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Université de Strasbourg
Séminaire de Probabilités 1976/77
ON CHANGING TIME

by R. Cairoli and J.B. Walsh

Meyer's section theorem, Skorohod's embedding theorem,
and a number of time-change theorems are all aspects of a funda-
mental principle underlying general theory of processes, to wit :
there is & stopping time which will do almost anything one wants

it to do*).

The corresponding principle for multiparameter processes
operates only at a much-reduced level. It is not that there is
any lack of stopping times. To the contrary, there is a great,
even confusing, number of analogous objects. It is just that, by
and large, they are of limited usefulness. We propose to illus-

trate one of these limits in this note.

In two-dimensional time, ene analogue (there are others)
of Brownian motion is the Brownian sheet (Ws t,(s,t)e RE}, which
3
is characterized by the fact that it is a zero-mean Gaussian pro-

cess with covariance function y(s,tj;u,v) = (sAu)(tAv).
Question : can a given two-parameter martingale be time-
changed into a Brownian sheet ?

The answer to this in the one-parameter case, given

by the Dubins-Schwarz theorem, is "yes", and the time-change can

*) Thus, while one can't find a stopping time which will boil an

egg, he can find one which will keep the egg from being hard boiled.
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be constructed as follows. Let {Mt,te]R+} be a continuous martin-
gale with unbounded paths and let <M>t be the continuous increas-
ing process, with <M>o = o, for which Mi - <M>t is a martingale.
If Tt = 1nf{s:<M>s>t} is the inverse of <M>t’ then {MTt,t€]R+}

is a Brownian motion.

Notice that the time-change depends only on the increas-
ing process. Thus, to make our question more specific, we ask
if a given two-parameter martingale can be transformed into a
Brownian sheet via a time-change which depends only on the in~

creasing process <M>s (See [1] for a discussion of the increas-

£
3
ing process associated with a two-parameter martingale.)

We will see that the answer to this question is "no", even

if we restrict ourselves to strong martingales [1].

Let {WS t,(s,t)elﬁi} be a Brownian sheet, let
3

1 if st <1,

¢(Sst) =
2 if st > 1,
and define
st
(1) Ms,t = JJ¢(u,v)qu,v.
oo

M is a strong martingale with increasing process
st
2
2) <M> = ( ¢~ (u,v)dudv.
s,t J
00

This process is deterministic, so that any time-change depending



351

only on it must be deterministic, i.e. of the form (s,t)»I(s,t),
where I' is a fixed mapping of Rf onto itself. Thus, the problem
reduces to the simpler, but still not quite trivial, one of find-
ing a mapping I of the positive quadrant onto itself such that

2. . .
{Mp(s’t),(S,t)€]R+} is a Brownian sheet.

Some notation : S will denote the open quadrant
{(s,t):s>0,t>0}, Hc and Sc the sets {(s,t)€S: st = c} and
{(s,t)€S: st < c} respectively (c > o). We say (s,t) < (u,v)
if s < u and t < v. When we write zAz' and zvz' for elements‘
of Rf, we mean the inf and sup respectively relative to the
partial order "<". Since all the processes we consider vanish
on the axes, we need only consider mappings on the open set S.

A mapping T of S onto itself is order-preserving if, for z,z'€S,

z < z' if and only if r(z) < r(z'). An order-preserving map is

necessarily one-to-one.

If we speak about a martingale without indicating the
o -fields, it is understood that the natural o-fields are inten-
ded.«3% will always refer to the o-fields generated by W, suita-
bly completed. These fields satisfy the conditional independence

hypothesis (F4) of [1]:

(F4) For each (s,t)e]Rf, the fields J%,w and &, ¢
3

are conditionally independent given 35 .y
3

Lemma 1. Let T and I'' be order-preserving mappings

of S onto itself. If r(z) = I''(z) for each z in some Hc’ then
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Proof. If z€S, there are unique zy52 eHc such that ei-

2

ther z = 21VZ2 or z = ZlAZ2° If, for instance, z = zfvzz, then
r(z) = F(zle2) = F(Zl)VT(ZE), since T preserves order. But this

1 1 = Al = '
equals T (zl)vr (z2) r (21VZ2) r'(z).

Lemma 2. Let {XZ,SZ,ZES} be a martingale whose o-fields

gz satisfy (F4), and such that P{XZ = XZ,} <41 if z # z'. Then

(3) E{XZ,IXZ} = X, if and only if z < z'.

Proof. Note that

(%) E{xz,|xz} = E{E{xz,lgz}{xz} = E{X z,|xz},

ZA

where we have used (FU) to get the second equality. Suppose

E{XZ,IXZ} = X, . Then

(5) X = E{X

z ZAz'IXz}'

On the other hand, zAz' £ z and X is a martingale, so

(6) X = E{X_|X

By p.314 of [2]1, (5) and (6) together imply that X, = X, 1
If follows that z = zAz', so that z < z'. This establishes (3)

in one direction. The other direction is clear, so we are done.

Lemma 3. Let {Xz,dé,zeS} be a martingale with the pro-
perty that P{XZ = Xz,} <1 if z # z'. Let T be a mapping of S
onto itself and set Yz = Xr(z)' If {Yz,zes} is a martingale

with the same property and whose natural o-fields satisfy (Fi4),
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then I' is order-preserving.

Proof. We apply Lemma 2 to both X and Y
E{Yz,lYZ} =Y if and only if z <z',

and

E{X = X if and only if r(z) < r(z').

riz) ¥r(z)t = ¥rz)

It follows that

z < z' if and only if I'(z) < TI(z').

Remarks. 1) The mapping T(s,t) = (st,t) is not order-

preserving, even though {W ),zeS} is a martingale. Its natural

r(z
o-fields do not satisfy (F4), however.

2) Lemmas 1-3 have been stated for the parameter set
S for simplicity. They hold, with no change in proof, if the pa-

rameter set is some Sc.

Lemma 4. Let S_ = S and let(Gc(o < ¢c < =) be the group
of all mappings T of SC onto itself which have the property that
{wr(z),zesc} is a Brownian sheet. Then(G-c is generated by the

mappings

ry, : rx(s,t) = (As,%) (A > 0) and r, r+(s,t) = (t,s)

on Sc’ and, consequently, each of its elements can be uniquely

extended to an element of‘Gw.

Proof. Let @G be the group generated by the mappings
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PA and F+ on Sc' W is a Gaussian process with covariance function
Y(s,t3u,v) = (sau)(tAv). A mapping T is in(Gc if and only if it
leaves y invariant on Sc. I‘)‘ and r, do this, so G C (Gc. We must
show that G-cc G, If I'G(E‘rc, I preserves order (Lemma 3, remark 2)
and is determined by its action on any one of the Hc,(c'ic,c'<w)

(Lemma 1). Furthermore, F(Hc.) = H ,, since, if I'(s,t) = (s',t'),

cl
st = y(s,t3s,t) = y(s',t'3s%t') = s't'.

Suppose for simplicity that Iﬁ C Sc. Let o < a < b, so that

(a,é) and (b,%) are distinet points of H1. Let their images be
(ah;%) and (b',%T) respectively. Since y is invariant under r,

1

(7) (ard) (3A3) = (anb') (LA,

There are two cases, according to whether a' < b' or b' < a'.

1
Case 1 : a' < b'. In this case, (7) says that % = %T: so that,

ir =&, r(a,d) = r.(a,}) and r(v,d) = r,(b,1). It is not hard
i = 5 T(a,3) = ry(a,2) an b5) = T, is not har

to verify that if z is a third point of H r(z) = rl(z), S0

1’
that T = r,on Hl’ and hence, since T is determined by its ac-

tion on Hl’ on all of Sc.

1
Case 2 : b' < a'., Then (7) implies that % z 27, so that, if

1 1 1 1 1

- 1 Kt = 1= =) = -— -) = -
A = aa', b' = Ab. Thus r(a,a) FAF+(a’a) and F(b,b) FAF+(b’b)‘
It then follows as in case 1 that I = FAF+ on Sc’ and hence that

Te@.

We can now come to the point. Lemmas 1, 3 and 4 show

us that we have very few deterministic time-changes at our disposal,
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so the following proposition comes as no surprise.

Proposition. The martingale M defined in (1) can not
be transformed into a Brownian sheet by any time-change depend-

ing only on <M>,.

Proof. As remarked before, <M> is deterministic, so
that we need only consider deterministic time-changes. Thus,
suppose there exists a mapping I' of S onto itself which trans-
forms M into a Brownian sheet. Now M is already a Brownian
sheet on S,,for ¢ = 1 there. Thus, by Lemma 4, there is a AGG{N
for which A = T on Sl' Notice that A-lr must also transform M
into a Brownian sheet. Clearly P{MZ = MZ,} <1 if z # z', so that,

1

by Lemma 3, A"1r is order-preserving. But A T = I, the identity,

on S,. By Lemma 1, A"1r = 1, and we are forced to conclude that
M itself is already a Brownian sheet. This is a contradiction,

and we are done.
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