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On the representation of solutions of

stochastic differential equations
Hiroshi Kunita

0. Introduction.

Let us consider the stochastic differential equation
r .
= J
(0.1) dgt X, (F,t)dt + jzlxj (gt)odBt

defined on a connected C ~manifold M of dimension d. Here X

Xis voey Xr are C ~vector fields on M and Bt = (8}

e e B ") is

t
a standard Brownian motion. The symbol ¢ denotes the Stratonovich-
Fisk integral. Recently a number of authors has expressed the
solution directly as a functional of Bt’ under some conditions on
vector fields X, ..., Xr' In Doss [1] Sussman [7], the solution is
expressed in such a way that it is a continuous functional of Bt’ if
r=1 or Xl, ey Xr are commutative, However this is not the case in
general if r > 2 deﬁ.“,ﬁ are not commutative, In fact,
Yamato [8] has proved that the solution is a functional of multiple
Wiener integrals of Bt’ provided that the Lie algebra generated by
Xy ooey Xr is nilpotent,

In this paper, we shall consider the similar problem in case that
the Lie algebra mentioned above is nilpotent or solvable. In section 2,
we will discuss Yamato's result from a different point of view:

Applealing Campbell-Hausdorff formula in Lie algebra, we will obtain

an explicit expression as a functional of multiple Wiener integrals,
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Section 1 is devoted to Campbell-Hausdorff formula. In Section 3,

we will discuss the case that the Lie algebra is solvable. We will
decompose the equation (0.1) into a chain of equations such that the
corresponding Lie algebra of each equation is nilpotent, and then show
that the solution of (0.1) is expressed as a composition of solutions

of these nilpoitent equations.

1. Campbell-Hausdorff formula.
Given a complete Cw-vector field X on the manifold M represented

d 3
iélxi(x)EEZ with a local coordinate (x;, ..., xd), we denote by
etx the one parameter group of transformations on M generated by X:

as

This means that ¢t(x) = etX(x) satisfies, (i) for each t €& (~», ),

for any t, s € (=, ®),

¢t is a diffeomorphism of M, (ii) ¢t°¢s = ¢t+s

1lim ¢t(x) =x and (d#i) it is the solution of the ordinary differential
t+0 d¢t (x) .
equation it = X(¢t(x)) starting at x, where X(x) = (Xl(x), veey

Xd(x)). When t = 1, we write it as ex.

Let X and Y be complete Cvaector fields, We define the Lie
bracket [X, Y] by XY - YX. It is often written as X(adY)
Campbell-Hausdorff formula is a formula like

1
X+Y - E[X’ Yl+ ...

ee =e
We shall extend the formula to that of n vector fields.

Suppose we are given n Cw—vector fields Y1’ ceey Yn such that
[...[Yi > Yy ] ...,]Yi ], m=1, 2,,..,. and their linear sums are all

1 2

m
complete vector fields. Consider a formal power series

(1.1) z=1 _ -1)" Ly L L
p>0 pfl)' pr(ll)!pfz)!mpn(m)! TeT

m>0
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Pfl)'l pil) pél) pfz) Pém)
X Yl(ale) (ade) cee (adYn) (ale) e (adYn)

(1) (m)

where P75 o5 P

()

n are nonnegative integers, lp| = zlfifp, 1ijimpi
n .
and I means the sum of terms such that X ng) >0 for all
p>0 i=1"1 (1)_1
1<j<m If pfl) = 0, we understand the first member as Yz(ade) 2
p(l)_l
instead of Yl(ale) ! . Now the term corresponding [...[Yi , Yi | I
1 2

Yi ] appears several times in the power series. Summing up all the
m

corresponding term, we denote the coefficient of the above vector field

as ¢ . Then the power series is written as

il...lm

i...d
Loeoip
Y ’

(1.2) Z= I I i
m

m=1(il,...,im) 1

where
i
(1.3) Y = [...[Yi , Y, ] .,.]Yi ]

Theorem 1.1. (Campbell-Hausdorff formula) Suppose that (1.2)
is absolutely convergent and define a complete vector field. Then it
holds

1
(1.4) e ...e = eZ.

The proof may be found in Jacobson [5] in case n = 2. It can be
applied to the present case with a simple modification,

We shall compute coefficients ¢y i Let us divide the multi-
1eeeip

index I = (i,, ..., im) to a sequence of shorter ones Ij’ i=1, ...,%

and write it as i;
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L ) ... (I I ).

(1.5) T=(, ..., I )
1° k' k4, 'S ko +1’ ' Tk

A
where each index Ik consists of same number ik and these numbers

A

ik’ k=1, ..., kl satisfies
(1.6) 1 >1> .01 <f > .1 < > > 1

1 2 k, k,+1 k, k2_1+1 kl
The division I 1is defined uniquely from I, We call this a natural
division. We denote the length of Ik (the number of elements in Ik)

k
L . .
as n.. Then k§1“k = m., Divide again each index Ik into. ik indices, each
i
of which consists of né ) elements (i =1, ..., jk). Hence it holds n;l) +
@3y)
vee + o k7 o . Then we have
j.+...4j, -s-1

an e SR Ay g e ey -

i...1 m s=0 "*' s 1 te kl

1
x . .
n 7! ...m | AN nk2 | BN nkz !

Here, the*sum I, is taken for all subdivisions of Ik’ k=1, ..., kl’

i.e., for all positive integers nél), i=1, ..., jk’ k=1, ...., k2

i)
=n.
k

Let I' be another multi-index of length m and let

such that § né

TP =@, e, I, ) ae (T, s ey I
1 k1 l-l+1 k 2

be its natural division. We say that I and I' are equivalent if

for each k Ik and Iﬂ contain the same number of elements and

..., k! = k, hold., Note that c_=c

' =
kp =k L=k T~ °r

1 holds if I and T'

are equivalent.
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If each Ik in (1.5) contains a single element, I is divided as

i ) e Gy

s eaey 1)
2 £_1+1 k

I= (i, ..., i, )@ ooy i
o e P e e T .

where kl = m. We will call such I as single. In this case, (1.7)

becomes

-1

0(2;1)(_1)m—s-l(m _ s)_l

(a) c; = 1
_ 1 P _1 . .
(b) Ci§ =-5 if i>3, 573 if i< j
1 R . . :
(c) 3 if i<j<k or k <j <1i
c = - L if j<i&j<korj>ié&ij>k
ijk 18 J d 3
;Z if i#3j=k

2. Representation of solutions (I). Nilpotent case,

Consider the stochastic differential equation on M.

r .
(2.1)  dE = X (E)dr + I} X,(E)edB 7,

where Xo’ X e Xr are complete Cm—vector fields. If X, X, ... X

1° 0? T

are commuting, i.e., [Xi’ Xj] =0 for each i and j, then the solution

of the above equation starting at x is represented as
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2.2) £ (x) = exp (tX + BX, + ...+ BEXr)(x)

Here we understand that th(w) + Bé(w)xl + ...t Bz(w)xr is a vector
field for each t and a. s. ., This means that Et(x, w) equals
¢1(x, w) a.s., where ¢S(x, w) 1is the solution of the ordinary differ-

ential equation

as, :
—_E = (txo(w) + ... + Bt(w)Xr)(‘bs),

regarding t and W as parameters. The fact can be proved directly,
applying Ito's formula [4] to (2.2). However, if X;, ..., X = are not
commuting, the formula (2.2) is not valid. We have to add several terms
to the right hand of (2.2). This will be done in Theoren 2.3.

Our basic assumption in this section is that the Lie algebra L =
L(Xo, X

19t Xr) generated by Xg, X;, ..., Xr is nilpotent of step

p, i.e.,

[...[Xil, Xiz] ...]Xim] =0

holds whenever 1, ..., i ¢{0, 1, ..., r} and m > p, The algebra
L is then a finite dimensional vector space, obviously. Then any
element of L is a complete (or proper) vector field (See Palais [6],
p.95). Under the same condition, Yamato [8] showed that the solution
Et of equation (2.1) is a functional of multiple Wiener integrals of
Bt of degrees less than or equal to p. We will obtain the functional

in a more explicit manner, making use of Campbell-Hausdorff formula.
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We begin with notations on multi-index., We shall divide a multi-
index I = (i,, ..., im) to shorter omes; I =1 .., Iq (q < m),
where each Ik consists of the same element Qj. Given positive integers
k1 <k, < ... < kQ = q, we define a divided index of I as

(2.3) AT = (I I

veey L) v, I) (1 )
A T T L L A e

(This time we do not assume relation (1.6)), If each Ik contains a
single element (or at most two), we say that AI is single (or double),
The equivalence of two indices AI and AI' is defined similarly as
in Section 1. Suppose now we are given an index I and a divided one
AI. AI is not equal to the natural division of I. But if there is
an index I' such that its natural division I' is equivalent to AI,

then we set CA =c for convention.

I I'

Let Bt = (B, ..., B:) be a standard r-dimensional Brownian

motion. We set Bg =t for convention. Given a single divided index

AI, we define the multiple Wiener integral BﬁI as

i i
i
2.4 BT =J J a8 ... ap"
A 1
where
(2.5) A={t, <...<t, <t, ,o., t, < .o. <t <t) t, <t
Ll 1 ’ ’ kl k2_1+1 ’ ki ki+l’

If AI is a double index, we define
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k
I
(2.6) Bﬁ1=f...fdntl N
A 1 2
where
ik
I ' B if 1, = {i} (single)
2.7) Btk={ t k= g
t if I = {ik, ik} (double)
Lemma 2.1. Let Et(x) be the solution of (2.1) with Eo = X.
Then it is represented as
(2.8) €. (x) = (exp W) (x),
where
AT T
.o r z z* ¢, B°VIX
(2.9) Wt = txo + ... + thr + J31<|J|§P AJ ATt
X = LR L X 1 1K1 (T = Gy ey 30)
i’ i, i

Here I* is the sum for all single and double divided indices of J.

AJ
Proof. For a fixed positive integer n and positive time t,
set 6) =B) - BJ and define
k Et ‘—1t
n n

v, = &%+ 6B!X + ... + 6B'X
no 11 lr

Yy =% +6B!X + ...+ 6B'X
n no nl nr
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Set
(n) -
(2.10) Et (x) = (exp Yn ce.exp Y))(x)
Then, clearly it is the value at 1 of the solution of equation

dg! r .
o= & +E jilanixi’)(s;) if  (

k-1
n

)t < s < kt
— " —n

There is a subsequence of Ein)(x) converging to Et(x) a,s.
We shall next apply Campbell-Hausdorff formula to the right hand

side of (2.10). It holds

il"'im
2.11 z c . Y
( ) I i) il...lm
preeesip
J Jo3peeed
D S G ¢, 4 6B, ... 6B KX "
jl""’jm (il,...,im) 17" m 1 m
k| J
= I ey I sl 68, "}’
Ji|J|=m AT TI:ImAT T2 m
Here I_ » 3y GBJm means the sum for all indices I such that
1 ED RVIN Sk TR | ) "

m
T is equivalent to AJ. The sum converges to BﬁJ if AJ is a single

or double index. If AJ is more than double (i.e,, AJ contains a
subindex Ik with more than two elements), then the sum converges to 0,
Therefore, (2,11) converges a.s., to

BAJ}XJ.

*
{2 cpsBe

J A

This proves that the sum of (2.11) form =1, 2, ... converges to Wt a.s.
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W
Then the exponential map converges a.s. to e t. The proof is complete.

We shall next calculate multiple Wiener integrals in (2.9) in cases

that |J| are 2 and 3. We introduce notations.
t . t. .
i 3 _ i3 J.o1
[, 81, JoBsst J BdB,

This indicates the stochastic area enclosed by the Brownian curve (B,

Bi), 0 <s <t and its chord. Similarly, we set

t t
i3, ok L i3, gk kool oj
(s>, 871, B7], I (B, B"1dB_ J BA[B", B
0 0
. . ij 1.1 _j
Lemma 2.2 (i) Coefficient of X in (2.9) equals E[B , B ]t

.. . . k
if i # j. (ii) Coefficient of Xle equals -l{[Bl, BJ], BT, if
18 t

i, j, k are different or 0= j =k #i. If 0< j =k # i, it equals

1 i .
36 tBt plus the above quantity.
Proof. The coefficient of XiJ equals
(€SN G)D] (i)
.y rs\B +c,..\B
‘@G CEN’e
], e[, sttt o,
0<s<u<t 0<u<s<t u

The coefficient of XJi is then equal to %{BJ, Bi]t. Since XiJ = —in,

joining these two terms, we see that coefficient of XiJ is %[Bi
We shall next consider coefficient of XiJk. If i, j, k are

, Bj]t.

different or if 0 = j = k # i, terms corresponding to double indices

are 0 and what we have is

M@

(1) (31 (13) () (13k)
(1) (5 ) B te * e agi®

(1) (i) Pt i) e (3105
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=1 asl apd a4k - L alaplas®
9 ti tj t.k 18 t,. tj k
< < 0 1
0 £y<t e, <t (‘,<ti<tj<t)n(0<tk<tj<t)
-1 ast apd ag* + .1 ast qpd agk
18 £ t]. t, 9 i t tj t
<
(0<tj<ti t)n(0<tj<tk<t) O<tk<tj<ti<t

1 i _j k i k i
1g ([[B", B°1, B7] + [[B°, B'], B7] }
jik
Similarly, the coefficient of X is
1 j i k i _k j
1g t[[B", B71, B7], + [[B7, B'], B°] }

Since XJlk = —XiJk

ijk

» we join these two and see that the coefficient of

X is

@.12) g5 C200st, 8h), B+ st 84, 8T, - 1t M, BT )

We have on the other hand Jacobi identity

(st 811, 849, + 10k, Y, Bl + rsd, M, Bh) -

Substitute the above to (2.12), then we see that the coefficient of

ijk J SG S P
X is g [[37, B°], B'],.
ijk

If i#3j=k# 0 the coefficient of X contains terms with

double indices. These are

t

t
i i 1 i
‘s + RPN B ==
c(iJJ)JO sdBS c(l)(JJ)JO Sds 36tBt
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which should be added to the quantity abtained above.
Summarizing these two lemmas, we establish the following theorem.
Theorem 2.3. Suppose that the Lie algebra generated by Xo’
ooy Xr is nilpotent of step p. Then the solution of equation (2.1)

with £° = x 1is represented as £t(x) = (exp Wt)(x), where

r . . .
(2.13) W _= IBX 23, B0y x,]
i=1 1< ’
. . . r T
vkt B, B, P e B
i<,k 1=0 j=1
+ z { z*cAJBﬁJ}xJ
J;3<|J|<p AT
Example (Yamato [8]) Consider the equation in R} where X0 =0,
_ 3 ) _ 9 9 _ 3
X = 5, + 2%, 3;; and X, = 5%, 2x, 3;: . Then [Xl, XZ] = -4 5;:
and [[Xl, X2]’ X1] = [[Xl, le’ Xz] = 0. Hence the corresponding Lie

algebra is nilpotent of step 2. The solution is then written as Et(x) =

exp Wt(x), where

1

- nl 2 1.1 2
W, = B,X +BIX, +3[B', B'] [X, X,]
10 2 0 1 2 1 g2 9
= 2 _+ A, - - 2
Bt Bxl Bt ox, + 2{BtXZ thl (8", B ]t Bxa
Therefore
+ B!
X, N
2
exp Wt(x) ={x, + Bt

1 _ R2y o 1 2
x, + z{th2 Bix, - [B", B ]t}

i
tBt[[Xi’Xj] s xj]
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where x = (xl, X, x3).

We shall mention that similar representation is valid for a more
general class of stochastic differential equation. Let us consider
a vector field vajued stochastic process. Let X(t, x, w) = X(t, w)
be a stochastic process such that for each t > 0, it is a Cm—vector
field for almost all w. We assume that it is continuous in t for
almost all w and Ft—adapted, where Ft’ t >0 1is a given family of
increasing o-fields. Suppose we are given r + 1 vector field valued

stochastic processes Xo’ Xis oeny Xr' We will call that {Xo’ X ey Xr}

1°?

is nilpotent of step p, if

[ ... [X,, Xi ] ...,]Xi ](tl, cees tmw) =0 a.s. p
1 2 . m

holds for amny i, ..., i €{0, 1, ..., r} and t,, ..., ¢t >0 if

1!
m > p.

r . . .
Let Bt = (B;, ey Bt) be a Ft—Brownlan motion. Consider the

stochastic differential equation

t r (t .
(2.14) g =x +(J X,(s, £, w)ds + I J X (s &, w)°dB)
0 j=1’y
Theorem 2.2. Suppose that for each i, Xi(t, w) 1is a complete

vector field for any t and a.s. w. Suppose further that the Lie
algebra generated by {Xo, Xis eees Xr} is finite dimensional and
nilpotent. Then the solution of (2.14) is represented as exp W(t),

where

t r [t ;
w(t, x) = J X, (s, x)ds + I J X, (s, x)°dB]
0 j=1'¢



295

J J
*
+ by z CAJJ xJ(§X, v §2)odB Y., odB Q,
J:1<|3|<p AJ A %1 s
where A is the set of (2.5), BS is defined by (2.7) and §k = s,

~n o _ . _ *
if |Jk| =1land § = (sk, Sk) if |Jk| = 2., The sum I 1is taken
for all single or double divided indices AJ of J.

The proof is similar to that of Lemma 2.1.

3. Representation of solutions (IL) . Solvable case

Let L = L(Xo’ Xy vees Xr) be the Lie algebra of vector fields

1
generated by Xg, Xis vees Xr' Define a chain of Lie algebras as

L, = [L, L], L, = [Ll’ Ll]’ ooy L= [L

n no1’ Ln—l]' Then LDL,DL,2...

and Li is an ideal in Li—l' The Lie algebra L 1is called solvable
if there exists p such that Lp = {0}. By the definition, nilpotent
Lie algebra is solvable.
Consider the stochastic differential equation
r .
(3.1) aE, = X (Ede + T X (€,)edB).

j=1

The purpose of this section is to show that the above equation is
decomposed to a chain of equations whose coefficients are nilpotent
vector fields if L is a finite dimensional solvable algebra. We
will then prove that the solution of (3.1) is expressed as a composition
of solutions of these equatioms.

The differential of smooth map is needed for our discussion. Let
® be a diffeomorphism of the manifold M. The differential &, is

an automorphism of the space of vector fields defined by

v

(3.2) 8,X(£) (x) = X(£20) (87 (x)), fec M,
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where Cm(M) is the space of all real Caqunctions on M.
Let {Yo, vees Yr} be a nilpotent subset of L. Consider the

stochastic differential equation

r
= J
(3.3) dct Yo(ct)dt + .E Yj(ct)odBt .
j=1
The solution Ct(x) starting at x 1is represented as (2.6), so that
Ct may be regarded as a diffeomorphism for each t > 0 and almost all

w. Set
-1
B4 zp= @G E - Y)Y, 30, L., T
These are vector field valued stochastic processes. Consider

r h
(3.5) dnt = Zo(nt)dt + I Zj(n_t)odBt
j=1
Proposition 3.1. Solutions of equations (3.1), (3.3) and (3.5)
are linked by the relation Et = Ct°nt.
Proof. Using a local coordinate, we shall write nt = (né s eeey

n:) etc. We put t as BZ for convention. Let f be a C?—function.

By Ito's formula we have

(3.6) f(g,on) - f(x) =L Ik a—f'(c (X))°dck(X)
t 't ko Bxk t t x=nt

t oy )
+ I J (fez_)(n_)edn
I 3)(2, t t t

Since dct =z Y?(ct)odBi, the first term of the right hand side equals
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t
J z Y (€, )3 e, e (x))dB]
0] x=nt

~ ™

t .
J
§ Jo ij(ctont)OdBt.

The second term is

g [* 5 Ao (o) (n,) odBd
P T A 2° t t t
L7403 2

t
z,(For) (g )odBJ

t

t .
- -] o _1 (-] o J
J (x Yj)(f C°C }fct nt) dBt
J (X = YPE@eon, )odBJ

Therefore we have

f(; °n, ) -£f(x) =L Jt Xjf(gtont)odBi
o
Since this holds for any Cw—function, we see that Ctont(x) is the
solution of (3.1) starting at x. The proof is complete.
Now we shall decompose vector fields Xo, ooy Xr into sums of
vector fields

(n)

(1)+. .+ X
r r

such that
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(1)

AL e d Y “ngh,.”,ﬁm=me%.“,ﬂm)
0 r

0 3

are all nilpotent Lie algebra. Such a decomposition exists always,

although it is not unique. For example, let us choose a basis of

L=L&X, ..., X) and denote it as Y , ..., Y . Then each X, is
0 r 1 n i
- B G) _
written as Xi = jglainj' Setting Xi = ainj, for example, we

have a decomposition mentioned above.

Let us now consider a chain of stochastic differential equations.

(.7)  dc = T xbedd, =1, ..., n

t j ot

j=0

2 _ r L=-1.-1 1 2 j

(3.8) g, = jzo(«it D+ e e (B XjedBy £=2,3, ...n
1 _ 1

where Et = Ct and

L_ L R -1, 8-1.-1 1,12 £y, 3
(3.9 dn, = jio(ct)* (€ e - - - By Xy - Xj} dBy»

2=2,3, ..., n

Since L(Q)

is nilpotent, the solution ct(x) is a diffeomorphism of
M for each t and a.s. w. Hence the differential (C%);l is well
defined. 1In order to show the analogous fact for E%(x) and ni(x),
we require

Lemma 3.2. Coefficients of equations on ni are nilpotent.

Proof. We will prove that coefficients of the equation are in
L,, since L, is nilpotent ([5], p. 51). We first consider the case
2 = 2. Since E;(x) = §;(x) = exp Wt where Wt is the vector field

valued stochastic process of (2.9), it is a diffeomorphism of M for
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-1
each t and a.s. w. Hence the differential (Eé)* is well defined.

-1
We shall show that (E;)* X§ - X; belongs to L1 a. s. P for each
j and &, following the argument of Ichihara-Kunita [3]. Let us choose

Yl, cees Yn as a basis of L, such that Yl, ooy Yk (k < n) 1is a basis
sW
of L,. Set Yk(s) = (e t)*Yk, the parameter t being fixed. Then it

is known that

dYk(s) sWt

e (e MW, 1]

Since [W_, Y

] in L., it is written as
t’ 'k 1

[wt’ Yk] =

[ nel=]

aki(t)Yi, aki(t) =0 if k<i<n.

i=1

Then the above equation derives a system of linear differential equations

G 2 pve), V() = [E, (), wens L], A (a (D)

The solution is then written as

o P
T(s) = ev(0) = £ = aPv(0)
p=0 P’

Note that aég) =0 if k < i < n, where (aég)) = AP. Then Y(s) - Y(0)

. . . L, . .
is a linear sum of Yl, ey Yk. Since Xj is written as a linear sum

W
2 2
t)*Xj - Xj also a linear sum of Y,, ..., Yk’ so
. “We t,-1 -1 8 R
that it is in L1' Since (e )i = (e 7), , we see that (e D, Xj - Xj

s
of Y, ..., Yn, (e

is in Llya.s. P forany t >0, 0<j<r, <2< n.
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Now noting that L

1 is an ideal in L, we can show similarly as

the above argument that (Cé);l maps L1 into itself. Therefore
(ci);l{(gé);lx§ - X?} isin L a.s. P forany t>0,0<j<r
and 1< % < n. We have thus shown that coefficients of equation on
ni are nilpotent.

The solution Ei has the decompotion Civné by Lemma 3.1. Hence
Ei is a diffeomorphism of M for each t and a.s. w. Thus equations
(3.8) and (3.9) are well defined for % = 3. We then see that coef-
figients of equation on nz are nilpotent as before. Repeating this
argument, it turns out that coefficients of equations on ni are nil-
potent for all £ =2, 3, ..., n. The proof is complete.

We can now show the following theorem.

Theorem 3.3. Suppose that the Lie algebra generated by Xys

Xis eees Xr is finite dimensional and solvable. Then the solution

of the equation (3.1) is represented as

= rlor2on2, ool
(3.10) g, =tlegZenZe . . . oglenl,

where Qi and n% are solutions of equations (3.7) and (3.9) with

nilpotent coefficients.

Proof. We have Et = 5;0 e °E: by Lemma 3.1. Furthermore
it holds Ei = Cion% for 2 =2, ..., n. Hence we get the represen-

tation (3.10).

If coefficients of equations on Et in (3.8) are already nilpotent,

=

. L .
it is not necessary to decompose it to gt and n., and we may obtain

a shorter decomposition of Et. This occurs if X,, j =0, ..., r are

e

L=1,-1

in the derived ideal Lx’ since (Et )* . (E;);lxﬁ are in L, for

any j =0, ..., r. We shall discuss two examples.
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Example 1. (Linear System) Consider

(3.11) dEt = AEtdt + CBt’

where A 1is a dXd-matrix and C 1is a dXr-matrix. Corresponding

vector fields are

9 9
X, =IC a,x,)=—, X, =ZXc,, =
0 1 1375 axi j i ij Bxi

It holds

(adX,)"X, = (-1)“); o), -32—1
The Lie algebra L generated by X, and Xj is the linear span of
X, and (aanO)Xj, n=20, 1, 2, ... The derived ideal L, = [L, L]
gs the linear span of (adXo)an, n=1, 2, ... Since latters are
commuting each other, it holds L2 = [Ll, L1] = {0}. Hence L is
solvable.

Consider two equations
1 _
dEt = Xodt
4E2 = I (£1)1'x,edn]
t e j ot

Then it holds g;(x) = etAx ‘and
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so that

2 _ ~tA
dEt = e C°dBt

t
The solution is Ei(x) =x + I e-SACdBS. Therefore we have

0
1. -2 tA t -sA
E =6k e (x4 J e " CdB).
0
This is a well known formula for the solution of the linear system.

Example 2. (Bilinear system) Consider the equation

T .
- j
(3.12)  dg = AEdt+ I A dB]

j=1
where Aj = ( éjz s 3 =0, «c., T are dxd-triangular matrices such that
aéj) =0 if k > Q. Corresponding vector fields are
2

X, =I(Z (J)
3 k( 23 SZ,)BX )

It holds [Xi, Xj] = - ﬁ(%,[Ai’ ]kk Q?SX , where [Ai’ Aj] = AiAJ -

ey Xr) is isomorphic to the matrix Lie algebra

Ain. Hence L(Xo’ X

LA, ..s, Ar)' The derived ideal L, of L(Ao’ vees Ar) consists of

0°

nilpotent matrices as is easily seen. Thus L(Ao, cees Ar)’ or equiva-
lently, L(Xo, ceey Xr) is a solvable Lie algebra.

We shall decompose matrices Aj to sums of diagonal matrices

(6]

1) KL ), where &

= (5 (J)) and nilpotent ones j = (@ -3,

122Ky kL

is Kronecker's delta. Consider
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. .
! = 1 D.Ei"dB‘l
j=0 7

where Bz = t. The solution is then written as

W

1 t L
(3.13) £ (x) =e x, W = I BD,
t t Lt ]
j=0
It holds (El)_lN = e_th ewt Consider
t'* g i
r -W W .
4% = T e 'N,e tgZoapd
£t o0 3 t Tt

W
Since e the s 3 0, ..., r are nilpotent matrices, the solution

A
is represented as Ei(x) =e tx, where

(3.14) v

It
[ lela]

t _y W .
J e sN.e Sogp?
0 J s

W, W. -W_ W .. .
b JJ [e SNie S, e YN,e “]o(dB;dBJ - aplaly + ...
i<j! /) 0<s<u<t J u s u

The solution of (3.12) is then written as,

W, V
Et(x) = e te tx.
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