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SOME REMARKS ON PROCESSES
WITH INDEPENDENT INCREMENTS

by WANG Jia-Gang

Let (Q,F,P) be a complete probability space. In this note we consider
‘processes X=(Xt’ tel, ) with ( non homogeneous ) independent increments,
which have no fixed discontinuities :

i, P{XO-_-O }:1
ii, For O<t,<t,...<t X, =X eeeyX, =X. , X_ are independent
=172 n’ tn tn—1’ ’ t2 t1 t1 random variables
iii. Every sample function of X is right continuous with left hand
limits, and P{Axt¢0}=0 for every teR, .
E% is the o-field O(Xs,s§t) , and Et the o-field generated by E% and
all sets of measure O in F.

1. In this section we are going to prove that the filtration (F,) satisfies

the usual conditions and is quasi-left continuous, a fact wiich is essen-
tially well-known, but difficult to find in the literature in the non homo-
geneous case, We also give some auxiliary results.

We need some notations concerning martingales. First of all, we denote
by Mt(u,r,s) the following martingale, for ueR , r<s
(X -X) iu(X_-X )
S TRl = e ° T g s

=t
elu(xt-xr)qat’s(u) if r<t<s

n

iu
(1) Mt(u,r,s)=E[e

= tpr,s(u) if t<r

where Py p 1s the characteristic function of Xb-Xa (a<b). This process
, =

is right continuous with left-hand limits, and jumps only at jump times of

X . Next, consider the set H of all random variables

(2) 7 ei(u1xt1+“2(xt2"xt1)+"‘+un(xtn'xtn_1))

with u1,...,uneﬂ ’ O§t1<...<tn . Then the linear span of H is dense in L'

and we have

(3) Zt= E[leg] = Mt(u1'O’t1)"'Mt(un’tn—1’tn)
and therefore Zt has the same continuity properties as Mt above,
PRoPOSITION 1011, For every teR, we have F,=F, ( =F,_1if >0).

Proof. Since Z, is bounded and right continuous, E[ZIE%+]=Zt+=Zt=E[Z|£%]

a.s. This extends to all random variables in L1. In particular, any r.v.
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in L1(£g+)=L1(£t+) is a.s. equal to a r.v. in L1(£%). Hence £t=£t+ .

The reasoning is the same on the left side.

PROPOSITION 2, If T is a stopping time of (Et) , then

Fp_ = o(1,X", N )

where XT_ is X stopped at T- , and N is the class of all negligible sets.

Proof. This result is true for any process X which is continuous with left
hand limits.

It is obvious that the o-field K on the right is contained in FT . To
prove the reverse inclusion it sufficea to show that K contains An{t<T}
for teR AeF°_a(X ,s<t) Hence it suffices to show that for s<t, any func-
tion f(X )1{t<Il is K-measurable. This is true since X _X¢ on {t<T}.

PROPOSITION 3, If T is a stopping time of (gt), then
Fp = o(T,X,N )

Proof. It is obvious that the o-field 2 on the right is contained in ET.

To prove the reverse inclusion it suffices to show that for any random
variable ZeL R E[Z[F ] is L-measurable, and it suffices to prove it for
the random variables (2). Because of (3) it suffices to prove that Mp (u,r,s)
is L-measurable, which is obvious.

COROLLARY, If T is a.s. finite, Fq=0(Eq_,Xp).
THEOREM 1., The filtration (zt) is quasi-left continuous.

Proof. It is well known ( [2], chap. 3 ) that all jump times of X are total-
ly inaccessible. Therefore at any bounded predictable time T we have
XT=XT_ a.8., and from the corollary above we have £T=£T— .

2, Assume now that X has only finitely many jumps in every finite interval,

and is constant between jumps. Then we may consider X ( or rather its jump
process ) as a multivariate point process, and it is natural to ask which
kind of conditions on X , considered as a multivariate point process with
values in R, express that X has independent increments, with Lévy measure
v(dt,dx).

Let us introduce some notation : we denote by T, (w), 2(w)...‘the succes-
sive jump times ( if T (w) is the last finite jump, we set T (m)_+a> for
n>m ) ; a, (w),a (w)... are the successive jump sizes ( if T (w)_+a>, we
make the convention that 8, (w)=0 ). We denote by nt(w) the total number of
jumps of X (w) on [0,t]. Given the Lévy measure v , we set v([O, +IxR)=A(%t),
a non decrea51ng, contimious function with A(0)=0. Using the existence of
regular conditional distributions, we may deduce that there exists a
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transition probability N(t,dx) from ]JO,m [ to R such that N(t,{0})=0 and
we have for any Borel set A

(4) v([0,t1xa) = { ]N(u,A)dA(u).
’
We extend this definition to t=+m , setting then N(+u>,;)=eo . We are

going to prove ( assuming always X is a multivariate point process ).

THEOREM 2, If X is a process with independent increments, then it satisfies
the following two properties,

4) (nt) is a Poigson process relative to (E?), with expectation E[nt]=A(t).

B) Conditional to the event T1=t1, T2=t2,...,Tn=tn ( i.e., conditional to
the sample path of the process (nt) ), the random variables By985yeen
are independent, the law of 4 being N(tn,.).

Conversely, if X satisfies the slightly weaker properties
') (nt) is a Poigson process ( w.r. to its natural filtration ) and

Bln, J=A(t).
B') P{An+1edx|T1,A1,...,Tn,An,Tn+1} = N(Tn+1,dx)

Then X has independent increments, and its Lévy measure is given by (4).

REMARK, Like all statements concerning conditional distributions, it must

be understood that property B) holds for almost every path of (nt). In parti-
cular, different choices of N(u,.) in (4) will differ only for a set of
values of u which has dA-measure O, and the conditional distributions will

be the same for almost every path, but not for every path.

Proof, We first show that A') and B') imply X has independent increments.

We begin by assuming that A(t)=t. Then (nt) is a homogeneous Poisson process
with parameter 1, so all differences Tn+1'Tn are independent exponential
random variables. We then can compute

G, (dt,dx) =P{Tn+1edt, An+1edx|T1,A1,...,Tn,An}
= 1ygon joIN(E,ax)at
n
-(t-T
and also Hn(]t,oo[) = PlTn+1>t|T1,A1,...,Tn,An} =e (3-T,) for t>T

According to [2], p. 86, prop. 3.41, we can compute the predictable com-
pensating measure of the process X as
v(dt,dx) = Zglo EESQELQEl [T <t<T }
Hy(1t,00[) n~'Stn+1
According to the above computations, this is a deterministic measure,
which implies ( [2], p. 91, theorem 3.51 ) that X has independent increments.
The Lévy measure of this process is v(dt,dx)=N(t,dx)dt .
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The case of arbitrary A(t) reduces to the preceding one by a determinis-
tic change of time., If A is unbounded the reduction is trivial, while if
A(oo )=a, we are reduced to a homogeneous Poisson process on the finite
interval [0,al., But then we may extend X by an independent Poisson process
on [a,w [, and apply the preceding reasoning. So finally A') and B') are
sufficient conditions.

Conversely, we want to show that the process X with independent increments
and Lévy measure V satisfies A) and B). Property A) is well known. On the
other hand, it is simple to construct a multivariate point process X
such that 1) the corresponding process (Et) is Poisson with expectation
E[ﬁt]=A(t) and 2) the conditional law of the jump sizes given (Et) is
given by B). Since this process satisfies A') and B), it also satisfies
A') and B'), hence from the first part of the proof it is a process with
independent increments and Lévy measure v , and finally it has the same
law as X. This implies that, inversely, X has the same conditional law given
(nt) as X given (Kt). That is, X satisfies B).

3. We have used martingale theory to prove theorem 2, but we may interpret
it in a way which\doesn't use the order structure of the time set.
Let us denote by (E,E) the measureble space (R+,§(R+)), and by (F,E) the
space (B\{0}, Q(B\{O})). We are given a measure dA on (E,E), which ascri-
bes finite mass to the sets An=[n,n+1[ whose union in E, and we construct
the Poisson random measure dnt with expectation measure dA.
On the other hand, we are given a transition probability N(t,du) from
E to F, and construct a new random measure on ExF as follows : for each
sample 1 = En €4 of the measure dn , we ¢hoosé indepéndently elements

4, in F, each one™ according to the law N(t_,.), and set &=

€
e A .
n n tn’ n

Then theorem 2 asserts that § is again a Poisson random measure, with
expectation measure v(dt,dx)=N(t,dx)A(dt).

Of course, we have proved it only for particular spaces, but on the
other hand, if we start from the above description, assuming just that
(E,g) and (F,g) are lusin measurable spaces, we may identify A to a Borel
subset of [n,n+1[ ( [4], chapter III, 20 ), F to a Borel subset of B\{0O},
and it is very easy to see that theorem 2 for B, B\ {0} will imply that
the above statement applies to E and F.

This statement is well known in the theory of Poisson random measures,
the oldest version being probably that of Doob's kook ( [3], chapter VIII,
85, p. 404-406 ), and in this form it is true for general measurable
spaces, without the Lusin restriction. But still it is interesting to see
that a theorem like theorem 2 which seems very special contains fairly
general " abstract!" results.
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