MICHAEL J. SHARPE
Local times and singularities of continuous local martingales

Séminaire de probabilités (Strasbourg), tome 14 (1980), p. 76-101
<http://www.numdam.org/item?id=SPS_1980__14__76_0>

© Springer-Verlag, Berlin Heidelberg New York, 1980, tous droits réservés.

L’acces aux archives du séminaire de probabilités (Strasbourg) (http:/portail.
mathdoc.fr/'SemProba/) implique 1’accord avec les conditions générales d’utili-
sation (http://www.numdam.org/conditions). Toute utilisation commerciale ou im-
pression systématique est constitutive d’une infraction pénale. Toute copie ou im-
pression de ce fichier doit contenir la présente mention de copyright.

‘NuMDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=SPS_1980__14__76_0
http://portail.mathdoc.fr/SemProba/
http://portail.mathdoc.fr/SemProba/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

LOCAL TIMES AND SINGULARITIES OF CONTINUOUS

LOCAL MARTINGALES

by
M. Jd. Sharpe(*)

0. INTRODUCTION.

The first section of this paper is mostly expository. Given a complete probab-
ility space (Q, %, P) and a filtration (Jt)tzo of (9, %, P) satisfying the
usual hypotheses — that is, (gt) is right continuous and ¥y contains all null
sets — we consider some properties of the space £ of continuous local martingales
over (2, %, Jp» P) related to the Tocal time processes Lz (a€R). Though most
results in Section 1 are known, they do not all seem to be well known, and they set
the stage for the results of Section 2 where we study continuous local martingales
having a singularity at the time origin. Given a filtered probability space
(2, & 3p» P) as above, let <€ denote the space of all real processes (Mt)t>0

open
defined on the open interval ]0,=[ such that t—»Mt is a.s. continuous and

(0.1) There exists a decreasing sequence {Sn} of stopping times such that

P{0<Sn<°°}=] for all n, and P{SnW0}=]§

(0.2) for each n, the process t—»M(Sn+ t) s a local martingale over the

filtration (3(S,+1t)) ¢ -

(*)
Research supported, in part, by NSF Grant MCS-80623
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It should be emphasized that in general the sequence {Tﬁ}k>1 which reduces
. k . . .

(M(Sn+t)) — that 1is, such that t-»M(Sn+tATn) 1{T|r(1>0} is a uniformly integrable
martingale over (3(5n4-t)) and Tﬁ-fm a.s. as k#+~ — depends on n. To illus-
trate the possibilities, let (Bt)t>0 be a standard Brownian motion on Rd (d=2)
and let f be harmonic on Rd\{O}. Since Bt never hits 0 at a strictly

P N A N N [of N 0
positive time, the Ito calculus shows that f(Bt)t>0 is in £open relative to P,
the law of B starting at 0. The nature of the singularity of f at 0 is re-
flected in the behavior of f(Bt) at t++0. If the singularity is removable,

Tim f(Bt) exists in R. If f has a pole at 0, 1lim f(Bt) exists in
t¥y0 t¥40

R =[-», =], while if f has an essential singularity at 0, 1lim inf f(Bt)= -o
and lim sup f(Bt)= ~. Walsh [5] studied conformal local martingales on 10,=[
and showed that almost surely, either the Timit as t++0 exists in the Riemann

sphere or the path is dense in the Riemann sphere. We consider here two aspects

[o

of the space sopen'

First of all, we shall state and prove the analogue of
Walsh's Theorem for real continuous local martingales on ]0,=[, with character-
jzations of the cases in terms of the quadratic variation and local time at zero.
Following that, we consider a generalization of these results to stochastic
integrals Jts dMS, where the stochastic integral is meaningful over any interval
bounded away from zero, but may have a singularity at time zero. In this case one

may not select one single local martingale on ]0,=[ whose increments give the

stochastic integral over an arbitrary interval, so new methods are needed.

1. LOCAL MARTINGALES.

For the basic properties of local martingales we shall use Meyer [4] as a
reference, but since we shall consider only continuous local martingales here,
little is needed beyond the article of Azema and Yor [1]. Given M egS, the

local time process (Li) for M at a is defined to be the unique continuous
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increasing process with L8= 0 such that |Mt—a| - Li belongs to <. In addition,
the quadratic variation process (M, M)t is the unique continuous increasing
process with (M, M}0=0 such that M%- (M, M)t belongs to <. The following

facts are very well known.
(1.1) (M, M)y and M, have the same intervals of constancy ([3], for example).

(1.2) If (M, My;=t then Mt-M0 is a standard Brownian motion over (:;t)
(Levy's Theorem [4]).

(1.3) For all a€R, dLi

charge any interval contained in H® ([17).

is carriedvb'y Ha={t>0: Mt=a} and dLi does not

(1.4) If Meg® and Tn=1'nf {t: lMtlzn} then Tnfm a.s. and for all n,

t-»MtATn ]{Tn>0} is a (bounded) martingale over (3t).

(1.5) If Meg® and EQM, My_<=, then M-My is a martingale with
E[sup lMt—MOIZ] = 4E(M, My _ (Doob's inequality).
t=0

(1.6) If MegC, if My=0 and if M is uniformly bounded below then
Mt is a supermartingale (Fatou's lemma) and Mm=11‘mt_m Mt exists

and is finite a.s.

(1.7) One may choose the Lz so that (a,t,m)-»L:(w) is jointly measurable
([1], p.10) and then (M, My = f Li da. (Assume M bounded, by stopping,
so that fda(IMt-a| - Li) is a martingale, and consequently Mi-fL: da

is a martingale.)
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(1.8) d(M, M)t does not charge H2 for any a€R (by (1.7)).
(1.9) (Tanaka's formula [1]). If Meg® then

t
a
|Mt-a| = IMO-aI +/ sgn(Mu-a)dMu + Ly
0

where sgn x=1 if x>0, -1 if x<0 and 0 if x=0.

The following consequence of Tanaka's formula seems to be known, at least to

experts.

t

(1.10) Proposition. ret Mes® with My=0, and set MWy =- S sqn mam,
— 0

so that by (1.9), |Mt|= Lt-wt. Then

(i) (W, Wy, = (M, My, for all t20;

(ii) for all t=0, L2=w'“

£ =max{wS: O<s=<t}.

Proof. Statement (i) comes from the fact that

t
_ 2
(W, Wyy —/ sgn Mu d(M, My
0

which is equal to (M, M), by (1.8). To prove that L‘t’=w',2 for all t=0, it
suffices to prove that their right continuous inverse processes are indistinguish-
able. Let or(w)=inf{t: L2>r} (with inf ¢==) and Tr(w)=inf{t: N'E>r}. If
a-;,(w)<w, crr(w) is a point of increase of t->L2(w) and so by (1.3), Mcr(w)(w) =0.
Since [M|=L-W and L =r if o

r
follows that for all s<r, Ts(w)sor(m) and so Tr-(‘”)for(“’) for all r. On

p<© We obtain Nor(w)(w)=r if cr(“’)<°°' It

the other hand, if Tr((.u)<°°, Tr(w) is a point of increase of t-+w"t1(u») )
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"‘Tr(w)(“’““rr(m)(“’)' Using L-W=|M|=0 this implies LTr(w)(w)-rEO if

Tr(“’)<°°' This implies that for all s<r, Gs(“’)STr‘(“’) ) "r-(“’)STr(“’)'

By right continuity we obtain or(m)='rr(m) for all r>0 a.s. .

As a first application of (1.10), we consider the convergence of Megt as

t >,
(1.11) Theorem. Let MegC. Then, almost surely
{M_ exists and is finite} = {lim Supy ., Mt<<w} = (M, M) <=} = {L2< o} .

Proof. We may assume that Mg=0. The first equality is due to Doob ([2], p.382)

but since the proof is a model for the other equalities we indicate its proof.

Let Tn=inf{t: Mtzn} so that U{Tn=w} = {1im sup Mt<°°}‘ Since Mt/\Tn is

bounded above, it converges a.s. (1.6), hence M_ exists a.s. on U{T,==}. For
T

the next equality, first set Tp=inf{t: [M.|2n} so that Mt" =M is a

tATn

uniformly bounded martingale. Since Mt/\T is an L2 bounded martingale,

E(MTn, MTn>w5 nz, and in particular (M, ;)T <». Since U{Tn=m}: {M_ exists},
this shows that {M_ exists}c {(M, My <=l l’]In the same way, EL?AT = ElMtAT |<n
shows that {M_ exists}c {L2< =}. Now set Rn=1'nf{t: (M, M)tz n} 20 that "

Rn 2 pounded (1.5) and so

UR ==} = {(M, My_<=}. Since (MR", MR")sn, MM ois L
ME" exists. Thus {(M, M) <=}c {M_ exists}. Finally, let w=19- M| as in
(1.10). Because Lg = s%pv wt, lim sup wt<m on {L2< =} so wt converges on
{L2< «}. But since {W_ exists} = {(W, Wy <=} = {(M, M) <=} = {M_ exists}, we

have shown that M converges on {L2< o},

The connection between convergence of M and the local time of M at zero

is not surprising because it is well known that Lg can be expressed as a
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normalized 1imit of the number of downcrossings of [0, €] up to time t. If
Mes® and My=0, it is easy to see from (1.70) that EL2=sup{E|MT|: T a
finite stopping time} so that in particular, if M is a martingale, M is

1

L' bounded if and only if EL2< o, Further in this direction, if ‘M e.s:c and

M,=0 then setting w=10- M| so that (W, Wy = (M, My, the Burkholder-Davis-

0
Gundy inequalities imply that for every p>1, there exist absolute constants

Cp such that

(1.12) E(Lg)p < Cp sup{EIM.l.lp: T a finite stopping time}.
Similar arguments show that if M is in BMO then

(1.13) E[exp(XLg)]<w for some A>0.

The inequality (1.12) was obtained in [1] by different (more elementary) methods.
If in the situation of (1.10), M is a standard Brownian motion then

w=10- I[M] is also a standard Brownian motion since (W, Wy, =M, M), =t. The

0
t

the one-sided maximal process of Brownian motion have the same law, by actually

fact that L2=|r1'1':l (= sup{wsz O<s=<t}) sharpens the well known fact that L. and
producing a Brownian motion for which Lg is the one-sided maximal function.
Similarly, (1.10) demonstrates why IMt] and MrE-Mt are processes with the same
law: one produces a Brownian motion W, with IMtl = N’E—wt.

In preparation for a number of arguments in the next section, we need the

following simple Temma about birthing a local martingale at a stopping time.

(1.14) Lemma. Let (9, 3, Fp» P) satisfy the usual hypotheses and let R be

a stopping time over (:;t). Then
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(i) for any stopping time T over (Jt), the random variable (T-R)1 (TR}
i8 a stopping time over (3R+t);

(i1) <f M <is a local martingale over (2, %, 3y» P) then Ni =Meip 1{R<m}
18 a local martingale over (3R+t) relative to the conditional probability measure

P{+|R<«}.

Proof. It is easy to see that (3R+t) satisfies the usual hypotheses. To prove
(i), just observe that {(T-R)I{T>R}>t} = {T>R+t}e;;R+t. For (ii) we may assume
that P{R<~}>0, for otherwise N=0 and there is nothing to prove, no matter
how P{+|R<=} is defined. If M is uniformly integrable with 1imit M_ then

using optional sampling, for Geb&R+t

ENGIR<=} = EM 1,5 16)/PR<=)

EMpyt 1 (pew)GH/PIR< =)

n

E{NtG|R<m} s

so N is a uniformly integrable martingale relative to (9, (3R+t)’ P{+|R<=}).

In the general case assume that {Tn} reducas M, and let Tn = (Tn'R)]{Tn>R}‘

Then {Tr']} is an increasing sequence of stopping times over (3R+t) such that

P{1im Tr']=wlR<m}=1. For every n

M(R+tATrI|)]{T"‘>O} M(R+tA(Tn—R))]{Tn>R}

M(E+R) AT )T p gy

Since t-M is a uniformly integrable martingale and {Tn>R}€3R,

1
tATn {Tn>0}

it follows that t—»M(R+t/\Tr") 1 is a uniformly integrable martingale

{Tl'll>0}

over (2, (Fpyq)s P{*|R<=}) for every nz21.
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2. LOCAL MARTINGALES OVER ]0,«[.

Observe to begin with that (1.14) implies £°c £gpen' It will turn out (2.16)

that if Megt and My=M; exists and is finite a.s. then (M),,, is in C.

open 0+

(2.1) Proposition. A4 continuous process (Mt)t>0 is in xgpen if and only if for

some sequence {Sn} of stopping times (not necessarily finite valued) satisfying
(2.2) P{Sn>0}=1 and P{Sn decreases to 0} =1
it is the case that

(2.3) for all n=1, the process N2=M(Sn + t)l{S is a local martingale

n<=}
over (9, (35 +t)’ P{-|5n<w}).
n

If Me“cgpen’ then for every sequence {S } satisfying (2.2) the condition
(2.3) holds.

Proof. Fix one sequence {8} satisfying (2.2) and (2.3) and let {R} bea

sequence satisfying (2.2). We shall prove then that R} satisfies (2.3).

c
open’®

will obtain for general {R;}. For m>1 and s>0, Tet T(m, s)=inf{t>s: lMtlzm}.

Taking each Rn finite valued will show Me¢g and the last assertion of (2.1)
Then T(m, s) 1is a stopping time over (3t) and for all s>0, T(m, s) increases
in m, say to T(«, s). By hypothesis T(e, Sn)=°° a.s. for all n. Since Sp¥0
a.s. and s-T(m, s) ds increasing in s for all m=>1, it follows that

P{T(=, s)== for all s>0}=1. Because of (2.3), (1.4) and (1.14), the process

t > M((sn+t) AT(m, Sn)) ]fT('“’Sn)>5n}
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is a bounded martingale over (Q, Fg 4t P{-|Sn<w}) for all n=1 and m=1.
n
It follows that as t+4T (m, Sn), M(t) converges a.s. on {T(m, Sn) > Sn}.

Denoting the 1imit by M(T(m, Sn)) ]{T('“’Sn)>5n}’ one has

M+ AT S Vrn,s )0, = BT S) Vpn s o5 313 4} -

By optional sampling, with t replaced by (Rk+t-Sn) ]{R o5} Ye obtain,
k n

a.s. on {Rk+t>Sn},

MR AT S) L rm,s 0553 = EMT S)) Tirn,s )os 313R 483 -

This equality holds in particular on {Rk>Sn}, and one may then interpret the

equality to mean that t—»M(Rk+t) ]{R is a local martingale relative to

<=}

. . . _-k
(9, 3Rk+t, P{ IRk<°°}) having reducing times (T(m, Sn)—Rk) ]{T(m,Sn)>Sank}’Tm,n'

(Note that for a fixed k, P{sup T:l =oo|Rk<°°} =1.)
m,n on

The first important result describing the behavior at the time origin of

(o

Me Lopen

is the following.

(2.4) Theorem. Let MegS

open” Then for a.a. w, either

(1) 'limt‘No Mt(w) exists in R

or
(1) Vim0 M (w) = 4=
or

(iii) 1lim inftwo Mt(w) =-w gnd lim SUP4440 Mt(w) =,
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This theorem may be deduced from Walsh's Theorem on conformal martingales
since every local martingale is the real part of some conformal martingale.
Because Walsh's proof is alittleobscure at one point, we shall derive (2.4) from

scratch. In preparation for this we need a couple of lemmas.

(2.5) Lemma. Let Mes® and suppose that M0=b a.s.. Then if a<b<c,

P{M, hits a before it hits cla’o}s (c-b)/(c-a).

Proof. Let Ta (resp., Tc) denote the first time M, hits a (resp., c). As
we mentioned in (1.4), a uniformly bounded local martingale is in fact a martingale.
Since T, and T are stopping times over (3t), it follows that MtA(Ta/\Tc) is

a bounded martingale whose 1imit at infinity is

MT_AT ) <al + cl .
a’ ¢ {Ta<TC} {TazTc}

Taking conditional expectations leads to
bsa P{T_ <T |35} +c PT 2T |3} »
from which the desired inequality obtains.

(2.6) Lemma. Let MEJ:C and for a<b<c and k a positive integer, let

lea’b]=inf{t: MS (0=<s<t) completes k upcrossing of [a, b]} and

Tc=inf{t: My >c} (with inf ¢==). Then

k-1
k c-b
P{R[a,b]< TC} = (E_"?) .
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Proof. In the course of the proof, we let Rk denote Rl[(a b]* On {Rk<w},
M(Rk) =b by definition of RK. Let Pk denote the conditional probability

measure Pk{-}=P{- Rk< «»} defined in an arbitrary way if P{Rk<w}=0. We

showed (1.14) that the process t»M(Rk+t) 1{Rk<m} under P{-IRk<m} is a
continuous local martingale over the filtration 3(Rk+t). Moreover, if
P{RK< =350, P M(RK) =b} =1. For all k=2 we have

P{Rk_1< T

IA

P{Rk<Tc} MRKT+t) hits a before it hits c}

c’

= EPMR* T +t) hits a before it hits c|z(R" )} LS

= E(P_ MR +1) hits a before it hits cla(R)RKT<T )

(c-b)/(c-a) P{Rk'1 <T.}

1A

because of (2.5) applied to the filtration 3(Rk'] +t). The conclusion of (2.6)

is now clear by induction on k.
Proof of (2.4): Given a<b, let

ab = {weQ: 1im 1’nftH’0 Mt(w)< a, 1im SuP: .0 Mt(w)>b}

—
"

{weR: Tim 1‘nftHO Mt(m) = -w, lim SUP44 10 Mt(“’) =}

Obviously T=n{r, ,: a<b rationals}. In order to prove (2.4) it is enough to
prove that T > I'a p s for any pair of rationals a<b. If c>b, 1let
Tc=1‘nf{t: Mtzc}. We shall prove that for all c¢>b, Tc=0 a.s. on Fa,b
and this will show that 1lim SUP: 110 Mt=°° a.s. on Fa,b’ Applying this result
to -M, one will then obtain TI's T p as. . Fix a<b<c and let {Sn}

satisfy (0.1) (and hence (0.2) also by (2.1)). For each n=1, 1let
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Tﬁ=1’nf{t: M(Sn+t)zc} and Tet RE denote the first time M(Sn+t) completes
k upcrossing of [a, b]. Now fix k=1. As n increases, the events

k +n . n_
{Tc>Sn} n {Rn< Tc} increase, for on {Tc>5n}-, TC—TC-Sn. On the other hand,

their union over all n contains {Tc>0} n l‘a b Thus

. k
PUT >0} N Ty 4} < 1:‘m P{Rn<T2}

A
—
oo
vl
|o
S—
o
—_
-

using (2.6). Since k is arbitrary, this proves that Tc=0 a.s.on T, .,

completing the proof.

We turn now to characterizing the cases (i), (ii) and (iii) of (2.4) in terms
of the quadratic variation and local times for M, which we now describe.

If M ds a continuous local martingale over an arbitrary filtration (qt)
(satisfying the usual hypotheses) of (Q, &, P) it is easy to see, using (1.14),
that for any finite stopping time R the quadratic variation process and the
local time at a for t—»M(R+t)1{R<m} are respectively (M, Myp . - (M, M)p
and Lp,, - Lf.

The following result obtains by an elementary covering argument.

(2.7) Proposition. ILet Me‘r'gpen' There exist unique random measures Q(w, dt)

and A%(w, dt) on 10,e[, such that if {S,} are stopping times satisfying (0.1).



Then for all n

(2.8) Mgnﬂ: - Q(w, ]Sn(w), Sn(w)+t]) 18 a local martingale over (3Sn+t);

(2.9) |M5n+t- al - 2w, ]Sn(w), Sp(w) +t] <s a local martingale over (;;Sn+t).

In general, Q(w, dt) and A%(w, dt) blow up at the origin and so they are
not always generated by continuous increasing processes normalized to vanish at
the origin. However, (2.7) shows that a.s., Q(w, -) and A*(w, -) are Radon

measures on ]0,[. We record now two elementary operations which preserve the

C

class £open‘

The proofs are routine and are left to the reader.

© (2.10) Proposition. 1f M esgpen then

. . C
(2.11) for any stopping time T, MtAT ]{T>0} e‘sopen;

C

(2.12) if Heg, then 1HMe.s:°pen .

It is evident from (2.7) that if Q and A® are the quadratic variation and local
time measures for M, then those for MtAT ]{T>0} and 1HM are respectively

T30, 77(t0Q(dt), 1“0’T](t)xa(dt) and 1,(0)Q(u, dt), 1H(m)xa(w, dt). For example,

the last case above uses the observation that

[y Mpgmal = 1 2%, 54D = LMgypmal - 28(s, D140 clal

is a local martingale over (3s+t) for all s>0.



89

C

(2.13) Lemma. If Me":open

and M is uniformly bounded, then (Mt)t>0 is a
martingale. Consequently, M0=Hth0 M, exists a.s. and (Mt)t>0 is a

martingale.

Proof. Once we prove that (Mt)t>0 is a martingale, the assertions of the sentence
will follow from the reverse martingale convergence theorem. Let n ++ 0. Then
by (2.1), t—»M(rn+t) is a local martingale over (g(rn+t)), and its boundedness
implies that it is in fact a uniformly integrable martingale. It follows that M
exists and for all t=0, E{Mmlg(r‘n+t)}=M(rn+t). That is, (Mt)t>0 is a
martingale over (Jt).

c 2 c =
(2.14) Lemma. Let Meg and suppose that Mt-te‘sopen' o0 M=

open Then 1im
exists and is finite, and (Mt- MO)t>0 18 a standard Brownian motion over (:;t).

M, =M

0

Proof. Fix a sequence of constant times n ++ 0 so that for all n, M(rn+t)
and Mz(rn+t) - (rn+t) are continuous local martingales over (3rn+t)' Lévy's
Theorem (1.2) implies that M(rn+t) -M(rn) is a standard Brownian motion. It
follows that for O<u<v, M- My has a normal distribution with mean 0 and
variance v-u, and that the increments of Mt are independent. Therefore

the process t-»M] 'Ml—t (0<t<1) 1is a continuous martingale which is Lz-bounded,

so lim M1 -M] t exists a.s.. Consequently M0 exists a.s., and since then
t441 -

M, -M

=My = Tim Mt'Mu has independent Brownian increments, the result follows.

uv+0

Here then is the main result of this section.

c
open®

(and hence all) t>0}, = {wen: 23w, 0, t]) <~ for some (and hence all)

(2.15) Theorem. Let Meg and let QQ = {weQ: Qw, J0, t])<= for some

t>0}. For each fixed a€ R, almost surely
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(1) {w: 1im M_(w) exists and is finite} = Q.3
t4s0 Q

(1) fw: Tim M (0) = + =} = Q. \Qq;
ti0 - a\%

(ii1) for all mf(QQUQa), Tim inftHO == and 1im SUPy, .0 Mt(w)=w.

Proof. Let A= {w: JJ:E Mt(m) exists and is finite}. Since A €304 = Fpo

_ c
Nt—lAMt€£

open by (2.12). For all weQ, Tlim Nt= N0 exists and is finite.

t¥y0
For each k=1 Tlet Tk=1'nf{t: INtl > k}. Then a.s. U{T, >0}=Q. The process

NtATk']{Tk>0} is uniformly bounded and in ¢° by (2.10). According to (2.13),

open
(NtATk ]{Tk>0})t30 is a bounded martingale over (3t)t20' Thus (NtATk 1{Tk>0})
has a finite quadratic variation process At. On the other hand, by the remarks

following (2.12), At(m) =1, ]{Tk(w)>0} 0w, 10, tAT ()]) a.s.. Since

U{Tk>0}=§2 a.s., it follows that QQ:> A a.s.. In order to show that ADQQ

. _ . _ Cc
a.s., we define now Zt--1Q Mt for t>0. Since QQ €304 = Fgo Leg and

open

Q
Z has a finite quadratic variation process At(w)= IQ (w)Q(w, J0, t]). It suffices
Q

to prove that Z esgpen

having a finite quadratic variation process implies that
Z0+ exists and is finite a.s.. To this end, we may adjoin to the underlying space
by the usual product construction a standard Brownian motion (Bt) independent of
%. The quadratic variation process for Z remains the same over the augmented
filtration (&i) since it is given by a 1imit of quadratic variational sums of

Z without conditioning. Replacing Zt by 7{ = Zt+Bt affects neither the
Timiting behavior at time zero nor the finiteness of the quadratic variation.

Let ﬁ£ be the quadratic variation process for Z.. Then ﬁ£ is continuous,
strictly increasing, and A =« a.s. If Ty =inf{s: A >t}, then T, fis

strictly increasing, continuous, and Ty<= for all t<«. In addition, Tyt



91

as t+e. It is easy to see then that T(Tt)t>o is a continuous local martingale

. = L =2 c o
on J0,o[ relative to (3Tt). Since Zt'At uopen’ it is also the case that
Tz(rt) —A(-rt) =72(Tt) -t is a continuous local martingale on 10, relative

to (ET ). Then (2.14) shows that Hm0 TT exists a.s., and hence tlimo Zt
t tid t 2%

exists a.s.. We have now proven (i). We now turn to (ii). On {M0+=_tw},
inf{t: Mt=a}>0 for all a¢R. Since A¥(w, -) is carried by ({t: Mt(w)=a}
and 2%(w, +) s a Radon measure on ]0,~[, it follows that {M0+=1w}c Q-
. B .. c
On the other hand, since Q, €304 = 3> (]Qa Mt)t>0 s in £5en and so, by the
remarks following (2.12), if we set LZ(w) = 1g (w)2¥(w, 10, t1), then
a

- Y
Nt |1QaMta| Ltesopen'

Obviously 1im inf Ntzo so by (2.4), 11’th0 Nt exists a.s. in [0, «].

tv+0

Because of the alternatives (2.4) for Mt’ it is clear that on @, M0 must

+
exist a.s. in [-w, «»]. That is 9, c {M0+ exists in R} . Using (2.4) again, we
see that (2.15) has been proven.

(2.16) Corollary. If (Mt)t>0€£gpen and if Vim0 M =My exists and is finite

a.s., then (Mt)tzo is in ¢C.

Proof. The first part of the proof of (2.15) shows that if T,= inf{t=0: lMtI >n}

then MtATn ]{Tn>0} is a bounded martingale over (:;t). Since T t= a.s.

C
M) pop €S

3. LOCAL MARTINGALE INCREMENTS.

The situation described in §2 does not cover the possible ways a singularity

at the time origin can manifest itself. Consider the following examples.
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(3.1) Let Meg® (a genuine continuous local martingale) and Tet C be a pre-
t+h
dictable process such that for all t>0, f C d(M, Myg<= for all
h>0 but fC d(M, M) = With pos1t1ve probability. One may then

define the stochastic integral f MS as a local martingale on [t,=[

for all t>0, but it is not possible in general to find one single normali-

t+h

zation at t=0 which makes f s dM;  the increment over Jt,t+h] of

one local martingale on ]O,w[, simultaneously for all t>0.

(3.2) Let Me;:o and let C be a bounded predictable process. Then

pen

t+h
f Cq dMs is well defined for all t>0 and n=0 but, as in (3.1),

t t+h

there is no way to define N ”open such that f CS dMs= Nt+h' Nt .
t

(3.3) Let Me‘ﬁopen and Tet Q be its quadratic variation measure. Though we
can define the process Mz-Mg- Q(w, Js, t]) for t=>s, there is no
N e‘sopen having the same increments on [s, =] for all s>0.

These examples motivate the following definition.

(3.4) Definition. 4 local martingale increment process (MS t) is a family

of real random variables indexed by pairs O<s<t such that

(3.5) for all s>0, to M t‘ (t=s) is a local martingale relative to
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(3.6) for all triples O<rs<ss<t, Mr‘,t=Mr‘,s+Ms,t'

Note that (3.6) forces Mt,t=0 for all t>0. The examples (3.1) — (3.3) obviously
fit into the above scheme. Let 'c‘i:nc denote the space of all local martingale
increment processes relative to (%, 3y» P) such that for all s>0, t"Ms,t is
a.s. continuous on [s,»[. If Me.s:‘i:nc then for all s>0, t"'Ms,t (t=s) has

an associated quadratic variation process <Ms,.’ Ms,.>t (t=s). If O<r<s,

then since t"Mr,t and t"Ms,t have the same increments over intervals in

[t,»[, one has
(Mr,.’ Mr,.>t’<Mr,.’ Mr,.>s = <Ms,.’ Ms,.>t'

It follows that there is a well defined random measure Q(w, dt) defined on R++

such that if O<s<t, then
Q51 s5tD) = M 5 M =M s M D

for all re] 0,s]. The random measure Q will be called the quadratic variation
measure for M. For obvious reasons it is not in principle possible to define

local times for Me,s:‘i:nc.

(3.7) Lemma. et MegS

inc and let R be a stopping time with P{0<R<=}=1.

Then Yy =Mp et (t=0) s a local martingale over the filtration (Fp)-

Proof. Let Sn ++ 0. If we show that for every n, Yt is a local

]{stn}
martingale over (:;:R+t). Then since P{R=> sn}H as n-«, the claimed result
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will follow from the following argument. Let An= {R= Sp} €3p and for k=1

let T = inf{t: lYtlzk}. Since ]An Y. s a continuous local martingale,

T, Y(tAT)) 1 is a uniformly bounded martingale for all k=1 and n=>1.

An k {Tk>0}

Now let n->« to see that Y(tAT,)) 1 is a bounded martingale for all k.
k {Tk>0}

That is, (Yt)t>0 is a local martingale. Fix now s>0 and Tet A={R>s}.

Then t-»MS,S+t is a continuous local martingale over the filtration (:;S+t),

and hence because Rvs-s is a stopping time over (% ..) we see from (1.14)

s+t
that Ms,s+(Rvs-s)+t = Ms,Rvs+t is a local martingale over (3Rvs+t)‘ But since

M and Ms,Rvsengs’ it follows that M is

MRvs,Rvs+t = MS,Rvs+t “ s ,Rvs Rvs,Rvs+t

a local martingale over (ERvs+t)' However, 1A Yt= ]A MRvs,Rvs+t is therefore a
local martingale over (3Rvs+t)’ and since the trace of FRystt 0N A is equal

to the trace of Fpet ON A, we are done.

(3.8) Proposition. Suppose that MegS

= nc

and that for some r>0,

MO,r= HmSHO Ms,r‘ exists and is finite almost surely. For arbitrary t:=0,
define My= (Mg Mg )1pg q(t) + (Mg +M. )1q r(t). Then MesS and for
all O<s<t, Ms,t=Mt'Ms .

t'Ms for all O<s<t 1is evident, as is the fact

that Mt=HmsH0 Ms,t for all t>0. Because the increments Ms,t form a local

Proof. The fact that Ms t=M

C

martingale in t=>s for s>0 it follows that (Mt)t>0€£open' Since Mt->0
a.s. as t++0, the result follows from (2.16).
We turn now to a criterion which guarantees that limSHO MS r exists for

some (and hence all) r>0.
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(3.9) Proposition. Suppose that M €ss has quadratic variation measure Q

—te inc

such that Q(w,] 0, t])<= for all t>0 a.s. . Then there exists Neg® such

N

that for all O<s<t, M =Nt- '

s,t

Proof. Let At(uo =Q(w, J0, t]) for t=0, so that A0= 0 and A is a continuous

increasing process adapted to (gt). We show that 1ims¢*0 Ms,l exists in R

almost surely. To this effect we may assume that A is strictly increasing and

A =« a.s., for if this is not so, adjoin an independent Brownian motion Bt

so that Ms,t is replaced by Ms,t= Ms’t+(Bt -BS). See the proof of (2.15).

With the above assumption on A in force, let Ty = inf{s: As:>t}. Just as in the

proof of (2.15), for every s>0 the process MT . is a local martingale increment
st

process over the filtration (JT ). We are also using (3.7) at this point. For

t
every s>0, the process MTs’Ts+t is a local martingale over (3T5+t) and so is
2 R . 2 s
MTS’TS+t- (A(rs+'t)- A(TS)). By time change, it follows that MTS’Tt- (t-s) dis a
local martingale for (t=s) over the filtration (3T ) . It follows from Lévy's
t t=s
theorem (1.2) that t—»MT . (t=s) 1is a standard Brownian motion relative to
s’'t
(;;T ). In particular, for s=<t, MT . has a normal distribution with mean zero
t st
and variance t-s. Consequently s-»MT . (0=s<1) 1is an L2-bounded martingale
1-s°71
S0 1ims¢+] MT exists and is finite almost surely. In other words,
1-s?
11mu¢*0 MU,T a.s. exists and is finite, and one concludes that M0,1= lims++0 Ms,]

1
exists and is finite.

(3.10) Theorem. ILet ME,;:::'"C with quadratic variation measure Q. Then

A= {weQ: HmsHO M, ](w) exists and is finite} and T ={weQ: Qw, J0, 1]) <=}

are almost surely equal.
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Proof. Since T={Q(w, J0, e]<~} for every e>0, T €3y, =3, In addition,
A= {weN: 11'ms“0 Ms,r(“’) exists and is finite} for every r>0 so A€30+=30.
Obviously 1}\ Ms,texinc and since 11msw0 ]A Ms,1 exists and is finite almost

surely, (3.8) shows that 1 MS t is obtained from the increments of a genuine
k]

A
continuous local martingale N. Since the quadratic variation of ]A M is given
on one hand by ]A Q and on the other hand by (N, Ny, this proves that Ac T
a.s.. Going the other way, ]F Ms,t E‘S:(c)pen has quadratic variation measure 1!‘ Q,

which is a.s. finite near zero. Then (3.9) shows that 1i 1 exists a.s.

Msvso 17 Ms,t

and is finite, so T'c A almost surely.
We show next that all continuous local martingale increment processes may be

obtained as increments of stochastic integrals in the manner of example (3.1).

c
(3.11) Theorem. TILet M“:inc'

C such that for all O<s<t

Then there exists Neg& and a predictqble process

t
2 .
(3.12) / Cu d(N, N>u<°° a.s.

S

t
(3.13) Ms,t =/ Cu dNu

S

Proof. Let Q be the quadratic variation measure for M. Fix a sequence tn o

and let Dt denote the predictable process

"Q(ws]t at])
_ Z -n n
Dt(w) ) n>1 ? ][tn’tn-1[(t) ¢

where ty is set equal to +=. Obviously Dt(“’)>0 for all t>0.

’
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We have then, since AE=Q(]tn, t]) s continuous and A: =0
n

- Y1 -q(1t,,t])
/ Di Q(dt) Z] 2'2“/n eQ( " Q(dt)
n=

0 tn
t n
-1 A
_ -2n n t AN
= Z 2 [ e dAt
n
n
- E 2-2n(] _e-A ( n-1)
n=1
< 1

For any s>0, the stochastic integral

t
Ns,t =/ Du dMs,u

S

is therefore defined, and has quadratic variation process

t t
2 _ 2
/ D, Mg s Mg —/ D, Q(du)

S

bounded by one. If O<r<s<t

+

t S t
Nr,t =/ IJu er,u =/ Du er,u +/ Du er,u

r r S
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t
Nr,s + Ns,t +/ Dy d(Mr,u-Ms,u)
3

Nr,s + Ns,t :

That is, N €£(1':nc’ The gquadratic variation measure for N 1is the measure Dg Q(du)

which is bounded by one. Consequently, (3.10) shows that N0 t= 11‘msw0 Ns t
exists a.s. and defines a local martingale. It is clear then that since

t .
M ¢ = Sf Dl"] dN,, one obtains (3.12) and (3.13), setting Cu=D;] )

Qur final results on £:‘:nc concerns the behavior of MS ¢ as s++ 0 when
t]
it is known that convergence does not occur. The result here is rather less

precise than either (2.4) or (2.15). Given MegS

inc> We define the maximal

increment process ws t(0< s<t) for M by
(3.14) ws,t = sup{lMu,VI: ssu<vst} .

It is clear that for 0<s<t, NS t €3¢ and for fixed s>0, t—»Ws t is
continuous and increasing, while for fixed t>0, s—»NS t is continuous on 7]0,t]

and it increases as s decreases. The quantity

(3.15) W, = Tlim sup W
0 t40 st s,t

is in Fo+ = Fg- It is clear that on {No=0}, Hmswo Ms,t exists and is finite.

On  {Wy>0}, Tim 4 Ms,t does not exist in R, though it may exist in R.
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(3.16) Theorem. Let Mes?

inc and let WO be the limiting oscillation of M,

defined in (3.15). Then P{0< W0< w}=0.

Proof. As in the proof of (3.9) we may assume, adding an independent Brownian
motion of M if necessary, that the quadratic variation measure Q for M has
the property that a.s., for all s>0, t-Q(J]s, t]) is strictly increasing on
[s,=[ and tends to infinity as t-w. We shall prove that for all a=0,

w022a a.s. on {w0>a}, and from this the assertion follows trivially. Observe

first that on {N0>a}, for every t>0 there exist O<u<v<t with [M |>a.

u,v
For ¢>0 and s>0 Jlet

R](c, s) = inf{t>s: | = ¢ for some uce¢ls, t[}

Mu,t|

inf{t>s: max M > min M + c}.
ssust >°Y s<ust >°Y

Recursively, for k=>1 set

Rk+](C, S) = R1(C, Rk(c’ S))

inf{t>Rk(c, s): lMu t|=c for some ue[Rk(c, s), t[}.

On {w0>a} since M must_have oscillations of size - a in arbitrarily small

time intervals, it must be that for every k=1
k
R™(a, s)»0 as s++0 .

On  {Wy<2a} there exists t>0 such that |Mu v|<2a for all O<u<vst.

Consequently, on Wy<2a} n {Wy>a}, for each fixed k=1, Rk(a, s)< R1(2a, s)
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for all sufficiently small s>0. We prove that there exists a sequence ek(a),

independent of s>0, such that
(3.17)  PRM(a, ) < R'(2a, s)} = e (a) and € (a)-0 as ko,

Once we prove (3.17), since k 1is arbitrary, it will follow that P{a <WO< 2a}=0.
In order to prove (3.17), we set At=0(]s, s+t]) and let rt=1'nf{u: Au>t}.

Then the process Bt=M is a standard Brownian motion. Since Ms t (t=s)

S,S+T
’ t
and Bt (t=0) run through the same points in the same order, it is enough to

prove that P{R:< R;a} is dominated by a suitable sequence ek(a), where R'é

k

denotes Rk(c, 0) for the process (Bt) (t=0). By definition of the Ra s

|B(R;a)l <2a, and the discrete parameter process Yk=B(R|a<) (k=1) s a random

walk. Then
PIRE<R) } < Pysup |V.| < 2a}
a~ 2a’ ~ j=k it - :

Letting ek(a) = P{sup IYJ.I <2a}, the fact that the law of Y, is not degenerate
J=k

shows that ek(a)-»o as k-«, completing the proof.

(3.18) Corollary. et Meg® and let C be a predictable process such that
t

f Cﬁ d(M, M)u<oo a.s. for all O<s<t<w. Then for any t>0,

S

A= {w: f Cu(w)dMu(w) converges to a finite limit as s+ 0} is almost surely
S

€
equal to T = {w: f Cﬁ(w)d(M, My,<= for some €>0}, and a.s. on rc,
0

t .
S—»f Cu(uu)dMu has unbounded oscillations as S ++0.
s
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t
Proof. The first assertion is just (3.10) applied to NS £= fcudMu and the
7 s

second assertion follows from (3.16) since INE {NO(N)>.0}.
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