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REGENERATIVE SETS ON REAL LINE

M. I. Taksar
Cornell University

A number of papers are devoted to studying regenerative sets on a positive
half-line, i.e. random sets M which form a replica of themselves after each stop-
ping time T € M. Our objective is to construct translation invariant sets of this
type on the entire real line. Besides we start from a weaker definition of regen-
erativity, involving only special times é—infima of intersections M with half

lines [t,e[.

1. INTRODUCTION

Let (Q,F,P) be a probability space and let T be the real line ]-oo,o[,
A subset M of T XQ 1is called a random set if M is B X F-measurable and
M(w) 1is nonempty for a.e. w, where B is the Borel o-field of T and M(w) 1is
the w-section of M.

We séy that M 1is a closed (discrete, perfect, etc.) random set if M(w)
is closed (discrete, perfect, etc.) for almost all w. We consider only closed
random sets, so we shall not mention this explicitly each time. The complement of
M(w) 1is a countable union of disjoint open intervals Jy,6[. Let I(t) stand
for the interval J]y,§[ which covers t and z;,

+

(We put z; =z = t if t € M.) We associate with M a (T)Z-valued stochastic

z: stand for the ends of I(t).

process z = (z;, z:), t € T, The o-algebra in Q generated by this process is
denoted by o(M) and independence (or conditional independence) of random sets
means independence (or conditional independence) of corresponding associated
processes.

We denote by MI the intersection of M with an interval I and by
o(MI) the corresponding o-algebra in Q. We write ﬁt and MY for intersections

of M with I = ]J-oo,t] and [t,4oo].
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A random set M is called Markov if

1. A. For each t

+

a) Mt and Mt are conditionally independent, given z_.

t ot

b) Mt and Mt are conditionally independent, given =z

A random set M 1is called right regenerative (r.r.) if

~t Z‘E +
1. B. For anyt, M + and M =M - - z_ are independent.

2 t
t
A random set is called left regenerative (l.r.) if

z
1. B'. For anyt, M Y and M =M_- z; are independent.

Ze

The set satisfying both 1.B and 1.B' is called double regenerative (d.r.).
It is obvious that 1.B implies 1.A.a and 1.B' implies 1.A.b and thus any d.r. set
is Markov.

A random set is called translation invariant (t.i.) if

1. C. The distribution of M + t does not depend on t.

This is equivalent to an assumption that (zt - t,.P) is a stationary process,

- +
where z, - t = (zt - t, z, - t).

Processes with independent increments can be used for constructing r.r.
random sets. The following facts on these processes can be found, for example,
in [1].

Let o be a nonnegative constant and 1 be a measure on ]O0,[ such that

)

] xA1T0(@dx) < (1.1)
0 |

‘

Then there exists a right-continuous increasing process Ve with independent incre-

ments, t € T+ = [0,o[, with transition probabilities P2 and the set of discon-

tinuities J such that

1. D. For any function f on T

oo

P, I fG -y ) =W@-o [ £ Tdw *)
teJ,c<t<d 0

*

We denote by one letter a measure and the integral with respect to this measure.
Thus for a random variable EP{ means its mathematical expectation with respect
to P.
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1. E. y,-y_=a(d=-0) + 2 G, -y .
d e t€J,e<t<d Ot
We call y, an (a,1)-process. The constant & is called translation constant
and T is called the Levy measure of the process. An (a,l)~process is uniquely
determined by its initial distribution at time 0. Put

©0

e(M = [ xi(dx) = [ T(Ix,[)dx
0 0
The condition

e(l) < = (1.2)

is necessary and sufficient for Pk(yt - ys) o for all %, s and t.

It follows from the results of Section 6 that the range of Ve (i.e. the
closure of the set of values of yt) is r.r. and Markov.

A set M is called (a,ll)-generated if for every s > -~ there exist an
(a,I)-process whose range restricted to [s,~[ has the same distribution as Mo,

Our main result is the following.

THEOREM 1. Each right regenerative translation invariant closed random
set M is left regenerative. There exists a > 0 and 1T subject to (1.2) such
that M is (a,l)-generated. The vector (a,l) is unique up to proportionality

and satisfies the following relations:

P{t € M} =a/(a + e()) ; (1.3)
for any function £ on T X T
P{Yy£(v,8)} =c [ {f f(s, s +7y) NI(dy)}ds (1.4)
Y - 0
where
c=(a+emt (1.5)

Let & >0 and T satisfy (1.2) and o + e() > 0. Then it is possible
to construct one and only one double regenerative translation invariant closed set

M which is (a,lI)-generated.
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A random set M is called thin if for any t

P{t €M =0

THEOREM 2. Each thin t.i set M subject to 1.A.a is d.r. and thus is
(0,1)~generated for some 1N subject to (1.2).

Discrete t.i.r.r. sets can be considered in the domain of Renmewal Theory.
To each set M of such type there corresponds a random flow whose times of arrivals
coincide with the points of M. In this case the property 1.C is equivalent to
the stationarity of the fiow, that is the distribution of the number of arrivals
which occur in the intervals I

«eo 3 I 1s the same as that of I, + t,

Iy K 1
L+t ..., Ik + t (see [2], p. 339). The property 1.B is equivalent to the
independence of the lengths of the intervals between successive arrivals (waiting
times). By virtue of Fubini's theorem any discrete M is thin, consequently it
is (0,M)-generated. The range of a (0,l)-process is discrete iff 1 is a finite
measure (see [3], Ch. XI, TXI.1). Hence Theorem 1 implies the following known

result.

THEOREM 3. All the stationary flows on the real line with independent
waiting times between successive arrivals are in one-to-one correspondence with
probability measures 1 on ]0,»[, subject to (1.2). The measure I is the dis-
tribution of the waiting time between successive arrivals.

In the theory of regenerative sets on T+ (see, for instance, [3], where
further references may be found) it is supposed that M contains 0 and that Mt
is adapted to an increasing family of o-fields At in @. The definition of
(right) regenerativity in the case of unbounded sets M is equivalent to the
following:

1. F. For every stopping time T with respect to At such that T € M

a) M - 1T and M are independent
b) the distribution of MT -1 does not depend on T.
In our case 1.F holds for Tt = z:: the relatiqn 1.F.a is just the same as 1.B;

and 1.F.b follows from translation invariance. Since we use only a very limited
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initial class of random times T, our construction of the (a,l)-process starting
from a r.r. set is much more complicated than the analogous one in [3].

In Section 2 we prove some properties of the (a,ll)-processes. In the
next section we introduce the families of the o-fields generated by a random set
M and prove that every t.i.r.r. set is either perfect or discrete. Then we con-
struct, for each t, an (a,ll)-process vy, whose range coincides with Mt a.s. In
the next two sections we prove that there exists no more than one t.i. (a,l)-gen-
erated set and we construct such a set, given o and .

The main idea of the construction is rather simple. We take a sequence
of (a,l)-processes whose initial distributions are uniform on [-n,0] and take
the weak limit of their ranges, when n + ~. This simple idea however, causes a
lot of technical problems; the most difficult is to show that all the properties
of (a,ll)-generated sets are stable under a weak limit.

Section 7 is devoted to the proof of Theorem 2. We give an example of a
t.i. Markov set which is not r.r.

The word "function" will always stand for a nonnegative bounded measurable
function. All subsets I', A of T and (T)n are supposed to be Borel. We
denote [t,»[ and ]J-=,t] by Tt and Tt respectively. If T 1is a subset of
T then the writing I >t (or T < t) means that T C Tt (oxr T C Tt)'

If & 1is a random variable, then writing £ € M means that E&E(w) € M(w)
for a.e. w.

If we have a Euclidean space E and we define a measure v only on the

subset A& of the space E then it is always assumed that v(E\A) = 0.
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2. PROPERTIES OF (a,l)-PROCESSES

Fix @ and T subject to (1.1) and consider an (a,l)-process y. . Put

t
o, = inf{t:yt >} = inf{t:yt_ > e} (2.1)
Ul = yU - VQ' = yo ’ Yl = (UQ,’VR,) .
L 2
We call Y, = (UZ’V!Z,) the jump over £.
Denote
I(s;I) = N(T-s) , reT
I (AxT) =1,(s) N(s;T) , r,acr
For f being a function on (T)2 set
A(s,u) = I £y (2.2)
t€J,s<tu

without any

If AC T X T we write AA(s,u) instead of A1 (s,u). Writing Af
A

arguments stands for Af(O,“O.

LEMMA 2.1. For any function £ on T X T,

P AL = [ (dx) TT_(£)

where

oo

A @) = Pb(f) LGy, rcr (2.3)

The proof of this Lemma is well-known.

LEMMA 2.2. For any T c T-

P {v, ¢ rluz} = n(ug;r)/n(uz;rl) on the set {U, < 2} (2.4)
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T

5 Put A =T, xT, ¢ TxT, By

Proof. Let T 1 2

P €T, T, <& LT

2°

virtue of Lemma 2.1

P{U €T, v, €T} =P (Y €a}=Pial=- [ 2 (a1 (8)
= [ A @x) nGxTy) (2.5)
r
1
Similarly
p (U, € T} =%’ A (%) 0T (2.6)
1

Comparing (2.5) and (2.6) we obtain (2.4).

LEMMA 2.3. Let (yt,P) be an (a,l)-process. If e(ll) = », then for each
a>o0

P{VN < N+al »+ 0 as N> o

Proof. Suppose P =P,. Put n(N) = inf{k:k-integer, Ve > N}. The con-
ditions of the Lemma imply that Po{yl} = o, It is known (see [4], for example)

that for each a > 0

PO{yn(N) < N+a} > 0 as N> o,

Choose m such that Po{y1 >ml <e. Let N be such that for any L > N,
PO{YH(L) < L+m+a} <e. Since n(l) Loy +1, we have In(L) S,y°L+1. Therefore,

for any L > N,

PO{VL < L+a} < Po{yn(L) {L+m+a + Po{yn(L) >L+m+a, In(ly " y°L > m}
e+ Po{y1 >mb < 2 .

The passage from P, to an arbitrary P is trivial.

0

LEMMA 2.4. Let (yt’Pb) be an (a,l)-process and o defined by (2.1).

N
Then

lim P {o}/N = (a + et (2.7

N> oo

Moreover, the convergence is uniform for all b € [c,al, ¢ < a.
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Proof. The fundamental theorem of Renewal Theory implies that

_ -1 -1
;if; P, {o /N = @y 7 = (0 + e(m)

where oy = sup{k:k-integer, Yy < N}. (See [5], Ch. 9.)
Since ¢N < ON < ¢N+l, we have (2.7)

Inasmuch as for any £ > 0
vl {0} = N+t P {o }(N+L) /N
a=-% N a M2

the convergence in the left side of (2.7) for any fixed a implies the uniform

convergence of (2.7) for all b € [c,a].

LEMMA 2.5. Let f(x) be a bounded function on Tt, Suppose f has at
most a countable number of discontinuities. Then so do the functions
) = 1(x;8) ,

£(x) = N(x;£)/M(x;TY), x € J=o,t[ .

n

Proof. Let Al be the set of discontinuities f and A2 be the count-

able set of atoms of II. Put

A={y:zy=x

1T Xy X

" € Ai}

The family of measures IN(x;-), x € Tt—e is uniformly bounded by H(Te)
and is weakly continuous with respect to x (being the shift on x of a single
measure II). Therefore (see [6], Th. 5.1) %(x) is continuous for all x such

that II(x;-) does not charge Al, that is for all x € A.

LEMMA 2.6. Let f be a continuous function on (T X T)k and let

tl < t2  «ee < tk. Then

P{fCY, , ¥, 5 «o. , Y )}
b t]. t2 tk

is a left=continuous function of b on the set {b < tl}.
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Proof. Consider k = 1. (The case k > 1 is similar.) Let t > a, and

t-b. Since o. =0, on the set {V_ > t_}, we have
n n t t t n

b 4 a. Put t
n
n

Py {£(¥ )} = P UE(Y, )} =B {£(Y, )5V, > t}+ P{E(Y )3V < tn} (2.8)
n n n n
Since t_+ t, then
n

otn Yo {vt > tn} + {vt > t}; {vt < tn} + {vt =t} .

Using the bounded convergence theorem we get that the limit of (2.8) is equal to

Pa{f(Yt);vt >t} + Pa{f(t,t);Vt =t} = Pa{f(Yt)} .

3. THE STRUCTURE OF A T.I.R.R. SET

In this section we prove that each t.i.r.r. set M 1is either discrete or

perfect.
We put for convenience u = z;, v, = z:. Set
di = {vt €M, ]vt, v, +e[ N M= 0}, DZ = U Di
e>0
c, = {vt €M and for each e > 0 ]Vt’ v+ el N M # @}

LEMMA 3.1. Either

P{Dg} 1 for all t (3.1)

or

]
[

P{Ct} for all t. (3.2)

Proof. 10. We have P{M # @} = 1, therefore

lim P{M" # ¢} =1

t > =00
Since M is t.i. then P{Mt # @} does not depend on t and therefore is equal

to 1. This implies Ve { o a.s., so
v, €M a.s. (3.3)
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20. Denote of = P{Di}, B P{Ct}' Relation (3.3) implies

O 4p = Plv, €M} = 1 (3.4)
Put
t(k,n) = k2" ° (3.5)
L(k,n) = [t(k-1, n), t(k,n)| (3.6)
Rn(s) = t(k,n) if s € L (k,n) (3.7)

Let ¢ = ln(vt). Calculate

e, _ _ €
p{c, D¢} = E P{C ,¢ = t(k,n), De (i, my! (3.8)
Since {Ct,¢ = t(k,n)} is Mt(k’n)—measurable and Di(k,n) is ﬁt(k’n)—measurable,
we may apply 1.B to (3.8) and obtain
€, e _ _ e _ e
P{CtD¢}— p{D} P{E (Ces 0= t(n,k)} = a”PlCc } = a8 (3.9)

Now let n + «, On the set Ctv¢+ v, and 1 c * 0. Therefore the left side of
D

(3.9) tends to 0 when n + «, We get a®8 = 0 'for each € > 0. Since uo = sup o®

then aOB = 0, Comparing the last equality with (3.4) we get the statement of

the lemma.

LEMMA 3.2. If M satisfies (3.1) then M is discrete, if M satisfies

(3.2) then M is perfect.

Proof. 10. Put

7(0,t) = 1_ = Vey = inf{s > t, s € M} (3.10)

t

t(k,t) = 1(0,t(k-1,t))

If (3.1) holds then expressions similar to those of (3.8) and (3.9) show that for
each k

P{]t(k,t), t(k,t) + e[ N M =@ for some ¢ >0} =1
and all no= T(k,t) - t(k-1,t) are independent and identically distributed. Con-

sequently t(k,t) >« as k > o; M is equal to the union of the graphs of t(k;t);

as a result, M is discrete.
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20. Suppose (3.2) holds and ¢ is an isolated point of M(w). Then there
0
exists € > 0 such that I = J¢-€, ¢ [N M(w) = @. Hence w € Dt for all t € I.
Applying the Fubini theorem, we see that this can happen only for w with P-measure

zero.

4, CONSTRUCTION OF THE GENERATING (a,T)-PROCESS

In this section we construct an (o,l)-process whose range is indistinguish-
able from Mt.

The case in which M is discrete has been already treated. In Section 10
of Lemma 3.2 we showed that for each t Mt is indistinguishable from the union of
the graphs of the sums of i.i.d. positive random variables n,. Thus M is (0,I)-
generated for I(I) = P{nl€ r}

In the case when M is perfect the natural candidate for a generating pro-
cess is the inverse of the local time of M. Since we can use regenerativity of M
only for a very restricted class of stopping times we must construct a local time
ue in such a way that LA has no discontinuity when t is the left endpoint of
an interval contiguous to M. For this purpose we introduce the notion of regular
and irregular points of a set and prove that the structure of the set of regular
points on the interval [a,~[ depends only on the structure of the original set
on the same interval (Lemma 4.1).

Put N = Mp. Denote

Fo = c(N[0,e]), A_=F_ = A F_,

t>s
o(M) being the minimal o-field generated by N and all sets of P-measure O. Let
T be defined by (3.10) and Et = exp(t - Tt). Let Et stand for the well-measur—
able projection of Et with respect to At' Denote by N+ the set of left end-

points of the intervals contiguous to N and put

« <
Nogg = (E:E, <1} ON = {£>0:t=vy, £ <1)
« <

N, =N, = (E> 0t =y, £ 21
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The definition of n:eg and ﬁ;r for an arbitrary set L is similar to
the one givén above. First we consider o-fields Bt generated by the set L.
Then we consider the family of stopping times (with respect to Bt) T, which
are the first hitting times of L after t. We consider the well-measurable pro-
jection Et of exp(t - Tt), with respect to the filtration Bt' The set of the

left endpoints s of intervals contiguous to L such that Es <1 (such that

< “
Es = 1) 4is denoted Lreg (is denoted Lir)'

LEMMA 4.1. For any u > 0

~y. «
(M )reg = {Nmg - vu} N [0,0] (4.1)

Proof. Denote Bs = N E(EU[O,t]), ¥t = inf(s > t:s € M} =1 t,

e
t>s V't

nt
with respect to Bt' (See [7], Ch. V for the definition and details.) The state-

= exp(t - ¥t)' Let n, stand for the well-measurable projections of n,

ment of the Lemma follows from the following equality

n, = Et+v“ for all t a.s., (4.2)

which we are going to prove. By [7], Ch. IV, T28 Et and n, are a.s. right-
continuous, hence it is enough to prove (4.2) for any fixed t. Put o =t + vy

Since 0 is a stopping time with respect to At’ then Bt CA, . For any A€ Bt

P{1A50} = P{lAEG} P{lAEt_Fvi = P{1Ant} = P{lAnt}

Therefore

P{EU/Bt} P{nt/Bt} =n, a.s. (4.3)

Prove that £ is Bt—measurable. Define L(k,n) by (3.6) and put A(k,n) =

€ =20 = =
{vu L(k,n)}. Put € =2"" and a v, *+e. We have E IZ( Lie,mEs 18
E(Na+t)-measurab1e. Since n, is G(ﬁu)—measurable and

o(N ) = s, yvo{M[0, t+e]} (4.4)

u

att
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we obtain

P{Eale }

P{P{EolAc}lNV } = P{Ecle } = P{nthv } = P{nt}
u u u

u

p{éo} - pig} (4.5)

The expression (4.5) shows that Ec and Nv are independent. Comparing this

u
with (4.4) and 1.B we see that Ec is E(Mulo,t+€])-measurable. In view of arbi-
trariness of € we get that EG is Bt—measurable.

For a random set M and real numbers a and b put
t(M,a,b) = m(Mla,b]) + ] 1 - exp(y-6) ,

where the sum is taken over all (y,§) such that a <y {b; y € Mir; and m is
the Lebesgue measure. The functional ¢ 1is used for the construction of a local

time H . Wewant u _ to be "homogeneous,”" that is to depend only on

Hotb T ¥s

the "shape" of N[s,s+b] but not on s. For this reason we need the following

LEMMA 4.2. For any s, b > 0

T,V ,v_+b) = T(F,0,b)
This follows immediately from Lemma 4.1.
LEMMA 4.3. If T 1is a stopping time with respect to At then
P{t €M} =0
ir

Proof. Put A = {w:t(w) € M;r}. let o(w) = 1(w) if w € A and
o() =, if w € A, Since 0 is a stopping time and A € Ac we have (see [7],
Ch. V, T37) ’

P{(E, - Ed)lA} =0 (4.6)

But £ =¢ >1 on A and £y = exp(o-To) < 1. Therefore (4.6) implies P{A} = 0.

Put M = z(N,0,t) and let H stand for the dual well-measurable projec-
tion of My with respect to At' (See [7]1, Ch. V for the definition and details.)

Put '
vg = inf{u:uu > s} 4.7)
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We prove that y, generates N (Lemma 4.5). This proof uses a common technique
of the general theory of processes (see [7], Ch. IV, V). Lemma 4.6 proves that Y
is a homogeneous process with independent increments. In order to apply 1.B we
have to approximate the stopping time yS by the stopping times nn such that
"y Vg and 1" belongs to the set of the right endpoints of the intervals con-

tiguous to M. Such an approximation is possible if Yo differs from all left

endpoints of this type intervals. This fact follows from Lemma 4.4.

LEMMA 4.4, For any s
P{ys ENl=0. (4.8)

~

Proof. 10. Since Mo has discontinuities only when ¢t € H;r, then by
Lemma 4.3 for any stopping time o, By = Hs_ a.s. By [7], Ch. V, T30 for any

well-measurable with respect to At process ¢t

([ 6, du =2{f ¢.an) (4.9)
0 0

Taking ¢t =1 __, we find out that B, =M a.s. for any stopping time o. By

t=0 -

[7], Ch. IV, T30 He is a continuous process.

0 . .
2°. Fix s and put yg = 2z Since u. 1is continuous, W, =83 and for

any € > 0, u,

e >s. Put A=1{zc¢ N+}, I= [z,Tz[, T, being defined by (3.10)

and set ¢t = lAll(t)' Applying (4.9) to ¢t, we get

P{lA(uT - uz)} = P{lA m(M[z,Tz[)} + P{1A1M+ (z2)(1 - exp(z—Tz)} (4.10)

z .
ir

The first summand in the right side of (4.10) vanishes, because m(M[z,Tz[) =0

for any z. The second summand is also equal to zero, because z 1is a stopping
<

time and by Lemma 4.3 P{z € Mir} = 0. Since o >u_ a.s. on A, we get

z
z

p{A} = 0.

LEMMA 4.5. The range N of the process y_ is indistinguishable from N.
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Proof. 10. Since Vg is an increasing right continuous process, then N
is a closure of the set {t:t = Yo r-rational}. By [7], Ch. VI, T4, N is a well-

measurable set. The set N is also well-measurable, because N is closed and

) o« . o1
N, is adapted to At' Put Ak =N N {t.€t <1-%k 7}

. . By [7], Ch. VI, T2, A

is progressive measurable. Usual arguments show that Ak is discrete. By [7],

< <
Ch. VI, T4 it is well-measurable. Inasmuch as Nreg = g Ak we get that Nreg is
well-measurable the same as N \\N:eg'

20. Since N and N \\N:eg have the same closure it is enough to show

that
N z_ﬁ a.s. (4.11)
NoN\N_  a.s. (4.12)
reg
Let o be a stopping time such that ¢ € N \‘ﬁ:eg a.s. on {o <}, By Lemma

< ~ -
4.3 P{oc € N} = 0, hence Ho4e ~ Mg > 0 for all e > 0. The same reasoning as

in Section 20 of Lemna 4.4 shows that Hore ~Hg >0 a.s. on {0 < «}, Therefore

+€

y, =09 as.on {0 ¢ =} and we have 0 €N a.s. on {0 < e}, By [7], Ch. IV,
o

T13, this implies (4.12).
By (4.9)
P{f 1
0

(Dau,} = B[ 1, (Dan) =0 .
0

T \N T\N

Hence u,  does not increase on T \N a.s.; and P{yr6 T\ N for any r > 0} =0,

This implies (4.11).

LEMMA 4.6. The process (yt,P) is a homogeneous process with independent

increments.

Proof. 10. Let us show that for each r > 0
P{r €N} =0 (4.13)

In view of 1.C the left side of (4.13) does not depend on r; therefore

P{r € N} = ) eV Plu € N }du = P{[ e 1_(u)du} =0
0 0 o

0
2°. Let t(k,n), L (k,n) and ln be defined by formulae (3.5), (3.6) and
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(3.7) respectively. Fix O s <t and put z =y ; 2t =1

. i > 0.
s 2 (y) Fix a > 0

Let n = Tt(k,n); put

B = {uz+a -, < t-s}, Bn = {u n " Mg < t-s},
z +a z

k k

B = {“n+a =, < t-s}, ¢, = {z € L(n,k)}

In view of 1.C P{;(ﬁu,o,c) < b} does not depend on u; we denote this number by
r(e,b).

Let A €A . Consider
Vs

P{A,yt—ys > al = p{a,u a7y, < t-s} = p{AB} (4.14)

z+

By Lemma 4.4. P{ys € M*} = 0; therefore, 2" ¥ z a.s. In view of continuity of

ut, B" > B; hence

P{aB} = lim P{AB™ = lim P{ )] Ac‘B } (4.15)
n->oo n->oo k=1 nn
Note that C‘B_ = C\BX. Put D-Ackad¢=11 : Applying (4.9) t
OFe FAE Pan T Mtp T T A 3G P T Iptn (e <n+ar Applylng (4.9) to
¢, we get
k . .
P{DBn} = P{DBn} = P{D,un+a -y < t-s} = P{D,z(N,n, n+a) < t-s} (4.16)

Formula (4.13) implies Tt(k,n) = vt(k,n) a.s., hence we can replace in (4.16)

Tt(k,n) by vt(k,n) and apply Lemma 4.2. Doing so, we get

ky

5} = 200,z ®™ 0,0) < t-s} 4.17)

P{DB

Since D is o(M )-measurable, we can apply 1.B to (4.17)
t(k,n)

P{DBE} = P{D} r(a,t-s) (4.18)
Comparing (4.18), (4.15) and (4.14) we obtain
P{yt A alAy } = r(a,t-s)

s

and that proves the lemma.
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LEMMA 4.7. The process Vg is an increasing (a,ll)-process with T subject

to (1.2).

Proof. We have already proved that A is a homogeneous process with in-
dependent increments; that is an (a,ll)-process.

Since Yo generates MO, the distribution of Vt - t is equal to that of
T, -t for each t > 0. By 1.C the distribution of T~ t does not depend on t.
Choose a such that P{'rt - t <a} > 0.5. Suppose 1 does not satisfy (1.2). By
virtue of Lemma 2.3 P{Vt -t < al tends to 0 when t + =, Therefore, we come to

a contradiction.

LEMMA 4.8. If M is a t.i. (a,l)-generated set then the vector (a,l)

satisfies the equations (1.3) and (1.4), which determine it up to proportionality.

Proof. 10. Let ut be the distribution of vt and let Ab be defined

by (2.3). Consider

A (T) = £ A (T) u (db) rcrT

It is easy to see that for each a € T and A C T, xb(A) = Ab+a(A + a). In view
of t.i. the same is true for the family of measures M. Therefore,

At(r) = At+a(r + a) (4.19)
Let ™ be a measure on T X T defined
(@) = pL1.(r,8)), rcTxrT
Y

Let Af be defined by (2.2). If f(x,y) is a functionon T X T such that

f(x,y) =0 for x < t, then

m(f) = P{gf(YﬁS)} = { H (db) P {A} = { A (dx) T_(£) (4.20)

Taking s < t, and applying the same computations we get

w(f) = AS(II.(f)) (4.21)
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Put I = [a,b], t <a<b and put f£f(x,y) = (e(H))_lll(x)(y—x). Applying to f

(4.20) and (4.21) we obtain
m(f) = A (1) = A (D) (4.22)

In view of (4.19) the relation (4.22) is equivalent to At(I) = At(I + t - s).
Therefore, At(dx) = cm(dx) (on [t,»[). Substituting the expression for Ay into
(4.20), we get (1.4) for f with support in T x T. Standard arguments show
that (1.4) holds for all f£.

20. Let g(x,y) =y - x and §‘= f uo(db)Pb. Since M is t.i. we have

g 1L gL
Plu €M} = L7 [ p{t € M}dt = 1im L P{f 1 (t)dt}
M
0 L>w 0
= 1im L7 Blv, - v, - A (0,0)}
L>x L g L
_ (u)
= lim 1lim P {vL -y, - A (o,cL)}, (4.23)
u*o L+ g
(u

u
where P9 - / P, uo(db) + ulu,=[P . (The last equality in (4.23) is due to the

P(u)

fact that [B(C) - (C)| + 0 for each event C.) By virtue of 1.E the expres-

(u)

sion under P is equal to ao Applying Lemma 2.4 we see that (4.23) is equal

L
to af(a + e(l)).

30. Formulae (1.3) and (1.4) imply

1Ty =t ) 1,6 -}, recr (4.24)
0<y<1
o =P{t €M} e(1)/(1 - P{t € M}) (4.25)

The expressions (4.25) and (4.24) determine (a,l) up to a constant c.

COROLLARY. The constant c¢ in (1.4) is given by (1.5).

Proof. Since P{t € M} + P{ut <t < vt} =1 we get

t
af/(a + e(l)) + ¢ f H(x;Tt) =a/(a +e(l)) + ce(ll) =1

—00

and this is equivalent to (1.5).
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5. CONSTRUCTION OF A T.I. SET, GIVEN o AND 1.

In this section first we prove that (zt,P) is a Markov process whose
one-dimensional distributions and transition function are uniquely determined by a
and II. This implies the uniqueness of a t.i. (a,ll)~generated set.

The main part of this section is devoted to constructing a t.i. set with
given @ and II. First we consider the (a,l)-process with initial distribution
uniform on [-n,0]. Let (Yt,Pn) be the corresponding jump process. We get the
process (zt,P) by passing to a weak limit as n #+ . To justify this we make

use of the following Lemma, proved in [6] (see Th.5.1).

LEMMA 5.1. 1If pn is a sequence of measures on a topological space X

and " converges weakly to p then
" (£) > 0 (D)

for each f whose set of discontinuities has p-measure zero.

We apply this lemma to the case of an open half-line X, an absolutely con-
tinuous (with respect to Lebesgue's measure m) measure p, and a function f with
at most a countable number of discontinuities. We use also the following fact, the

proof of which is trivial.

LEMMA 5.2. 1If pn is a sequence of measures on X and any subsequence
of pn has a sub-subsequence which converges weakly to a measure p, then pn
converges weakly to o.

The plan of the construction of (zt,P), given a and T is the following.
First we show that the sequence of distributions of Ut under Pn is tight
(Lemma 5.4). Then we show that this sequence is weakly convergent and we find

the limit measure (Lemma 5.6). After that we find the conditional distribution of

1 B2

bution does not depend on n (Lemma 5.7). Applying Lemma 5.1 we find that the

s Y, vees Y ), t <t < o<t , given U and show that this distri-
tk - 1 k t

finite dimensional distributions of P" weakly converge to those of measure P

(Lemma 5.9).
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Further improvement of the trajectories of (Yt’P) and the construction of

the set is done in Section 6.

LEMMA 5.3. If M is a t.i. (o,l[)-generated set then the associated process

(zt,P) is Markov with one-dimensional distributions

t
v, () = c(al(t’t) T o+ L, 1_(T)dx) (5.1)

¢ given by (1.5), T € Tt X Tt, and transition function

1.(2) , if y>¢t

p(s,z;t,T) = (5.2)
P {y €T}
y ¢t

Here z = (x,y) € T xXT, TC T, X Tt, Py the transition probabilities of (a,lI)-

process, Yt = (Ut’vt) is a jump over t, defined in Section 2.

Proof. If M 1is t.i. then P{t =y} does not depend on t and

P{t=y} = f e ® pl{s=ylds = P{f e 51 (s)ds} =0 .
0 0 ¥

u_ . If the

Similarly P{t=6} = 0. Therefore for each t a.s. Vo= Ve U= U

. 0 _ -
range of (a,l)-process (ys,P) coincides with M, then Vey = Vt and u_ = Ut'

The strong Markov property of Ve implies that z_ = (ut,vt) is a Markov

t
process with the transition function (5.2). It is obvious that the distribution

of z, is concentrated on Tt X Tt. Let T be a subset of Tt X Tt. By virtue

of Lemma 4.8 o and T satisfy (1.3) and (1.4); hence

P{zt €r} P{zt = (t,t), (t,t) €T} + P{ut <t, z, €r}

lr(Y,5)}

P{t € M}1(t,t)(r) + P{§1Y<t<6

t
1.(t,t)ac + ¢ [ T_(N)dx = v (T) .

—00

Lemma 5.3 points to a natural way of constructing a t.i. (o,l)-generated
set. First we have to construct a Markov process (zt,P) with transition function

(5.2) and one-dimensional distributions (5.1) and define M as the range of zt.
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Unfortunately, we cannot prove directly that V. is an entrance law with respect
to p; that is why we use a long and cumbersome procedure to construct (zt,P).

Let ), be defined by (2.3) and ) stand for AO.

b

LEMMA 5.4. For any s >0 and a >0

A[0,a] > A[s,s+al . (5.3)
There exist N >0 and d > 0 -such that
A[s,s+N] > dA[O,N] . (5.4)

Proof. 10. Applying strong Markov property, we have

oo

PO{OI l[s,s+a](yt)dt} = PO{XVS[VS,s+a]}

A [s,s+a]

< Po{xvs[vs,vs+a]} = A[0,a] .

20. Since I is subject to (1.2), Ve has a finite mean; therefore, we
can apply to the sequence Yo k =0,1,2,... , Renewal Theorem (see [5], p. 363).

By virtue of this theorem there exist N. and N2 such that for any s > N1

1
Po{yi € [s,s+N2] for some integer i} > 0.5 .

Therefore for any s > Nf PO{VS—S < NZ} > 0.5. 1In view of right continuity of

Yer 91 >0 a.s. Pys therefore, d, = A[0,1] = PO{Ul} >0. Take N =N, + N, + 1.

1 1 2
Let s >0 and let u=sV Nl. We have
Als,s#N] > A[u,utN,+1] > PO{IV —u<n. By {cu+1 - ou}}
. u 2 u
> 0.5 Po{cl} = d1/2 . (5.5)

The inequality (5.5) implies (5.4) with d = dI/ZA[O,N].

COROLLARY. For any t and any € > 0 there exists m such that for
any b <t

Pb{Ut <m}<e . (5.6)
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Proof. Let t =0. Put n = inf{i:i is integer, i > b}. For m
being negative integer, we have

. 0 " 0
¢p TG TAsT = [ (dx) 1GsT)

P, {U. < m}
b0 0 s b

]
dJ
o
-
——
-

0 ° 0
A (@) m(x,T) < Al0,1] § m(k;T)
) k=n

(]
~13
T

m 0 mtl 0
AL0,11 7 mGsT) <al0,1]1 [ mGgT )dx (5.7

k== —-00

|~

(The first inequality in (5.7) is due to Lemma 5.2.) In view of (1.2) the right
side of (5.7) tends to zero, when m > -,

Consider the sequence of measures

Pt = n—l {n Pb db .
As it was mentioned, we are interested in the limit behavior of the finite dimen-
sional distributions of the processes (Yt,Pn). We want to study separately the
singular and the regular parts (with respect to the Lebesgue measure) of the one-
dimensional distributions of the above processes. For this purpose we need the

following

LEMMA 5.5. For any t and any n > 1

n n
PP(U.=t, V, > e} =BV, =, U <t} =0 (5.8)
and
lim sup Pt < U, < t} = lim sup Pt < Ve < t+e} =0 . (5.9)
€+0 n €e>0n

Proof. 10. We suppose t = 0 (the case in which t # 0 is similar)

0 n
n _ _ -1 _ _ -1 -
PM{Uy=0, vy > 0} =n {n P, {Vy >0, Uy = 0}db =n ,(f) Py v, > s, U=slds
=at Po{f 1.1 ds} =0 . (5.10)

0 s€J USS n
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20. Put fE(x) =xAe, g (x,y) = fe(y—x). The computations similar to
those of (5.10) show

n -
PO <V, <€l =n Pyt | 1. v <ot ds}

_1 _
<n PO{AgE(O,cn)} = I(£,) pylo }/n.
By Lemma 2.4, PO{On} /n has a limit when n + =; therefore, this quantity is uni-
formly bounded for all n. By monotone convergence theorem H(fe) >0 as € > 0.

Let St be a unit mass concentrated at the point t. Denote

K:(A) = p“{ut €A}, AcCT (5.11)
n_.n _ ph _ .
B, = Kt{t} P {Ut t}, (5.12)
n n n
pt = Kt - Btét . (5.13)
Put
0.(T) = ¢ [ m(x;T")dx, rcT (5.14)
t T t

where c¢ 1is given by (1.5).

LEMMA 5.6. Let B = ac. Then for each ¢t

lim 8" = 8; (5.15)
n >oco
- limp" = p_ (5.16)
w mpt = pt s .
n > oo
w - limk" = Ke s (5.17)

n->o

where ke =P+ BGt; the sign "w-1lim'" means the weak limit of measures.

Proof. 10. Fix t. The Corollary to Lemma 5.4 implies that the sequence

n . . .
of measures K, on Tt is tight. By virtue of Lemma 5.5 so is the sequence of

n ~ ~
measures P, on J==,t[. Therefore there exist measures kK, on T and »p on

t t
J==,t[ such that w-lim Kt;(k) =k_ and w-lim plz(k) = 8' for some sequence n(k)

t t
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of positive integers. In view of (5.13) there exists a constant B, such that

B:(k) > B

20. Let s # t. Let f be a positive continuous function bounded by 1.

Put g(x) = f(x+ s - t). It is obvious that

n -1 t-s
P{gU)} =n / P LE(U)}db .
-ntt-s
Therefore

-n 0
IPg) - <o) a7t f B, (£(U,)}db - a7t f 2 (£(U)}ab| < 2[e-sl/n.

-n+t-s t-s
(5.18)
The expression (5.18) tends to zero uniformly for all s belonging to a compact
set as n *> «, Consequently, Kg(k) converges weakly, the convergence is uniform
on any bounded set of s and
KS(F) = Kt(F+ t -s) . (5.19)

Formula (5.19) implies that Bt does not depend on t and is equal to a constant
B.

. 0
The computations similar to those of Section 2~ of Lemma 4.8 show

E= 1m ", -0
k + o
-1 0
= lim n(k) " f P, {U, = 0}db
k > oo —n(k)
n(k) -
- lim a7l Pollp 7t
k > 0

lim PJag . \|n(k)} = ac .
K *?m 0 k)’

(The last equality is due to Lemma 2.4.) Therefore B = B.

30. Set

0
AE(r) = a7t f A, (T)db = P
-n(k)

nlk) ¢f 1. (ydt} , rcT.
0
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Let N be the same as in Lemma 5.4. By virtue of this lemma Ak restricted
to the interval [-AN,eN], & being an integer, is a sequence oflmeasures uniformly
bounded above and away from zero. Hence, there exists a subsequence k(q) (which
depends on &) such that Ak(q) is weakly convergent on [-&N,&N]. Using the
diagonal method, we can choose a subsequence k(m) and a measure X on J=eo 00
such that Ak(m)(f) +rX(f) for any continuous f with compact support, as m > .

Let g(x) = f(x~r), r € T. Let ¢ = n(k(m))

0
S =N = 1im ™ (eg) = Lim o7 [ 2 (F-p)db
m-> m-> -
-1 0 r
= lin ¢ {f A (B)db - [ A (£)db}
m+ e -9 -¢+r
r-¢ r
= ua oM A (D@ -] A (D} =0 . (5.20)
m> -¢ 0

The relation (5.20) shows that A(T) = A(T + r). Therefore Ai(dx) = d*m(dx) where
d is a constant.

40. Let f be a continuous function on T with compact support. Put

By Lemma 2.5 £(x) has at most a

h(oy) = £69 1 ()5 £ = £ TesTOL,

countable number of discontinuities. Applying successively Lemma 2.1 and Lemma 2.5

we get

5.6 = lim p:(k)(f) = 1im o2(8) = 1im PPEU))

k> oo m-> o m-> o

t . o~
tn A} = Lin [ £ a0 =W®

m=> oo m>0o =00

0o

df £60 1, TGsTOdx = (d/e) o (D)

~00

Thus we see that ’Et(f) = (d/c) pt(f) for any continuous f with compact
support; therefore for all f. Taking f(x) = 1x< ¢ and noticing that fst(f)-+8=1,

we get d = c.
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50. The same reasoning shows that Py is a weak limit point of each sub-

sequence of pt. By Lemma 5.2~ p: converges weakly to Pee Similarly B: > B8

and >k .
t t

t
For x{t €T, T cT put

lr(X) > if x=t¢t
K(t,x3T) = (5.21)
H(X;T)/H(X;Tt) , if x<t.
For z = (x,y) € TxXT, 1 C (TX T)n and s < tl < t2 < 200 < tn €T put
Pn(S,Z;tl,tZ,...,tn;P)
= { p(x,z5t,dz)) p(ty,25t,,dz)) «ov plt .z, 45t ,dz ) . (5.22)

1

Let ACTx (T x T)n. Let A be the ﬁrojection of A on the first axis and

Ax be the section of Ax when the first coordinate is equal to x. For

t < £ < t, < e Xl t put
= . n . .
QU Eytys eyt 58) = fAlK(t,x,dy) P (e (1,058 50nes £50) (5.23)

¢ ,Yt seeesY

Now we prove that the conditional distribution of Vt’ Y
1

2 tn

given Ut is defined by the kernel Q.

LEMMA 5.7. Let G be a function on (T)2n+l and h be a function on T.

Let t < tl < t, €« X tn. If <yt’R) is an (a,l)-process such that

2

R{Uy =t v, >t} =0 (5.24)

then

R{h(Ut) G(Vt,Ytl,Y seee s Yo )} = R{h(Ut) Q(Ut,t,t

n

1,...,tn;G)} . (5.25)

t

Proof. By the strong Markov property of (yt,R)

Rih(ut) G(Vt,Ytl,..., Ytn)} = R{h(Ut) n(Ut,Vt)} (5.26)
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where 7 (x,y) = [ Pn(t’(x’y);tl’""tn’dzl""’dzn) 6(y,2y5++.,2 ). By (5.24) and

Lemma 2.2,

R{h(Ut) n(Ut,Vt)}

R{h(t) ﬂ(t,t)lUt=t} + R{h(U) "(Ut’vt)lut<t}

R{h(Ut) f K(t,Ut;dx) ﬂ(Us,x)} . (5.27)

Comparing (5.27) and (5.26) we get (5.25)

LEMMA 5.8. Fix tl < t2 { eee tk. For G being a function on (T)Zk,

put
QG(x) = f Q(x;tl,tz,...,tk,dy,dzl,dzz,...,dzk_l)'G(x,y,zl,...,zk_l) . (5.28)

Here x, y €T, zl, Zys eee s zk €T XT. If G is a continuous function with
compact support then QG(x), x € ]—w,tl] has at most a countable number of dis-

continuities.

Proof. The family of functions for which the statement of the Lemma holds
is invariant under linear operations and uniform convergence. Hence, it is enough

to prove the Lemma for functions G of the form

G(zl,zz,-,., Zk) = hl(zl) b (7)) (5.29)

where z; = (xi,yi) €T X T, hi(z) = fi(x) gi(y)’ fi and g; are continuous func-

tions. Put tO = —oo,

Yy ) =1, q4 () = Polh (¥ ) by (Y, Deoeh (¥ )}, y < t 3
i i+l k

F. (y) l[ti—l’ti[(Y) () 8 () gy(») e gy ),

Hi(x) = fl(x) f2(x) cee fi—l(x) K(tl,x;Fi), i=1,2,..., kt+l;

+
§=; Hi(x). By Lemma 2.6 all the functions

Direct computations show that QG(x) =
9, have at most a countable number of discontinuities. It is obvious that so does

F1 and by Lemma 2.5 so does Hi'
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LEMMA 5.9. Let u be a measure on (T X T)k, whose projection
tltz- . 'tk

on the first axis is e and the conditional distribution of (yl,xz,yz,x3,y3,...,

i X . n oD
xk,yk) given x; is Q(xl,tl,tz,...,tk, ). Put utltz"'tk(r) P {Ytl,...,Ytk)GF}.

Then 1 converges weakly to u
tl-..tk

tl...tk

0

Proof. 1°. Since U_KV KU -+ <U <V ,
S S T % %
lyooes 1o 1, 1v. ) = max(lu_ 1, |v_ |). The computations similar

Y & % L Y Y
to those of Lemma 5.4 show that P {max(IUt I, IVt [) >N} tends to O when N + =

1 k

uniformly for all n. Therefore the sequence of measures u

then

max(lu_ |, |v

. is tight and
B8

has a weak limit point .

'20. Let G be of the form (5.29) and QG(x) be given by (5.28). By

Lemma 5.7 and (5.8)

n n n n n
P{G(Y, ,Y, ,...,Y )} =PH{Q.(U_)}=x_(.) =p, Q) +B_ Q. (t) . (5.30)
tl tz tn G tl tl G tl G tl G

n
By Lemma 5.6 the sequence of real numbers Bt converges to B. The sequence of
1
n . .
measures p converges weakly to pe which is a continuous measure. By Lemma 5.8

n ~

and Lemma 5.1 ptl(QG) > ptl(QG) when n + o, Therefore u(G) = pt(QG) + BQG(t)

=k, (Q.) =u (G) for each G of the form (5.29), hence for any function G
t G Bt

on (T x T)k.

0 n

3°. We can apply the same arguments to any subsequence of ut veet " By
1 k

Lemma 5.2 un converges weakly when n > oo,
tlocctk

The family of measures e g is obtained as a weak limit of the families
' 1 k
of finite dimensional distributions of (Yt,Pn). Therefore Moot is a con-
1 k

sistent family of distributions. By the Kolmogorov theorem there exists a process

(Yt’P)’ t €T, Yt = (Ut’vt) €T X T with finite dimensional distributions 4y, .
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6. CONSTRUCTION OF A T.I. SET GIVEN a AND 1 (CONTINUATION)
If z, = (ut,vt) is the process associated with a random set M, themn M

is equal to the complement of the union of the intervals ]ut,vt[. We start from

the process Yt’ defined in Section 5 and we construct z, = (ut’vt) such that

)

(a) z, = Yt a.s. P for each t

(b) u, is right-continuous, Ve is left-continuous a.s.P. To construct z,

we establish first certain properties for Yt (Lemmas 6.1 and 6.2).

LEMMA 6.1. Fix u < s < t, Then a.s.P

US # u, VS $t (6.1)
V < U, on the set {v < t} U {y_ > s} (6.2)
s t s t

= u
YS Y on the set {Vs > t} {Ut < s} (6.3)
UK (6.4)

To prove (6.1), (6.2), (6.3) and (6.4) it suffices to consider the one-
dimensional and two-dimensional distributions of (Yt’P)’ the formula for which

was obtained in Lemma 5.9.

LEMMA 6.2. The process (Yt’P) is a stochastically continuous Markov pro-

cess with one-dimensional distributions (5.1) and transition function (5.2).

Proof. 10. The finite dimensional distributions of P have been already
calculated. Easy computations show that ue is equal to Vt’ where Ve is given
by (5.1).

Let f be a continuous function on (T X T)® and g be a continuous
function on T X T. To get the Markov property for (Yt’P) it is sufficient to
pass to a limit in the relation

n n
PHLE(Y, ,..0., Y, ) g(Y)} =PMe(Y ,....Y ) p(t ,Y_ ;t,gl, t, < <t <t
t t t tl’ > € m’ tm’ e | m

(which is justified by Lemmas 5.8 and 5.1).
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20. Fix € > 0. The right-continuity of the (o,l)-process Ve implies

that there exists ¥ > 0 such that

P0{|Vw| >el <e/f2 (6.5)
Let ¢ > 0 be such that
0
e[ TM(x310,61dx < €/2 (6.6)

c given by (1.5). Let t >s and t-s < ¢ A y. Denote A = {]Yt - YSI >el.

We have
p{a} = P{A,Vs >t} + P{A,VS <t} = P{a,s < v, < t} + P{A,vS = s} (6.7

The first term in the right side of (6.7) is not greater than P{VS € ]s,t]} and
by (6.6) does not exceed €/2, Put 2z = (s,s). The second term in (6.7) is less

than or equal to

+€
P{Ys=z} p(s,z;t,Tt x T57°)
= P{Ys=z} PS{IVt—sl >el= P{Ys=z} PO{Vt_S >el < e/2

Now put u, = 1lim Ur’ ryt; and v = lim Vr, rit, r is rational. Put
z, = (ut,vt), I(t) = ]ut,vt[. By Lemma 6.2 the family u, and Ve satisfy (6.1)-
(6.4) for all t a.s.P. It is easy to see that u, is right and ve is left con-

tinuous a.s.P. Therefore z, may be considered as a process associated with a set

M, which can be defined as

. M=T-- U I(t) (6.8)
t

LEMMA 6.3. The set M defined by (6.8) is a t.i. (a,l)-generated set.
Proof. 10. Let M be the distribution of Ve Let t< tl< ceel tk' By

Lemma 6.2, z, = Yt a.s. Therefore, applying the first part of Lemma 6.2, we get
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P{z €I,z €T_,...,2 €T ,u >t}
tl 1 t2 2 tk k tl
Y
= -{o ut(dy)frl p(t,(x,y);tldzl)fFZ p(t,,25t,d2,) --.frk_lp(tk_l;zk_l;tk,l"k)
t
= € .
_i u, (dy) py{ytl €r, Ytz €T,,eeny Ytk rJ 6.9)

The expression (6.9) shows that Mt has the same distribution as the range of the
(o,lI)-process, whose initial distribution is equal to Hye

20. Consider the process (zt—t,P), which is Markov. Formula (5.2) shows
that this process has a stationary transition function, and (5.1) implies that the
one-dimensional distributions of (zt—t,P) are stationary. Therefore (zt—t,P)
is a stationary process, which is equivalent to M being t.i.

The rest of this section is devoted to the proof of the first statement of
Theorem 1 (that each t.i.r.r. set is l.r.). We shall prove even more; namely that
-M has the same distribution as M; therefore -M is (a,l)-generated. To this
end we consider the jumps of the process yt il where Ve is an (a,l)-process.
We prove that: (i) the backward transition function of (zt,P) coincides with
the backward transition function of the jumps of y: (Lemma 6.6); (ii) the one-
dimensional distributions of M are equal to those of -M (Lemma 6.5).

The process y: is a decreasing process with independent increments with
translation constant -o and the Levy measure II*([') = II(-I'). Let P* be the

b

transition probabilities of y:. Put

oo

* = P* *
AR(T) = P} {é 1. (y¥)de}
It is clear that AS(P) = {%f—T). Let I@I*(x3;-) and H; be defined the same way as
I(x;-) and Hx. Put g=nf if g(x) = I(x;f); put h = Af, if h(x) = Ax(f).
The operators 7* and A* are defined similarly. We denote by (f,g) the

integral of fg with respect to the Lebesgue measure.
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LEMMA 6.4. If f and g are functions on Tt and Tt respectively then

(Af,g)

(£,A*g) (6.10)

(nf,g) = (f,7*g) (6.11)

Proof. Let f and g be infinite differentiable with compact support.
Consider the sequence of functions q such that (qn,h) > Ao(h) for each infi-

nitely differentiable h with a compact support. Then,

)

(Af,g)

[ ] e+ y) 2g@n) gy = lim [ [ q (zy) £(2)dz g(y)dy

=00 =00 N > 00 =00 =00

lin {f £(2)dz [ q_(z-y) g(n)dy}= [ A%(g) £(2)dz = (£,A*g) .
n-+>o

The usual arguments show that (6.10) is true for all £. The proof of (6.1.1) is
similar.

For z = (x,y), put z = (y,x). If T CT xT then T must be understood

in the same way.

LEMMA 6.5. If M is a t.i. (a,lI)-generated set then the distribution of

—Et coincides with that of z_,-

Proof. Put v:(r) = P{—Et € T}. By virtue of (5.1)

t
vA(r) = Plz, € -T} = ca 1(t’t)(-f) +c { nx(-f)dx

00

M +ef IMax , TCT XT . (6.12)

=ca 1
(-t,-t) - -t

-t

By virtue of (6.11) the second summand in (6.12) is equal to c¢ f HX(F)dx;

-00

therefore (6.12) is equal to v_ (T).

t

For t >s €T, z€ TXT, T CTxT put p*(t,z;s,l') = p(—t,—z;—s,—f).
The function p* is the backward transition function of the process Y: = —?_t,

which is the process of jumps of y:.
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LEMMA 6.6. If M is a t.i. (a,lI)-generated set, then the backward transi-

tion function of (zt,P) is equal to p*.

Proof. Let s <t and f, g, h, j be functions on T with supports on
J-e,s[, 1s,t[, 1s,t[ and ]t,o[ respectively. Put F(x,y) = f(x) g(y); H(x,y)
= h(x) j(y). By Lemma 2.1

t
= 3 = 33 6.13
P {H(Y) PY{UEJ £y, 3G} £ A (dn) h(x) T(x;3) (6.13)

By virtue of Lemma 5.3 and (6.13)
P{F(zs) H(zt)} =/ v_(dz) F(z) p(s,z;t,H)

S t t G
= [ dx £(x) [ N(x;dy) gly) [ A, (du) h(w) [ (u;dv) j(v) (6.14)
—o0 s y t

Applying successively (6.11), (6.10) and (6.11) we get that (6.14) is equal to

)

t u s
[ v i) [ Tx(vidw) n(w) [ %@y g [ Tryidn) £(0
t s s

-00

= f vft(dz) H(z) p*(t,z;s,F) = P{F(zs) H(zt)} (6.15)

For arbitrary H and F the equality (6.15) is proved similarly. By Lemma 6.5

vft =V therefore we get the statement of the lemma.

LEMMA 6.7. If M is a t.i. (oa,l)-generated set then so is -M.

Proof. Let ;L be the process associated with -M. It is easy to see

that ;; =-z_; therefore ;¥ 1s a Markov process. By Lemma 6.5 the one-dimen-

sional distributions of ;t are equal to those of z, . The transition function of
;t is equal to ;(s,z;t,r) = p*(-s,-z;-t,-T) = p(s,z;t,T'). Consequently the dis-
tribution of -M is equal to that of M.

The following lemma will be useful in the sequel. Its proof follows from

Theorem 1 and Lemma 6.7.
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LEMMA 6.8. Let Py and P;; be the transition probabilities of an (a,l)-
process y. and a (-a,lI*)-process yt respectively. For a function F on

(T x T)n and a function G on (T X T)m put

g(X) = PX{E G(Yt ,Yt seee Yt :Yt )} > (6.16)
- 1 m- m
£O) = PHE RO 5 95 eees Y3 Y5 ) (6.17)

n n-
where the sum in (6.16) is taken over all t; < t, <+ KL t tl’ tyseees by € Js
and the sum in (6.17) is taken over all s; < s, < o0 L Sy» Sy Sp» cee s S € J.

n
(k)

Llet M be a t.i. (q,l)-generated set and let % denote the sum over all k-

tuples Y10 Yoreete Yk such that Y1 < Yy < +ee L Vi Then

(mtn)

P{Z‘. F(Yl’61’Y2,62’ L ’Ynssn) G(YI'H“].’GIH"].’ L 1Yn+m96n+m)

(n)

P{Z F(Yl;tsl:‘Yz,(sZ""’ ansn) g(én)}

(m)

P{Z f(Yl) G(Ylysla"-,mesm) .

7. MARKOV T.I. SETS

In this section we prove Theorem 2 and give an example of a t.i. Markov set
which is not r.r. The proof of Theorem 2 is based on the following two analytic

lemmas.
LEMMA 7.1. If p is a finite measure on ]0,o[ such that
I +t) < u@ , t>0 (7.1)

then p is absolutely continuous with respect to Lebesgue's measure m and
k(x) = p(dx)/m(dx) can be chosen as a monotone function of x, x > 0.

Proof. 10. Let ut be a measure on ]0,o[ defined by ut(F) =pT + t),

Ir ¢ ]J0,o[. The relation (7.1) implies
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wE@ s if t>s . (7.2)

Put

0 00 X
v = f et u (Mat=f (] " 1 (xt)dt} u(ax . (7.3)
t r
0 0 o
It is easy to see that if f = 0 m-almost everywhere then

*x X
v(£) = [ {f e " f(x-t)dt} u(dx) =0 .
0 0

Therefore Vv is absolutely continuous with respect to the Lebesgue measure m.

On the other hand, if Vv(I') = 0 then for ma.e. t
ut(P) =0 (7.4)

and there exists a sequence t ¥+ 0 such that (7.4) holds for each e In view
of (7.2), (7.4) holds for all t. Therefore for each t Hy is absolutely contin-
uous with respect to m, hence u is absolutely continuous with respect to m

on Jt,°[ for each t > 0.

20. Let k be any density of u with respect to m and let L(n,k) be

defined by (3.6). Put

n v n
K(x) = ) 1 (x) u(l(k,n))-2" .
ko1 LGe,m)

The function kn(x) is monotone and so is k(x) = lim sup kn(x), which is equal to
E(x) for malmost all x. !
LEMMA 7.2. Let u be the measure, satisfying the same conditions as in
Lemma 7.1. If f£(y) is a function on T such that for any fixed r > 0 for u-
almost all y > r
f(y-r) = £(y)

then f(y) is a constant u-a.e.
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Proof. Put a = inf{x:k(x) = 0}. The measures u and m are equivalent
on ]0,a[. Consider a set T in T X T:T = {(x,y):f(y) # f(x)}. By the Fubini
theorem

a a

a a
| ] l.dx dy = 2 [ ax [ 1.(y,y-x)dy = 0 .
0 0 0 x

Therefore there exists x

0 such that nﬂy:(xo,y) €T} =0. Hence f(y) = f(XO)

for m almost all y.

LEMMA 7.3. If M is a t.i. set subject to l.A.aand & is o(M )-

measurable then there exist two constants a and b such that

P{Elc(MV )} = alv «*tP 1V - 2-s- (7.5)

s s s

Proof. Let 0 < tl < t, < v K t, and f be a function on (T X T)k.
) zEN),..., z(N)), where zEN) is the pro-

t Y N

cess associated with the random set N. It is enough to prove (7.5) for £ of the

For a random set N, put C(N) = f(z

form t(M%).
By 1l.A.a M® and Ms are conditionally independent given Ve Since
G(Mv ) = O(MS) \% G(VS); therefore Mv and M are also conditionally independent
given Vg But c(ﬁs) = O(MS - vs) is a subfield of G(MS); consequently for each
s €T
PL@) /o0 )} = PLGE) v} = g (v) a.s.
s

where (x) 1is a function on T°. Owing to the fact that M 1is t.i., we get
gs g g

gs(x) = gt(x - s+ t) for Mg a-e. X, (7.6)
g being the distribution of v On the other hand vy =V, and M° = M a.s.

on the set {vs > t}, therefore

gs(x) = gt(x) a.s. W, on the set {x > t} . 7.7)
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Let p be the restriction of Ho to J]0,e[. Since /ﬁo =l§t and Vo =V,
on the set {VO > t}; then for any T C ]0,%[
uw(l + t) = P{v0 €T + t} = P{v__t €r} S_P{vo €T} = w(r) . (7.8)

The expressions (7.6), (7.7) and (7.8) show that u satisfies the conditions of
Lemma 7.1 and go(x), x > 0 satisfies the conditions of Lemma 7.2. By virtue

of these two lemmas these exists a constant a such that go(x) = a for p-a.e.,
x 2?2 0. Put b= gO(O). By virtue of (7.6) gs(x) = a ].x< e T b 1x=s' Hence

(7.5) is proved.

COROLLARY (THEOREM 2). Every thin t.i. set M subject to 1l.A.a is

(0,7)-generated.

Proof. Since P{vs = s} = 0, the expression b 1V =s is equal to O a.s.
Therefore for each o(ﬁs)—measurable £ the right side o? (7.5) is a constant
a.s. This is equivalent to Mv being independent on . Therefore M is
r.r. by virtue of Theorem 1 ; is (a,M)-generated. Formula (1.3) impiles

that a = 0.

An example of a t.i. Markov set which is not r.r. is very simple. Consider

a t.i. (0,1)-generated set M anda (1,0)-generated set M, (this means that

M2 2 T). The set M which is the mixture of M, and M2 with the coefficients p

1
and q, ptq = 1, p,q # 0, is the set we are looking for. To prove that M is t.i.
and Markov we have to use the same arguments as in proving that the mixture of

two stationary Markov processes with singular one-dimensional distributions is

stationary and Markov.

I would like to thank E. Dynkin for his encouragement with this problem.
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