1) is proved. QED

Corollary : Suppose for any compact F, PFl is continuous on Fc and V x € E,
P{x} 1(y) < 1 for y # x. Then (2) implies continuity.

Proof : Let K be compact and x é K. Choose D.n relatively compact open,

D, 3 x and .]3“\} {x} . We may assume Bl K= ys {P‘S“l} is a sequence of
continuous functions on K and it decreases to the continuous function P{x} 1
pointwise on K. By Dini's Theorem, P-D- 1 =P 1 uniformly on K. Since

n i}

Pfx} 1< 1 on K, for some n, Pﬁ 1 <1 on K. Hence the condition of Lemma 3
n

is satisfied. QED
Remark : By going through the proof of Lemma 3, we see that this Lemma and
its corollary still hold with (2) replaced by

V relatively compact open A and x € A,
X '
P Lxg) ¢ aa 5548 ) -0 "

Now we suppose our process Xt has a potential density u(x,y) with respect

to an excessive Radon measure m on E, i.e.

o0
Vf Z 0 measurable, SoPt f(x)dt = SEu(x,y)f(y)m(dy) (15)

Assume : V x € E, u(x,*) and u(+,x) are strictly positive and extended

continuous, and u(x,y) = 0 if and only if x = y.

Our hypothesis is slightly stronger than that in [ 2 ) and to which we

refer the readers for a complete account of the related theory. We know
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that any compact set K has an equilibrium measure HK which is the -unique

measure characterized by
Vx€E, BRI = Julxy)pytdy (16)
Furthermore H—K satisfies : VX € E and f 7/0 measurable,
x
B [ex(y s ¥ v o] - jg(x,y)f(y)u,((dy) an

It is easy to check the condition of the above corollary in the present

situation hence by (17) we have

Proposition 1 : Under the above hypothesis, X, is continuous if and only

if for any compact K, HK is concentrated on QK.

Sec 3 . We say X has no killing inside E if X(Vg-)é E a.s. on [‘5 < 00] .
Under the assumption of transience, this is equivalent to the following :
X
Vrelatively compact open A and x € A, P [TAc<°°] =1 (18)
Proposition 2 : Assume (2) and Xt has no killing inside E. Then
X
Vrelatively compact open A and x € A, P [T3A<°°] = 1. (19)
Proof : Let Ty =0, T = A T, =T + TA-BTl and inductively let
X
= + = . -a.s.
leﬂ Tzk TA(.9T1K B le Tzk-l + TA° T“_I Then P -a.s we have
three possible cases :

< 00

Case 1 : ak. TK = TK+| .

Case 2 : T < T1<-"<TK<T < v

K4/
. & oo =
Case 3 ¢ 3k such that Tl < Tl < T1K+| <T1Kﬁ.
A . - 00
Observe that it is not possible to have Tzk< T“‘“ because of
(18).

In Case 1 , X(TK)

]

X(Te) € AN (AS) = 9A .

In Case 2 , let T li'.‘m Ty, then T £ ‘SA < 00 | by the quasi-left conti-

nuity, X(T) € 9A .
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In Case 3 , Takt) = YA , Tzk< T:.Kﬂ and by (2),

X(T, 0 ) = X(§,-) €0 . (20)

Let B, be open sets with EnC A and By T A, s, = Tkt TBﬁ °9T1K, then
s“’[ Taxy) » By (20), X(Sy) € A - By, . By the quasi-left continuity,

X(TIKH) = 1§nm x(sn) & oA. QED
Proposition 3 : Assume (2) and Xy has no killing inside E, Then X has no
holding points.

Proof : Fix x € E, let D, be a sequence of relatively compact open sets

such that ']T.)—nﬂ C Dy, Dy D x and Bn N {x} . For each n 7, 1, define

= = o veo =

Sn = Tap, » Smi = Sn+ Tap OS" sree, Sy =S, + Ta[)'oesJl and let
n

T =5, for k = 1,2, '+ ,n.

For each k, T;m is defined for n ) k and T(:) T as nT . By (19),

) w) m,

Ty <00 a.s. so Ty < SB‘ <00 a.s. Let Tk = li'{n TK then ‘a.s.
T« < B0 ., We see easily that Ty ‘L as k T . Let
T = 1lim TK . (21)
K
We have T< T, and T, =T+ T, o0 (22)

By (21) and (22), 1£m TK°9T =0 so
T xp _XCT) }
1 =P [hkm TK°e,‘.~‘ 0] =E [P [ll&n T= 0]
Since X(TK) € 9D , X(T) = x by the right continuity, hence
Px lim T, = 0 = 1 . This implies x is not a holding point. QED
3
Remark : The assumption that no killing occurs inside E cannot be dropped.

To see this, construct a transient Hunt process according to the following

description : Let Lo, 1] be the state space. If the process starts
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from x < 1, it moves to the right with unit speed until it reaches 1. 1 is
a holding point with the exponentially distributed holding time and when it

leaves 1, it jumps to O or kills itself with the equal probability % .
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