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On some limit theorems for solutions of stochastic differential equations

Shigetoku Kawabata and Toshio Yamada
Department of Applied Science

Kyushu University, Fukuoka 812, Japan

Introduction.

We consider the following It type stochastic differential equations;
dx(t) = o(t,x(t))dB(t) + b(t,x(t))dt
dxn(t) = on(t,xn(t))dB(c) + bn(t,xn(t))dt, n=1,2,...

What we will do in the present paper is to propose some sufficient
conditions which guarantee stability properties for solutions of the
above equations when the coefficients On and bn tend to 0 and b
respectively.

This problem has been discussed by Stroock and Varadhan in chapter 11
of their book ([6]), by the method of the martingale problem. In the
case where the martingale problem for o and b has a unique solution,
they showed that the stability properties are guaranteed in the law
sense when On and bh tend to 0 and b respectively in a suitable
sense.

In this paper we will treat the problem in the case where the path-
wise uniqueness holds for ¢ and b, and show that under some convergence
conditions for o, and bn’ the stability properties hold in the path-

wise sense.
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In the formulation of our conditions, the operator J: which was
introduced by Okabe and Shimizu with the idea of applying it to path-

wise uniquenéss problem will play an important role. ([5]).

Preliminaries.

We consider the following ItG's stochastic differential equations;

1 = (t)

i d (t i . t i
x(0) + I J o (s,x(s))dB? (s) + J b'(s,x(s))ds (1<1,j < d)
j=1'0 J 0

d (t | . t .
() x(r) = x(0) + = J o (s,x_(s))dBI(s) + J bl(s,x (s))ds (1<i,j<d)
n n . n,j n n n - —
j=1‘0 0
n=1,2,...
We suppose in this paper that the coefficients in the above equations

satisfy the following conditions (A), (B) and (C).
a) Oj'(s,x), (Itl1 j(s,x), bl(s,x) and btil(s,x) (1<i,j<d), n = 1,2,...

d

are Borel measurable functions defined on [0,®) X R .

(B) There exists a positive constant K > 0, such that

@ |lo0l% + 6,002 <x@+ |«)%) &
and

@ Nlo_cll? + b sl <xa+ [[x]?) ©

hold, where 0(s,x) = (0§(s,x)), On(s,x) = (Ui j(S,X)), b(s,x) = (bi(s,x))

and bn(s,x) = (bi(s,x)L

: m m . .
(*) || All stands for /I & (a]_')2 where A = (a;) is m¥n-matrix,
Vi=1 j=1 3 3

m n
and || A”p for L L Ia%lp (r>1)
i=1 j=1 J
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(C) Define D = {x e Rd, || x|l < r}. Then for any r> 0 and T > O,

the relation 1lim sup
n>® (t,x)E[O,T]XDr

b(t:,x)” } = 0 holds.

(o (£, - ole, 0] + | b (t,%) -

By a probability space with an increasing family of Borel fields
which is denoted by (Q,?‘, P: ?t) we mean a probability space (Q,%,P)

with a system {?t} of sub Borel fields of F such that :1'5 < ?t

te[0,)
if s < t.

Definition 1

By a solution of the equation (1), we mean a probability space
with an increasing family of Borel fields (Q, ¥, P: ?t) and a family
of stochastic processes X = {x(t) = (xl(t),...xd(t)), B(t) = (Bl(t:),
Bd(t))} defined on it such that
(i) with probability one, x(t) and B(t) are continuous in t and
B(0) = 0,
(ii) they are adapted to ?t’

(ii) B(t) is a system of :};t—martingale such that

(CIORE RONCHORS HONES EE NG R RER R
(iv) F(t) satisfies

i i drty j £

x(t) =x7(0) + I I oj(s,x(s))dBJ(s) + I b~ (s,x(s))ds, (1<i<d)

j=1’0 0

where the integral by dB is understood in the sense of ItQ's integral.

One defines a solution of the equation (2) in the similar way as

in the definition 1.
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Now, we introduce the operator L which is defined by

d
) EVExy = o + 1 W ple,x + S Ity
ax dy
i= i=1 i
d d d 2
iz axaa"(z okt 0l (e, 00+ 2 3 a:v (zo t, x)c
i,j=1 =1 1,5 %1%y k=1
d d
f Iy 33" (T ol (t,y>o (6,
i,5=1 Yi%5 i=1
. . d d
where V(t,x,y) is defined on [0,®) X R* X R".
§2 Some limit theorems.
Theorem 1. Let p be a positive integer p > 1. Let

«, F, P: ‘?t) be a probability space with an increasing family of
Borel fields. Suppose we are given the following;
(1) a solution of the equation (1) %_(t) = {x(t),B(t)} defined on

©, 7, P ?t)’ such that
© Elll x| %P < +=,

(ii) a solution of the equation (2) ’j{n(t) = {xn(t:), B(t)} for each
n=1,2,..., defined on the same (9, 3‘,?: '?t) such that

M sup B[l x, @1 < + .
n

Let T>0 and r > 0 be two positive constants. Suppose that

. m
there exists a sequence of functions Vg ., V
k]

T,r° m=1,2,..., defined

on [0,T] x Dr X Dr’ continuously differentia%le in t and twice con-
tinuously differentiable in (x,y), such that

m
(V1) VT’r(t,x,y) >0 for (t,x,y) e [o,T] x Dr X Dr’

(t,y))
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wv2) V? r(t,x,y) converges uniformly to the function V (t ,X,y) as
b4
m tends to infinity.

(V3) there exist two constants Cl(T,r) and CZ(T,r) such that

® ¢ @Dl xyll <V, (6,xy) <10 | %yl

for (t,x,y) € [0,T] X Dr X Dr

(V4) there exists a non-decreasing sequence of integers {mn} n=12,...

such that 1lim mn = ®© gnd

n>e
ear@
. r m
(9) Tim E[f @tLvT“r)(s,x(s),xn(s))ds]_5 0
e 0 ’
where Tﬁn) = inf{t : max (]| x(v)], |]xn(t)||2_r)}.

Then, the relation

(10) 1im E[|] x (0) - x| 1 =
n>o
implies
(11) 1im E[]| x"(t) - x (c)]l] 0 for all t e [0,T],
n>ro
where xr(t) = x(tATin)) and X (t) =x (tAT(n)) [ |
Proof.

By It0's formula we have

m
r
Ut eat T (0,5 () = r(o,xf<o>,xn<o>)
]
+ a martingale of zero mean
(n)

+ f CILV )(s x"(s), X T(s))ds.
0
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Hence, we get

m
(12) E[V T,r (cAr ,x T, X T(eN]
tAT(n)
T m r r
E[V (O x"(0), X TN+ E[J (dC,Van)(s,x (s),xn(s))ds]-
0 ?

Now, we will show that
(13) lim [V (0 x°(0), X T(0))] = 0 holds.

>
By the condition (V2), we can choose for any positive € > 0 the integer
N(e) so that

o
(14) V (t X,y) - € < V (t x,y) < V (t X,y) + €

for n > N(¢) and (t,x,y) € [0,T] x Dr b3 Dr.

Combine the relation (14) with the condition (V3). Then we can see
m
that V (s x (0, X T(0)) <c, (T, r)||x ) -x (0)|I+ €. Therefore

the condition (10) implies that

m
(15) 0 < Tim E[V," (0,x7(0),x (0] < €.

n—)oo
Since € is an arbitrary positive number, we can conclude that the relation
(13) holds.

By (v3), (V4), (12) and (13), we have

0 < ¢, (T,r)Tim E[| x"(t) - xfl(t) Il

n>o
— m
< 1im E[V, (tAT ,x Ty, X TN
n->ro
tAT(n)
Py r mn
= iif: E[Jo (f’VT,r) (s,x(s),x_(s))ds] < 0.

This relation implies immediately (11). Q.E.D.
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Theorem 2. Suppose we are given a solution of the equation
1) ¥(t) = {x(t),B(t)} and a sequence of solutions of the equation
(2) 3En = {xn(t),B(t)} n=1,2,... so that they are defined on a same

probability space with an increasing family of Borel fields (R, #,P: ?t)

and they satisfy (6) and (7), for p = 1.
Suppose further that for any T > 0 and r > 0, there exists a
sequence of functions VT t(t,x,y), V? 1_(t:,}u:,y), m=1,2,... such that
bl ’

they satisfy the conditions (V1), (V2), (V3) and (V4).

Then the relation

lim E[||xn(0) -x(0]|1=0
n>oo
implies
(16) Lim E[|| x_(t) - x(t)||] = 0 for all t e [0,). |

n>e

For the proof of the Theorem 2, we shall prepare several lemmas.

Lemma 1. Let p be a positive integer p > 1.

Under the condition (B), the following inequalities hold;
an el x@[|?P1 < k@, m A + E[|| x@ ]| 1) for t e [0,T]
18) E[|| xn(t)llz"] < K(p,D (A + E[ x (0) I?*1)  for t e [0,T]

where K(p,T) 1is a positive constant which depends on p, T and K
in the condition (B).

The assertions in Lemma 1 are well known (See e.g. ([3])), so
we omit the proof.

The following lemma can be derived easily from Lemma 1.
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Lemma 2. Under the condition (B), the relations (6) and (7)

imply that the system of random variables

Il oCe,xeN 1P, 1 o_te,x NP, || bCe,x(e)) P, 0e (e N IP,

n=12,... ¢te[0,T]}
is uniformly integrable with respect to ([0,T]xQ, at®dp).
Lemma 3. Under the condition (B), (6), and (7), there exists
a positive constant L(T) < + @ such that
2
(19) E[ sup || x(£) |71 < L(T)
0<t<T

and

(20) E[ sup || x (0]1?] < L(D)

0<t<T
hold.
Proof. We will show (19).
It is easy to choose a positive constant C(d) depending on d
such that

Il x(e) |2 < ¢(d) || x(0) 1|2

ty K, \ 2 ty 2
+ C(d) (I Ok(S,x(s))dB (s))” + C(d)Z(J b (s,x(s))ds)”.
i,k Jo ilo

Using the Doob's inequality, we get from the above

21) Ef sup || x(0)]121 < c@EL]| x0)]|?]
0<t<T

i,k JO
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T )
+ C(d)z E[(f [b(s,x(s)) |ds)*]
i 0

= C(DEL[]| x(0)||2] +J.+J

1 g Say.

By the condition (B), we have for J

1
2(T 2
3, < 2c(d)d J K(1 + E[]] x(s) || * )ds.
0
Hence by lemma 1
2T 2
(22) 3, < 2c(d)d J K{1 + g(2,T) (1 + E(]| x(0)[|“))}ds < + =
0

holds.

On the other hand, we will evaluate J2. We have

T
(23) 3, < C(d)-d-T-E[J (bt (s,x(s)) %ds]
0

| A

: T
C(d)'d‘T'J K(1 + E(le(s)llz))ds
0

T
C(d)-d-T-J K(1 + K(2,T) (1 + E(|| x(O)”z))ds
0

I A

< + oo,

By (21), (22) and (23), it is easy to choose a constant L(T)
such that (19) holds. By the similar way one can show (20) with the

same constant L(T) as in (19). Q.E.D.
We are now in a position to prove the Theorem 2.
Proof of the Theorem 2. Put

Q ={w: sup || x(t)]] < r}
r 0<t<T
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and
Q ={w: sup ||x ()] < r}.
ostst T
Then, by lemma 3 we have
c 2 2
(24) P(Qr) =P({w : sup || x(e)]|"> "}
0<t<T
2
E[ozgg'r” x| < L(M

- 2 - 2 2
r r

and

c
(25) P(Qn,r) <

On the other hand, by lemma 1, we know that the system of random

functions
@6) {Jl x|, lIx ()] n=12,..., tel0T]}

is uniformly integrable.

Now, we have that

E[]| x (t) - x(t) ]| 1 < E[]] x (t) - x(e) || , e .nal
+E(fl x (0 - x@[l, 2 1+ Elll x (©) - x|, 9]

= Bl K (o) - @11+ el x (0 - x|, 2f ]

+ B[] x_(6) - x|, 2.

Let € > 0 be an arbitrary positive number. Use (24), (25) and



422

the fact that the system of random variables (26) is uniformly integrable.
Then, there exist a positive number r > 0 and an integer N > 0

such that
Hnﬁu)—JQWI<§ for n >N,

E[]| x_(t) - x()]| : ni’r] =1,2,...

A
wlm
-
=]

and
Bl x (&) - x()|l, 51 <3, n=1,2,...

where we have used the Theorem 1.
Hence we can conclude that lim E[|| xn(t) - x(t)]] 1 = 0 holds
na>o

for all t. Q.E.D.

In the following theorem we suppose that the coefficients of the
equations (1) and (2) satisfy the following condition (A') in place of
the condition (A).

. ' i i i i

Condition (A'). Oj(s,x), o, j(s,x), b (s,x) and bn(s,x)

’

(1ki,j <d, n=1,2,...) are continuous in (s,x).

Theorem 3. Let T be a positive number. Suppose that we are
given a solution of the equation (1) F(t) = (x(t),B(t)) and a
sequence of solutions of (2) %n(t) = (xn(t),B(t)) n=1,2,... so that
they are defined on a same probability space with an increasing family
of Borel fields (Q,%,P: ?t) and they satisfy (6) and (7) for some

interger p > 2.
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Suppose further that for any r > 0 there exists a sequence of
VT r(t,x,y) and V$ r(t,x,y) m=1,2,... such that they satisfy the
’ ’ .
conditions (V1), (V2), (V3) and (V4).

Then, the relation

1im E[|| x_(0) - x(®)[|P1 = 0

b asd

implies

(27) 1im E[ sup || x_(£) - x()|[P] = o. -

n>o 0<t<T

For the proof of the Theorem 3, we prepare the following lemma.

Lemma 4. Under the conditions in Theorem 3, the relations

(28) lim E[]| o_(t,x_(t)) - o(t,x(t))]|P1 =0
oo n n
and
(29) 1im E[| b_(,x_(£)) - b(e,x(e))][P] = 0
n>oe
hold for t e [0,T].
Proof. We will show the relation (28) by the method of the

reduction to absurdity.

Suppose that there exist a sub sequence {nq} of {n} and a
positive number Y > 0 such that
(30) 1im E{|| o_ (£,x_ (£)) - o(e,x(eNIP] = v.

n_-® q q

q
Since we know by the Theorem 2 that lim E[“xn (t) - x(t)]|| 1 = 0 holds,
n oo
q

we can choose a sequence {nk} = {nq} such that x_ (t) converges to
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x(t) a.s.

We have
o (e,x_ (£)) - o(t,x(e))]|
o Tk

<lo (t,x () - olt,x_ ()|
T e T "

+ || c(t,xnk(t)) - o(t,x(t) ] = J:k + J;k , say.

By the condition (C) J tends to zero as n,  goes to infinity.

1

On the other hand by the condition (A') .]2 also tends to zero when

n  goes to infinity. Hence we have that Ilon (t,xnk(t) - o(t,x(t))]
k

tends to zero a.s. as n,  goes to infinity.

Therefore using the lemma 2, we must conclude that

lim E[||o_ (t,x_ (£)) - o(t,x(t))]|P] = o.
noe M
But this relation is contradictory to (30).

By the similar way one can prove the relation (29), so we omit

the proof of this part. Q.E.D.

Proof of the Theorem 3. There exists a constant C(p,d) which

depends on p and d such that

6L [z @) - x@®[® < ce,a{llx 0 - x|
+ I “loh (s,x () = ot (s,x(s)) }aBNC )|P
S 0,k s,x (8)) - 0, (s,x(s s

t .
+ I ]I {b;(s,x(s)) - bi(s,x(s))}ds]p}
i
0
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= c(p,d){|| x_(0) - x(0)||P + L (8) + L(0)}, say.

* .
By the Burkholder type inequality and Holder's inequality, we

have for Ll(t) that

P
T
i i 2 2
E[ sup L (t)] < L E[(J |0 (s,x (s)) -0 (s,x(s))l ds)“)
0<t<T 1 T ik 0 n,k n k
=2
< iEk 1?2 E[IO|0i’k(s,xn(s)) - 0, (s,x(s))|Pds],

where we have used the fact that p > 2. Hence there exists a constant

Cz(p,d) such that

) T
(32) E[ sup L ()] < Cz(p,d)E[[ | 6"(s,x_(s)) - 0(s,x(s)) [|P ds]
0<t<T 0

On the other hand we will evaluate Lz(t). We have

T .,
E[ sup Lz(t)] <1I E[(J |b:(s,xn(s)) - bi(sgx(s))lds)p]
0<t<T i 0

T .
<z E[T(p_l)(J bl(s,x () - bi(s,x(s)) [Pds)],
i 0

Therefore one can choose a constant C3(p,d) such that

(33) E[ sup Ly()] < C3(p,d)E[J b _(s,x (s)) - b(s,x(s)) || ¥ ds]

T
0<t<T 0

Then by (31), (32) and (33) we have

E[ sup ||xn(t) - x(t)llp] i_C(p,d)E[IIxn(O) - x(0)||p]
0<t<T

T
+ c(p,d>c2(p,d)E[f | 6™(s,x(s)) - 0(s,x(s))[|P ds]
0

* See for example, pp 54-55 in ([4]).
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T
+ C(p,d>c3(p,d)E[j b, (s,% (s)) - b(s,x(s)) [P ds].
0

Thus, by lemma 4, the relation 1}2 E[llxn(O) - x(O)llP] = 0 implies
n

(27) 1im E[ sup || x (t) - x(0)||P] = o. Q.E.D.
e 0StsT

§3 Examples.
Example 1.
Consider the following one dimensional stochastic differential

equations;

t t
') x(t) = x(0) + J o(s,x(s))dB(s) + I b(s,x(s))ds
0 0
and
t t
2" xn(t) = xn(O) + Jocn(s,x(s))dB(s) + Jobn(s,x(s))ds n=1,2,...

Assume that the coefficients in (1') and (2') satisfy the conditions
(A'), (B) and (C). Suppose further that the coefficient satisfy the
following conditions (A.1l) and (A.2).

(A.1]) Forany T>0 and r > 0 there exists a non negative increasing

function P r(u) defined on [0,®) such that
’
lott,x) - o(t,9)| < pp (x -y for (t,x,y) e [0,T] X D_x D_
bl

|0n(t,x) - On(t,y)|.§ pT,r(|x - y|) for (t,x,y) ¢ [0,T] X Dr XD

n=1,2,...
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(A.2) There exists a positive constant Kl > Q such that

1
Ib(e,0) - (e, | <Ky |x - y|  for (£,x,y) € [0,1] x R" x R

and

|bn(t’x) - bn(.t,y)I < Kllx - y| for (t,x,y) € [0,T] X Rl X Rl

n=1,2,...

Suppose that we are given a solution of the equation (1')
%(t) = (x(t),B(t)) and a sequence of solutions of the equation
2" %n(t) = (xn(t),B(t)) n=1,2,... such that they are defined on
a same probability space with an increasing family of Borel fields
©, %, p: ?t) and they satisfy (6) and (7) for some integer p > 2.
Then, the relation %})2 E[]| x (0) - x(0)[|P1 = 0 implies

lim E[ sup || xn(t) - x(®)]|P1=o. -
> O<t<T

Remark.
Under the conditions (A'), (B), (A.1) and (A.2), it is well known

that for a given probability space with an increasing family of Bore.l
fields (Q,?,P:}t) and a given ?t-Btownian motion B(t), there
exist a solution of the equation (1') Z(t) = {x(t),B(t)} and a
sequence of solutions of the equation (2) %n(t) = {xn(t),B(t)} both

defined on the given probability space. (cf. [1] and [7]).

Proof. Let two constants T >0 and r > 0 be fixed.
Choose the sequence {am}m=1,2,...-c— (0,1) so that a0 as
m *> © and
am—l
du
J 2 = m, for m > 1.
an pT,r(u)
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Define a sequence of continuous functions {¢;(u)}m=l,2,... such that
0, 0<uc<a
¢;(u) = between 0 and Z/mpi,r(u), am_i u < a4
0, a1 <u

and

IO¢;(u)du = 1.

x| (v
Set ¢m(x) = J va ¢;(u)du. Then we have
0 0

|ul.

35) |u] - a < d>m(u)

| A

m -kt -kt
Set VT’r(t,x,y) e ¢m(x - y) and vT,r(t’x’y) =e Ix - y|,

where k 1is a positive constant so that k > Kl.

Then it is seen clearly that the functions V, and V& , m=1,2,...
T,r T,r

satisfy the conditions (V1) and (V2). Using (35), we can show that the
condition (V3) is satisfied by them.

Put € {|on(t,x) - o(t,x)| + lbn(t,x) - b(t,x)|}.

= sup
o (t,x)e[0,T]xD,
Then, we know by the condition (C) that 1lim € =.0.
nreo N

Choose a non decreasing sequence of integers {mn}n—l 2 so that
Thybyeee

1lim m o= © and

n>e
(36) ez max S S 1.
M4 <u<a pz (w)
m——m-1"T,r
n n
"
Now, we will show that the functions {V } satisfy the

T,rm=1,2,...

condition (V4).
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First, we have

(n)

r m r r

(37 E[JO &y ) (s5x (), ())ds]
Y

_ T ks r r
= E[ e {—k¢m (x (s) - xn(s))
0

n

+9! (X (s) - x (D) (b(s,x (s)) - b_(s,x (s)))
n
*q 8 (5O - x5(8)) (67 (s,%7()) = 20(s,%" ()0 (s, (5))

+ 02 (s,x" (1)) }ds]

(n)

tAT

r
= E[J e_ks{-k¢m (" (s) - x;(s)) + Il(s) + Iz(s)}ds], say.
0 n

By the condition (A.2) we have for I

1
ear®
T ks
(38) E[J e |Il(s)|ds]
0
tATin)
< E[J e ot |Ibls,x"(s)) - b_ (s, (s)) |ds]
0 n
tA,[(n)

r
j_E[[ Ib(s,x;(s)) - bn(s,xg(s))lds]
0

tATéh)
+ E[[ Ib(s,xz(s)) - b(S,xr(S))ldSJ
0
t/\‘r](:h)' r r
<eT+ KlE[JO [x_(s) - x (s)]ds]

On the other hand, using the condition (A.1) and (36), we have

for I2



430

(n)

tAT
T ks
(39) E[J e |12(s)|ds]
0
tATin)
5%mh ¢%uﬁw-xy@ﬂ%@myg)-a&fwnﬂal
(n)
r

< E[Io ¢1'1'1n(xr(s) - () {o_(s,%5(s)) - 0(s,xL(s))}2ds]

tATin)
+ E[J B (s) - K ()){0(s,xL(s)) - 0(s,x" ()} ds]
0 n
T 282 -2 r r
i'E[J _EE Maxr B} pT,r(Ix (s) - xn(s)l)ds]
0 n amnilx (s)—xn(s) |iamn_1
T
+¢4 2 5% (5 (o) - K@) o2 (xT () - xL(s)])ds]
0 n 7 ’
< 4T
— m
n

By (37), (38) and (39), we observe that

ear (@
r mn r r
Ly ) (s,x7 (), (s))ds]

(n)

tATr
r r
<eTH KlE[Jo |x (s) - xn(s)|dS]

tAT(n)
r r 4T
N kE[I 6 (F(s) - x(s))ds] + 4T
0 mn n mn
t,\T(n)

r
<eTH K - k)E[JO |x"(s) - xz(s)lds] + a kT

(40) E[J
0

+ % , where we have used (35).

n
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Since we have chosen k so that k > Kl, we get from (40) that

e (@)
. r m . .
(v.4) Tim E[J L. )(s,x"(s),x"(s))ds] <0  for t e [0,T].
T,r n —
n>o 0
Hence we can apply the Theorem 3 to this example. Q.E.D.
Example 2.

Consider the following one dimensional stochastic differential

equations;

t t
1") x(t) = x(0) + J o(x(s))dB(s) + J b(x(s))ds,
0 0
and
t t .
2™ xn(t) = xn(O) + Joon(xn(S))dB(s) + Jobn(xn(s))ds, n=1,2,....

Assume that the coefficients in (1") and (2") satisfy the conditions
(A), (B) and (C). Suppose further that the coefficients satisfy the
following conditions (B.1l), (B.2) and (B.3).
(B.1) There exists a positive constant M such that

sup |b(x)| <M

x

sup |bn(x)] <M
X,n

(B.2) There exists a non negative increasing function p(u) defined

on [0,°) such that

loto - o | < ollx - y), x,y € RY
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|0n(x) - On(y)l < ol|x - y]), =,y ¢ Rl n=1,2,...

and
f N I
o+ p  (u)+u

(B.3) There exists a positive constant § > 0 so that

§ <o(x) <M x € R

and

Sf_on(x)iM xeR, n=1,2,...

Suppose that we are given a solution of the equation (1")
%(t) = {x(t),B(t)} and a sequence of solutions of the equation
@9 F_(©) = {x (t),B()} n=1,2,... such that
(i) they are defined on a same probability space with an increasing
family of Borel fields (Q,_?,P: jt)

(ii) x(0) = xn(O) = a, a.s. n=1,2,....

Then 1lim E[Ix (t) - x(t)l] =0 holds for t ¢ [0,®). L]
no n

Remark. Under the conditions (&), (B), (B.1l), (B.2) and (B.3),
it is known that for a given probability space with an increasing family
of Borel fields (Q,‘;Z,P: 93':) and a given }t—Brownian motion B(t)
there exist a solution of the equation (1") and a sequence of solutions
of the equation (2") such that they are defined on the given probability

space. (cf. (5) and (7)).

Let P(t,x,dy) and Pn(t:,x,dy) be the transition probability
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measure of the process x(t) and xn(t) respectively. It is well
known that under the conditions in example 2, there exist P(t,x,y)

and Pn(t,x,y) such that
P(t,x,dy) = P(t,x,y)dy
and
Pn(t,x,dy) = Pn(t,x,y)dy hold. (cf. (6)).
For the proof of the claim of example 2, we shall prepare the
following lemma.
Lemma 5. For any fixed a € R1 the system of functions
{P(t,a,y),Pn(t,a,y), t € [0,T], n=1,2,...}

is uniformly integrable with respect to ([0,T] x Rl, dtdy) .

Proof. By the Theorem 9.2.6 in ([6]), we have for each q > 1

(41) (J IPn(s,a,y)lqdy)I/q < C(s Al)—v
1
R

where (i) v = 3(q-1) and (ii) C 1is a constant which depends &,

2q
M, q and p(u).
Put q = 1l+e, 0 < € < %-. Then we have from (41) that
3
T T - e
J J |Pn(s,a,y)|1+€dyds < C(1+€)J (sAl) 2 ds.
0’1 0

Since - -€ > -1 we get from the above that

Nlw =
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3

T T - 5€

I J IPn(s,a,y)[l+€dyds < C1+€J (sAl) 2 ds < + =,
1 0

0 R
where the right hand side of the inequality does not depend on n.

This implies immediately that the system {P(t,a,y),Pn(t,a,y)}

is uniformly integrable. Q.E.D.

We are now in a position to prove the claim in Example 2.

Set
s
m
Cm(x) = mJ b(y)dy, m=1,2,...
X

and
1

X+
m

Cn,m(X) = me bn(y)dy, m=1,2,....

Clearly the functions Cm(x) and Cn m(x) are bounded and continuous.
?

Define

X Cm(y)

£ (x) = -2[ dy.

0 o%(y)
Then fm(x) is continuously differentiable function.
We will show the following inequalities.
-1 y £,(w)
42) ¢ (x)|x - y| f_|J e du| f_C(r)lx -yl, for x,y ¢ D_
X

where C(r) 1is a positive constant which depends on r.

To this end, we note that
1
xtn
43) e ] = ml[ b(y)dy| <M, for xeR
X

1
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and

x C (y) b3
(44) £ ()] < 2 sup|J 7 dy| < lz Sup|J ¢ (y)dy| iZ_l;l r
x ‘0 0" (y) S x ‘0 §

for x e Dr’ where we have used (B.1) and (B.3).

y £(w fm ()
Since II e” du| = |x - y|]|e n |, vy < & < x, we have from
X
(43) and (44) that
-2rM
52 x £ (u) 2
(45) e |x - y] < [J e ™ du| < e $ |x - y|
2rM Y
Put C(r) = e § Then (45) implies (42).
1
Let B(u) = (pz(u) + u2)2. Then by the condition (B.2), we have
J o du = + o,
0+ p"(u)
Choose the sequence {am}m=0,l,...5 (0.1) so that a +0 and

m-1 1
f du = m m=1,2,....
a

Define a sequence of continuous functions {¢;(u)} m=1,2,...

such that
0, 0<ux< a,
~2
" -
¢m(u) = between 0 and 2/mp“(u), a <uc< a
09 am_l i u
and

IO ¢;(u)du = 1.
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rlx v

o ”
Set ¢m(x) = J dvI ¢‘m(u)du.

0 Q
n x £ (a)

Define VT (t,x,y) = ¢ (C(r)J e du) for (t,x,y) € [0,T] xD_XxD_.
>T m y r r

We will show that the sequence of functions V¥ r(,t,x,y) m=1,2,...

satisfy the condition (V.4).
To this end, we put
€, = sup {lon(x) - o(x)| + [bn(x) -b®|}.
xeD
r
Choose a non decreasing sequence of integers {m_} so that
n'n=1,2,...

(i) limm =+
o

and
(1) €& max <1
a, SuSam -1 o (u)
n n
We have
m
™ av ™
46) Ly ) (%) = b - ¢, ()
o n
n
T,r
+ —g;L-(bn(y) - Cn,mn(x))
mn ' 9
v, o=(y)
T,r n
+———3y {cn’m - ¢, 0N }
n n 0o (y)
L x fmn(U) \ £ (%) fm ) )
+5 00 (C(r)J e du)Cc™(r){e o(x) —e O o o}
n y n
mn n: n mn
=I1 +12 +I3 +I4 , say.
m
n

We will treat the term I4 . Note that
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fm (x) fm () fm (€3]
le ™ —e ™ | <|x-yllEa@]e ®
Cmn(E) fmn(g) u
f_le - y[[ 5 |e 5_2|x - y| —E-C(r), X,y € Dr'
o] §
Then we have
fm (x) fm )
W7y le ™ ox) -e " o 3|
£ (%) £ (x) £ o
<e n lox) - o] + a@y)]e n -e |
fmn(y)
te loty) - On(y)l

2
< cr)p(|x - y) +2 25 c(r)|x - y| + c(o)|oly) - Un(y)l-

Hence there exists a positive number E(r) such that
£ G £
n n 2 o~ 2 2 2
(48) |e o(x) - e o " <cmx-y["+p (x -y +e).

Thus we have from (48)

49) 1,°

/
1 2 2 1 ]
23 ¢ (r)m Max f  (u) £ (uw)
X mn ~2 X mn
a SIC(r)J e du[Sam -1 o) (C(r)J e du)
n y n y

x S G2 (|x - yD) + €D

1.2 1 1
290 g Max £ () £ W
n X m ~2 X mn
a_ SlC(r)J e M duISam -1 o) (C(r)J e du)
n y n y

f  (u)
~ ~2 X oy 2
x c(r){p (IC(r)J e dul) + e}
y
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3@
-2 m )
n

m

Now, we are going to evaluate the term I3n. Since there exists
a positive constant Cz(r) so that
m
n

BVT .
(50) I_EEL_(C’X’Y)I f_Cz(r) and

mn

Iy (x|

I A

Cz(r), n=1,2,... (x,y) € Dr X Dr’

m

we have for I,*

3 that

m
6D 1% < ¢, e, ) - ¢ ]
n n
ol ¢ )oz(y) - a2y
+c (m|c (y)——F—
2 m Gz(y)

2
oWl 0) - ¢ + c2<r)§2‘—|o(y) - o ]

<c (e () c()l+c()2i2
2 5lr n,m. )= bply 2 62 en

Thus, by (46), (49) and (51) we have

(52) 1im E[f (L") (5,%"(8) X (5))ds)
o 0 ’
(n) m
T tATr BVT r, r r r r
< Tim E[I (K (8),% () (b(x () - C_ (x"(5)))ds]
> 0 n
tAT(n)avm“
+ E E[IO 5y (), %5 (6)) (b (eE(s)) - Cn,mn(XE(S”)dsl
Zemim 2

+Tm (" 4 Tcz(r)—mz‘— €)
n>e n § n
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tAT(n)
r

+ cz(r)EEE E[J

r r
Lin . !Cn,mn(xn(s)) - Cmn(xn(S))|d5]-

Notincing that

x+ﬁ%
3 le, , 0 - ¢y Wl <ml] 6,0 -l <e,
n n X
we get from (52)
tat(n)
T r l:,mn r r d
(54) iiz E[J0 ( \T’r)(x (S),xn(S)) s]
tATin)
< Cz(r)IEE E[J Ib(xr(s)) -C (xr(S))IdS]
— m
n>® 0 n
tAT(n)

+ cz(r)iiﬁ E[J

r
b () - € | (x (D) |ds)
n>e 0 n

T
<o, [ [ b - ¢, WIrGane
1

n>e R 0 n

L T
+ C,(r)1lim I I [bn(y) - Cn’m_(y)an(s,a,y)dy.
n> /170 n

R

Use the fact that

b () - Cn,mn(y)l <Ib ) -vm|+ b - Cmn(y)l

+le, @ -c <2 + b -c O
n n n

Then we get from (54)

tAT(n)
r

m
(55) Lim E[J COABICHORWOMNL

n>o 0

_ T
< C,(r)1lim [b(y) - ¢ () [P(s,a,y)dy
2 > R1 0 T
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. T
+ Cz(r)lim J J Ib(y) - Cm (y)IPn(s,a,y)dy
n>o Rl 0 n

+ ZCZ(I)T'En.

Note that

@ by -c M| <M
n
and

(i) Cm (y) converges to b(y) a.e..
n

Then, using the lemma 5 we obtain from (55) that

(n)

tAT
r m
lim E[J ‘ (}:VTn )(xr(s),xr(s))ds] < 0 holds.
0 ,T n -

n->o

m
Clearly the functions V, and VT . m=1,2,... satisfy the
’

T,r
conditions (V.1), (V.2) and (V.3). Hence we can apply the Theorem 1

and 2 to this example. Q.E.D.
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