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ON THE INTEGRABILITY OF BANACH SPACE VALUED WALSH POLYNOMIALS

Christer Borell

Department of Mathematics, Chalmers University of Technology,

Fack, 402 20 Gothenburg, Sweden

1. Introduction

In )_2] the author claims that the integrability of Banach space valued Wiener

polynomials follows from the Nelson hypercontractivity theorem ~5~. Here, using a

similar idea, we will study the integrability of Banach space valued Walsh poly-

nomials. Our conclusion extends the familiar result of Khintchine-Kahane-Kwapien

for the linear case [4].
To start with we introduce several definitions.

We let 5 denote the Dirac measure at the point a E IR and set

~, = (8-1 + 8+1 )~2 .
The functions e0(x) = 1 , e1 (x) = x , x E form an orthonormal basis for

We introduce the infinite product measure

(I~i = u)
on JR N and define

e (x) = n e (xi ) ~ x = (x 
for every a = (ai) EM, where

M = {a E {0,1 }~ ; ~a~ = E a.  +oo} .

Clearly, the ea constitute an orthonormal basis for L2(~,~;1R) .
Suppose now that E = is a fixed Banach space. The vector space of all

functions

c : M 2014> E

such that

~ {a ; 0)  + o0

is denoted by ,~(E) . For every fixed positive integer d , we define
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~(E ) , 0, ~ a ~ ~ d }

and

Wd(E) = closure of Wd(E) in ,E) ,

respectively. The elements of Wd(E) are called E-valued d-homogeneous Walsh poly-

nomials.

Theorem_1~1. The vector space W (E) is a closed subs pace of for every

p E f 0, + oo L ’ Moreover, for every fixed 1  p  q ’+oo , the norm of the cano-

nical injection of (Wd(E),~.~p, ~) into (Wd(E),~.~q,u~ ) does not exceed

(1.1) d [(q-1)/(p-1)]d/2.
In particular, E L jJR) > f or all f E Wd (E) .

In the special case d = 1, Theorem 1.1 I essentially reduces to the Khintchine-

Kahane-Kwapien result ).4j . However, in the Banach space valued case the constant in

(1.1) 1 is slightly better than in [4].

2. Proof of Theorem 1.1. .

Let 1  p  q  + 00 be fixed and choose the real number X so that

~~ I  l.(p - 1 )~(q - 1 )~ 1/2 .
Theorem 1.1 turns out to be a simple consequence of the elementary inequality

~ 

which is well-known ([3, Th. 3], ~1, pp. 180~ ) . To see this, we define

K(x,y) = eO(x)eO(y) + (x)e1 (y) , x, Y E ~ ~ .

and

K f = K(,y)f(y)dy, f ~ R,

respectively. Then

, f e 

and by applying the Segal lemma [l, Lemma 2] we also have

q, 
n _  

P, 
n ,f E n E IN+ ’ ,

q~ ~ I~ 
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that is

(2 .1 ) ~~ E ~, I a c a e a ~I E c a e a 

for every c E ,~(IR) . Since K > 0 a.s. the inequality (2.1 ) remains true

for every c E ,~(E) . . In particular,

~(q - 1 )~ (p - 1 )~ ~ fEW d (E) .

Letting p denote the topology of the metric space (Wd(E), ~ ~p, ~ ) we now have

that p = q for all p, q E L0, + ~[ and The orem 1 .1 follows at once.

3. An unsolved problem

Assume 03C6: E -> l0,+ ~] is a Borel measurable seminorm, which may take on

the value + oo. Let fEW d (E) and suppose

~(f)  + oo a.s. .

Does it follow that

)2Id~ E L 1 (N~ 00 T > ?

At present, we do not know the answer to this question for any d E ~+ . Note,

however, that the corresponding question has an affirmative answer for Banach space

valued Wiener polynomials if f is replaced by Ef and E > 0 is sufficiently

small ~2~ .
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