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WEIGHTED NORM INEQUALITIES FOR MARTINGALES

M. Izumisawa and T. Sekiguchi

In this note we extend THEOREM 4 in M. IZumisawa and
N. Kazamaki [1], to the case when the weight is not continuous
as a martingale.

1. Theorem.

Let (Q, E, P) be a probability space with an inceasing

right continuous family (lgt)t>0 of sub-o-fields of F such
= . *
that E = tv/ E,. We use the same notations [X, Y], X and
>0
on as in P. A. Meyer [2]. Let Z be a uniformly integrable
martingale with E[Z_ ] =1 and Z_ >0 a. s. . We put P =
z,°P and
(1) M= - / 7 azoh
10,1 “s- s

A

Then M 1s a local martingale with respect to P as is shown

later.

THEOREM. Let X ©be any local martingale with respect to

P. Then we have the inequalities

(2) (1/2)11 - (2/2+1) Ml 5 IECLX, X121 ¢ BOx"]

o
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s /§(u+5nﬁHB(§))§[[X, Xli/2],

where E[ ] and | "B(g) denote the expectation and the

~

BMO-norm with respect to the probability measure P respectively.

By applying Garsia's lemma (see [2] V.24, p. 347) to the

above theorem, we obtain the following corollary.

COROLLARY. Let @ be a continuous increasing convex function
on [0, »[ with @(0) = 0 and satisfy the growth condition,
that is, there exists a constant A such that @(2t)'§ Ad(t)
for all t. Assume that "ﬁ"B(ﬁ) < (2/2 + 1)7%. Then for
any local martingale X with respect to P.

(3) cBLo(x")] < ELo[X, XIX/?)] < cElo(x™)].

Here, the choice of ¢ and C depends only on the growth

parameter A of ©.

2. Proof of the Theorem.

For a local martingale X with respect to P we define

() X=X - [10,.7 %5 aIX, 2]

A

Then X 1is a local martingale with respect to P (see [2]

VI. 22-26, p. 376). We put
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(5) w=fq,

~

Therefore M defined in (1) 1is a local martingale with respect

A

to P.

We proceed to prove the following relations:

(6) X =X - [x, M],

~

< [X, X]

(1) - a0, xt? 172 < (peudi

(8) (1/2)BLLX, X127 < E0x*7 < waE [rx, x1%/23,

and

B(py) X5 X
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B = /29081
(9) EL fjo,m]|d[x, Mlg1d s VZELLX, XI.7730MiG g, .

From (4)
M, = | -1 _ -1 -1,
M, 150,47 Z,_ Az f]o,t] zgodlz’2z, Z1gs
we have
- _ -1 c c -1
[x, Ml = f]o,t] Z,_ AKX, 27> - 0<z AX M2 /2 - 257 (82 /2 )AZ}
sgt
- - c c r -1 d d
[10,67 25 O<X7, 27>, + 110,47 %5 arx”, z-1g

= f -1
190,07 25~ A%, 2]y

and so we obtain the equality (6). According to the equalities
<X®> = <x®> (see [2] VI. 25, p. 378) and Aﬁt = B, - AxtAﬁt =
AXt(l—Aﬁt), we get easily the inequality (7). The inequality
(8) is nothing but Davis' inequality (see [2] V. 29, P. 349).
The last inequality (9) is of Feffermann's type.
The proof of [2] V. 9, p. 337 is still valid in our case where
X 1is a semi-martingale with respect to ﬁ,

Now i1t follows from the above equation and inequalities
(6) - (9) that

AP ~oon U
E[X ] = E[(X + [X, M]) ]

v

E(X'] - E[f§lalx, M| ]
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(1/2)EL0%, 11221 - /2Nl 5 ELLx, X112

v

v

~d n D 1/2 - ~ 4 1/2
(1/2)(1-Im IlB(P))E[[X, X171 - /EIIMI!B(P)E[[X, X171

(1/2)11 - (2/3+1) Il 3 IEL0X, X12/2]

and

E[X'] = E[(X + [X, M1)"]

A

A ~Ag ~ o A
ELX ] + EL[, | alx, M1 | ]

WEELLR, X121 + v2Wg 5 ErTx, 1122

A

A

~d ~ \h 1/2 i ~ & 1/2
by2(1 + Im "B(P))E[[X’ X171 + /?HMHB(P)E[[X, X171

~ o 1/2
V2(4 + 5HMHB(P))E[[X, X171
Finally we remark that, even though M 1is not continuous,
for each continuous local martingale X with respect to P the
constants of the inequalities (2) (1/2){1 - (2/§+1)"M"B(§)}

and V2(4 + slMml can be replaced by (1/2)(1 - 2/2IMl

B(P)’ B(P))
and v2(4 + "M"B(E)) respectively, which are the same constants

as in M. Izumisawa and N. Kazamaki [1].
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