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INTERVAL PARTITIONS AND PAIR INTERACTIONS

Wilhelm von Waldenfels

Introduction.

The paper has two different objects, only the second one appears in the title.
§ 1, 2, 3 treat the algebraic aspect of cluster expansions. A cluster expansion is
related to a hierarchy of functions, i.e., a sequence jo , f,, (X,\), ;1 (x,>xl )) .

These functions may be connected in different ways. The most known example is

j('n (’("r-- s Xm ) = ‘}& (X“>'”> x&) §m-c, (xk+4>“' » Xm )

if  dist ( {XA,---, X-k-g , {Xk«»m" o X § ) is large. Then new functions f[’%w) X

which are polynomials in the old ones may be formed, with the property f[)(,‘)...) )(,“]=0’
if {X4, SRS X,,,} may be divided into two subsets whose distance is large. This

kind of. condition determines JC EXA)..,) Xm ] in a unique way. This fact is of

order theoretic character and is explained in § 1. In § 2 three different orderings are
presented which are related to three different kinds of hierarchies in § 3.

In § 4 the results of the preceding sections are applied to the problem of cluster
expansion of pair interaction. We deal with a variant of Ursell-Maier's treatment of
pair interaction in statistical mechanics. The essential difference is that interval
partition instead of general partitions and linear graphs instead of general graphs
come in. The result is somewhat weaker than the results in statistical mechanics. I

have to assume that the function (exp 4 Clb“-) -1 l is exponentially bounded.

§ 1. General algebraic considerations

We assume that P 1is a partially ordered set with the property that for any
given Xé& p there exist only finitely many /y with /gsx . Call A the lower
triangel of ?XP i.e., the set {(’lj} X): ’(3’ X e P)’lg < X } . A convolution can
be defined for real functions on A by

P x Y (4,x) = Z @(«3,%)%(%0.

43424a<

The algebra of all real functions on A with convolution as product is called the
incidence algebra of ©P. Distinguished elements are the unity cg(/g’ ,() (Kronecker'scg)
and the S’ ~function f(‘\a) J(\) = A and its inverse the Moebius function/u_ . The
existence of fA  can be easily proved by using induction and one of the defining

relations
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A (g e) = d(y,x)

'lj(ié)(

R M(Hx) = 8y, 0).

<2< X

Hence /,(_()() X) = 4 and /u('\a,)() = _n&;zéx/‘(%’x)for%<x'

If « is a function P—» V where "V is some real vector space, then the

elements (@ of the incidence algebra may be applied to ¢ by the formula

o ¥ @ (X)

]

D ol
iz x 4) Py, x)

Buowl d = )

So

and hence
x= ¥ m
) = 2= Bloy) palm,x)
<x

or

Define the vector space V(P)of all formal real linear combinations of elements

of P . For any X € P define in an inductive way the elements D(_—, (=% V(P) by
x =2 [4]
£X

Hence [7(] = X if X 1is minimal and EX]—.—. X"Z E'g] if X 1is not minimal.

'X<X

The considerations above show that
[ = L Mg
L My
This is another way of defining/u .
Assume now that two elements X,y in P have a lowest upper bound XAY
and extend this operation to V(P).

Theorem 1: The element I:)(j c V(’P) satisfies the relation

[X]A’(j= {Exj Mo Xayg =X

(o] if X A ‘3 + X
and this relation determines [X] up to a factor.

Proof: Consider the subset Px = {%G P 2 < )(} . By the function 2 1-9-2,\%
the set B is mapped onto Q= {’u_eR : fl,(/\/% = N }

Hence EX],\'\j = Z: /,((z)x) (2-_,\44_)

2&LX

- L [ 2 /A(%)X)]’u.

“ue@ {e:%éx,%,\«égu}
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If WX equals XA 'g the maximal element of Q then {-2;.' TEX, 2A 4& = XAfg }-
= {%: XAlé <2 <€ X } and the coefficient of X a vanishes if X Ac\é + X
Assume now that the coefficient of V€& &, VY U vanishes. Then the sum of U (2)x)
over the set {%: 2<X, %’\"j =N } equals the sum over the set {% '-%éxl
i/\'lj 7 u® } = {zrmez g x } and this sum vanishes by the definition
of/u_ . So [X]/\'Lé = O if XA'\é % X. This part of the proof is nothing else than
a special case of |1|, theorem 2,

If X A = X then for # < X one has %/\A}—_—(%AX)A\):Zand hence
Ix1ay = [:%

We have still to prove the uniqueness. The relation [x] AX= [X] shows that
[X] is a linear combination of elements 2 £ X , hence [X j = % « (2) X .

TEX
If /(3 <X then the coefficient of y in [X] A g is equal to Z 0((-?.)=O
<2< x '
Hence o (%) =/A (E)X) ot (X)  yhere of (X) may be chosen arbitrarily.

§ 2. Applications to three different partially ordered sets

First example: Subsets. Consider the partially ordered set of all finite subsets

1S-5'|

of N . It is well-known (cf. |1|) that the Mébius function /u(sjs)= 1)
for SICS.

So [(#1 - @&

L1421 = (2) - ()= (2) + (&)
and generally

[S-s'| I
- (=4) S
[S] sz';—.s

It is easily checked that

[SIAS'= ©O

it Sn S‘ + ¢ ., This establishes by § 1, theorem 1 again a proof for the values
of the Mobius function.

Second example: Partitions. The partially ordered set consists of all finite

subsets S c N and of all their partitions T = {54)---) Sk} = 5; Sk
for short. Two partitions T = 54"'5& N m '= 54 Sel are in the relation
T'e T if SAV-.. %) S&': S,'IU - U Sé and if every set 5), 9/: 4%
is a union of sets SL/
We introduce a product in V(P) by the definition
] 1 o "f (SA"""’ Sk)"( 4'\1-~V;I)
TeS S, =58 —> ' = + &

) ! .
54... Sks Se otherwise.

1
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With this product the set of all final linear combinations of elements of P gets

an associative and commutative algebra called A(P).

I. |
If T = S,‘-- . S‘k, then the partially ordered set {F M <7 } is the
product of the partially ordered sets {T/J' : TIJ' < Sﬂ } for /J’: 4) RS “?E

By proposition 5, p. 345 of |1| one gets immediately

[_'54... Se] = [S,J - C[S¢«].
and by proposition 3, p. 359 of |1]
[s]=S- X S, S, +2! % S s ¢
S5, <8 S, S, 5 ¢s 0
310 S5S. % 4

SAaS: 8 Sy s
The last equation can be easily derived by some algebraic considerations. If

JL is an associative algebra and JC and g, are functions of the set of all
finite subsets S c N intod‘— , then a convolution can be defined by

{*3 (s)= 2_ -F(S,‘)%(Sz)
5,+S,=S
where 51 + SL means disjoint union. The identity with respect to convolution is

4 g S=¢
. &, (S)=
Sp © % o wses
Take now for J" the algebra A (P) and define
{ S v SEF
and [Sj ‘FN S " ¢
'Y : ’J’(S) o 'F‘N S = ¢
Then by definition of [T ] one has

S= 2 [m]

w< S
74 54“-8{‘&5
=2 3= [, [Sg]

So He4 Syt Sk= S ) %*¢
é\a + = —e)(ro*g/

I

¢+ (S)

and
¥= Ay, (Jgre) = cm Temen

(S 4% 21

wl»
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Taking on both sides the values on the set S , one gets [ SJ and hence/u.}

(S Sk S) = G )l g S5, <5

Third example: Interval partitions. Here ? is the set of all finite intervals

IC N and all partitions [T of intervals into subintervals. If I= {'&,"u-l)..,(_}

then a partition T = .L,‘~ . _L'h\ has the elements I) - i'ﬁ y ) "% .—4}with
J-1 J

ko= < k< - < Ry < Rp = 44,

Remark that the order of the IJ' in JI is fixed by the order of N. 1r

=1 / / T 1 /

] =I1'~‘ IL then T < 7r’ if I,‘U---U _I_-"\: I,lv-wv IJ. and any

subinterval ‘l‘j) ").= 4,---, m is & union of subintervals of T’ . We define the

algebra A ('P) of formal linear combinations of elements of P by the product

/ /
, I, I, I,,"'IL
I =1
T= I1"'I-m,“"' I1 Iz = T = Jir I.,/follows directly to L
o otherwise.

With this definition A (P) gets an associative non-commutative algebra.

As in the second example
LI, T ) = [I41 - [Tan]

and one has

(11 = I- 2 I1Iz.+ Z Ial-tIJ —Z I1I7.LL,

I, I, <1 I.I.I; < T T
—1I1.LI\ €I +- -
For the ordered set of interval partitions of {4, 2, B M } is isomorphic to
the ordered set of subsets of {,4, 7—) Ty M~ 4 } with respect to inclusion.

We prove again this last formula by algebraic methods which show the connection
between interval partitions and the inverse function.

If I,,) ey IM are finite intervals one following the other we write
T,o-i o T = I.‘O I,_o .- °Ih' The empty interval ¢ has the property
I° ¢ = ¢° I <= T . Define a convolution on the set of all functions of the
finite subintervals of N to an associative algebra ¢4' by

fxgq (I) = 2 f(Ta) g (1,
_T_,‘O 2 = I

Take for J(' the algebra A'(P) and consider

L (D =T, I+¢; ((f)=o
y ¢ oy (1) [I7, L+ ¢, y(P)=0

Then by the definition of |1

(]

[]
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. L L 2] T13

‘k7/4 Lo- °Ik=I‘l IJ*”
Hence
Sg+c¢ = 8¢+ 0 + yey +yryry o
¥ (-4)
(g )XY L %
and C‘b—a’
rX.: ¢ = (- CHC + (¥ Cxe( -

J¢+L

This yields immediately the expression for [1]

§ 3. Hierarchies

We are going to apply the results of § 1 and § 2 to three examples of hierarchies
correspondeing to the three examples of § 2. A hierarchy of functions is given by two
sets X and Y (where Y carries usually an algebraic structure, say Y: P

or Y is a real associative algebra) and a sequence of functions

fo = const & \/
o X"y

Assume furthermore a sequence of variables X, )(z) taking values in X and
define Ff (¢) = _7[0 and for a finite subsequence ((,, ..., ¢y ) the function

F (Cay-s u) by {: (tayoos ) X) = 'F“'\(XCA, . XC«) where X = (X, x,,... )

. . . N :
So DC(“'U‘ y Ym ) is a function on X depending only on X,:”_.> X
and § appears as an application of the set of finite subsequences of N into the
N

set of all functions X - Y . Between the elements jL'h of a hierarchy diffe-
rent relations may hold.
First example: Assume the functions :f:y, to be symmetric and to have the property:
there exists KKc X such that jc.,,\ (X.‘,...) K ) = JCM-.;\ ()(”._) Kn_, ) if
Xn& K. 1t S= {¢,.., mI< N isa tinite set define

-F(S) = 'F<'4)~>‘“h).
Assume that P is the partially ordered set of all finite subsets of N .

N
Then J can be considered as a function of P to the set of all functions X —)Y,

Assume \/ to be a real vector space and extend JC in a linear way to V((P.)
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Then
|S-s'l
frs1 =2 0 £(s"
s'es
has the property

fLSIx) =0
if there exists L € S such that x; & K. canl T = {deS xce K 3.
Then for any S'e S one has .F(Sl)()() - -F (ST )(X) and thus

£0SN ) = £(0SIAT)(x)

As S/\T-:‘: S one has by theorem 1 of § 1 that [S] NT = 0 and so
fLSI=o

These developments may explain why the functions -F ESJ play such an important
role in the Taylor expression of a Poisson measure |5|. There one was looking for
functions with the related property fm (Xiy.y Xm ) = Famon (Xayory Xusy )
if X4 — 0o , So the functions .F E S] have the greatest chance of all linear
combinations of f to be integrable as -F ES] ()() - 0 if one of the xc, (e S
goes to infinity.

Second example. We are commenting the algebraic method of deriving cluster ex-
pansions in statistical mechanics as stated in Ruelle's book |2|. Assume again the
functions JC,h to be symmetric. So _—f can be considered as a function of finite
subsets in IN . Assume that Y.——- 'R that X is a metric space and that there
exists a constant © 2 © such that

FOSY) = £(S00 £(5,) (x)

if {34 , Sz} =3 5 is a partition of S  such that dist (x4 A )>p
with X = {xczéeS}_ *
Let P be the set of all finite subsets S< N and all their partitions

T= Sd Sk . Extend -\C from all finite subsets of N to A (’P) as an

algebra homomorphism by
£ = £ L08)

Then

FISY = [ - AL 2 £(S)45)

$,S, €

v 2l 2 L) £05) -+

Si5:§5,<s
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has the property

£SO =

if there exists a partition T = s,, Sl of § such that dist (X$1 R XS,.) >P.
The proof is based again on the theorem 1 of § 1.

Assume a real symmetric function ¢) : X" X i (R and define
{(F)= 4
-fm()(.‘,..‘)(,h] = Lxp - /3 Z E_T_:(x\.) x))

4‘|<J<'Y\

The famous theorem of Ursell and Maier |2| states

fiy.,mleo = Z T [(exlo— B &, x)) - 4]
(hy)ey
where the sum runs over all connected graphs ’X with vertices 1, 2, ..., N,
So -F [:4,2,.. 5 M) (x) venishes if § (x,«a) vanishes for dist ( x, Y) >§>

and if 14,2, .., m Y can be split into two subsets S, S, such that

)
dist (XS,, N )(:z) > f) , The condition for § can be weakened in various ways,
§(x\‘3)“’ o if dist (K\*a) - 00 or X Plx \a) is integrable, etc.

Third exemple. This example is quite similar to the preceding one, the main
difference is that X= TR and that the linear ordering of R is heavily
utilized. The use of interval partitions has been used in the theory of pressure
broadening of spectral lines |3|, |4].

Denote the variables {4, £z, .+ . instead of X,, X‘) .. and assume that Y

is an associative real algebra and that the JC," are symmetric and that
:;q‘ ({.4)"~ t-y‘) = -(-k ({1)..){“) f‘h"k ({"(-C-A)") 'E,‘)

if {«4 < t, € < -E,,h and 'E.k_M - tk T where T 1is a constant 70,

Let P be the set of all finite intervals in N and all their interval par-
titions T = Ia I’m Extend JC from all finite subintervals to an algebra
homomorphism A(P) —» Y by

£ = f(Ly- § (L)
- {D-2 {Ef@G+ I
fO- ¢ TeL-I adl IZL I- WUL)ML)‘C(L)

and {-‘ [I] has as in the preceding two examples the property - ‘J“ Tt
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f[ID =0

if there exists a partition I = I.1 o I;_ such that “['_4 <. <L (:‘h j {h+4— ék >7T
where & is the last element of I,‘ and %-\-/1 the first element of IL
Assume now that Y = @

((B) = 1

DE4 (£4) = 4
S (b b)) = axp € 2 Pl
1<) <& <uw
where %(‘ﬁ) = ?(é) Then a theorem similar to the theorem of Ursell and Maier

of the preceding example holds.

Theorem. One has

Uy ] (£) = ) Pkt ) -
! YEAS (yym) gﬂ;w [u}oti)(% t) -]

c

where /\ is the set of all linearly cgnnect,:hed graphs with vertices A)..) m,
2. w0
) 2

We say that a graph with vertices‘iinearly connected if there does not exist
a partition L,0 L = (4.5 m ) into intervals I,‘ , IL such that I1

and IL are not connected by ')o or, in other words, if there does not exist a ‘%}
4 <& ‘k <M such that any interval EI,J] ) ")‘)' & é/ is contained either in
(4, %7 or 1 (o]

Proof. The proof is quite similar to that of Ursell and Maier's theorem. Write

L dpyon ta) = F0m) () = f(DW)
= Tl— [}1+(CKPC§(€J—tk)—-4)]

1€y<k €W

I (exyu“i)(‘j—fg)—'i) - ) ’y__f(a,)
5 )

y hRey

where the sum runs over all graphs with vertices 4, Z) M (. €.over all sets of
pairs (3, k) ) J< *.

_ If 9' decoxﬂ)oses into its linear components 74) 77-) N 'Xm then
'l_l[(’X): ,(EWOH'YKXM].TO the decomposition of ’3’ corresponds a decomposition

of I into L'4 o --. o I,”, and ,Xb is a linearly connected graph on IJ
for ’J = 4)‘ oy M, On the other hand every graph on I can be obtained by
choosing a partition I-= Lv o Im,‘ and then by choosing a linearly con-

nected graph ’XJ on I) for every 0'-: 4,.-5 M . Thus
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m
f(D= 2 I g1
IoooTae I =t
(I) = L V).
& ) ye AS (1) )
As this system of equations determines the % (I) in a recursive way by the (I)
and as this system is formally the same as that combining I and [I) one gets -{[I]—_-j(_[

with

§ 4. An analytical problem related with interval partitions

Throughout this section we assume a hierarchy (f‘n ) of complex-

M=0y1,2, -
valued symmetric Borel functios on ’R bounded in modulus by 1 and JLo =4
We assume translational invariance, i.e., gcm (‘(:14- &).., {M-(- &) is independent
of f, so -{‘4 (£) = comst = #1,Define

T

o

_CT es m
Wy FM=¢" () & o [ ey ) ity ol )
M=A .

This formula has a probabilistic interpretation. If Ty ooy T are the jumping

points of a Poisson process on 7R+ with parameter ¢ in the interval [o,TJ

then
:F(T) = E-FN (‘L’1,...)TN)'

We are interested in the Laplace transform of F (T°)
A oo
- T
@ Flpy = L e F FMadT

for %P?O. "
A simple case is clearly JCM (‘(.1,..) 4y ) = ﬁl . Then _‘T"_'(T):: IXP C(f,‘—ff)T

and A

dar Tl ——
p-c< (54’4)

As is symmetric

g 1o 2
(15 )
° ot <. 2 4, €T
One introduces the new variables Mo, -+, M, by

3 t,=Mu

A o

‘l‘_l—:./uo—i- M,‘

=Ugt Uy b oo b My,



575

and obtains

A l oo m °°
@ Flp)= — [4+ ) ¢ J;-{dmo--.owm-‘

+'P "=

Y

- (C+}o ) (Up+ f Uay )
4“'\ (M°)M9+M4;4“’+" + e, ).

We generalize and introduce a complex Borel measure 9 on 7‘2,,_ with IP{ (R+) <A1 .

Define the formal power series in the indeterminate 2 by

) <o, fy = f(g) 4+ 5 ™ S“‘S?(D(“o)-~-?(0(4&~\_1)

M=A
JM ('uo) G, ¢ MA)-..) 'uo""" + luM__4 ) .

As the 3( are bounded by 1 this power series converges for |-?:‘ < (IPI (1?,_)) 1,
hence in a neighborhood of the closed circle l'blé 4. Using the translational in-
variance of JC,-,, and remembering the convolution defined in § 2, third example, one

<pdxg3 7 = <9 §7<e,9>

if § is a hierarchy similar to F.

Remind the definition of the A(’P)- valued functions ¢( and 31 of § 2, third
example, As f (¢ (I)) = £ (I) ana Fy(I) = f[l'.] for L =+ ¢f one gets
setting 3 (I) = \)r' [13 for I#f ¢) g (¢) = O the equation

*(~1)
(1) F - (d-9)
As -F > < ?J :_F 7 is a homomorphism with respect to convolution

® LpfFy= _

1-4<P 8>

If (p)3> (2) converges for 2 = 4 then
/1

1-<p, g,> (2)

for |&l< A and 2 = A For the equation <P)f> (4—<pbg>)-.—_-'(holds for
121 <A and ¢ = A4 by Abel's lemma.

9 <o, {y(@@) =

We apply this formalism to equation (4) and put

~let plu

(10) elp,du) = < e o

So

A
(108) Flp) = E;%P <o, £5 1)



576

men |P[(R,) = ¢/c+ Ryp) < 4.

Now using translational invariance

' <
(11) S gg (P)d‘b\,,)w 9(\0,0"\4,“_4) %‘f\ (Mv)")/uv"""""uh—a ) = El—-f-—}.a G*h(P)

(12) G't:: 34 = ‘F’I

Cnlp)= §-§ olpsdm) o (ho ) 4, (0,4, ., w+-tu._,)
for MY 7.
Proposition 1., 1If <9, 37(%) converges for €= A and /ﬂ.)o >0

]

A
(13 F (p) 1
p-<(G (p)-1)

where

G(P) = G,, + G (}0) + G3 (P)‘F
converges and is holomorphic in %P> 0.

Of course, formula (13) is a generalization of formula (1a). For in the simple

case f4u = }14\ one has G (p) = 3(4.
Proof. TFor any o with %P) O one has by (9)

I 1 4 1
P () = -
b C+p f_ cﬁp@(y,) f+c-<Glp)

The next lemma shows a special case in which <§>) 3 > converges for 2 =
Let us assume for the moment that ? obeys only the general condition lP| (R+)< /(

Lemma 1. If there exists a constant T2 O such that

Fm (e, km) = 'Ffe (b, st ) J‘“k ('l"‘uwn“) t.)
it tyetie - £ o oana ty, —~ £y ST enair el [o,'c'_]<%
then < f, X @) converges.
Proof. By the discussions of § 3, third example, the function g ({1),_) 4.)
= fU2..5mT (k) nes the property of vanishing if 4,4 ... < 4,  and if
there exists a &)4$‘k<'h such that Thar— t 7T Hence g (u,l Ug+ Uy, ..
Mo+ -+ Mm—s ) vanishes unless My & T  for H=1... M-1.

n-1
On the other hand 3"‘ consists of 2 terms of modulus é{_ Therefore

f f-(o(o(’uo) 9 (olu,_, ) 9 (Mo, -, Mgt + My, )
is bounded in modulus by (.2, lpl [o,T] )fh— 1 This proves the lemma.

Theorem 1. If there exists a constant T 2, O such that

'j"h(""d)"){”h) = ‘Fk ({1)"’)£k) J(‘ry\_k ({,k.,,,”...) \l-:h)
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it ¢ € tn oanair thsn — te>T  emairctT & 1og 2, then for
any 0 with % g > 0 the equation

A 4

Fp) =

p - c¢(G(p)-q)

nolds where & (p)  is holomorphic in %_Ya >0 and is given by
G = G, +G,(p)+ Gz (p)+ -
6« = D(‘1

G (P)= < §:°e-(c+r)44 oin (:Fz“’t"*)‘:ﬁz)

63 (r,) _ 'C.Z gog e" (C+P°)(/M4+ 'uz) ol/b(‘ AMZ [_(‘3 (0‘ 444) /144 ,‘_442‘)

- Fiha(om) - fi(qm) £ + 477

Proof. After the preparations one has only to prove that lP(p){ [O,’CJ < /Zi for
P(P’ du) given by (10). But this is immediate.

We treat now a more natural example. Assume a real Borel function § on R

witn @)= P(-4) ana aerine
:F(.¢)= 4) f1=4, 3LM (“4)...) 'éh)z -CJ(P(: Z é({“j_ég}

4SJ<6 Sun
Then, as has been pointed out in § 3, third example, one has

(0 G by b)) = 2 Yy

c
YCRA M2,...,m)
< )
where /\ is the set of all linearly connected graphs with vertices 4,21...)/"

and

1 y “:4 tn) = W ¢ P -t -
@ Ve = 1 (e 8-t - )

In the following we identify a graph ’Y on an interval I with the set of inter-
vals {. [))‘h] <IL: (J) k)e Y } . Then [= (4)2)..) m ) is linearly con-
nected with respect to ’(}1 if there does not exist a -&,44& <u such that any
interval of '} is a subinterval of one of the intervals f’l)lkj or [‘&+/1)r\4] .

We say that a graph Y with vertices / h has a (linear) knot

)t
/() A< d<m if every interval [’b)&{j éa/ is contained either in [/1) {] or
in [/(,M-X . We call 'a/ twice linearly connected of it does not contain a knot.

We define the hierarchy 30 on TR+ by

o
(16) 3,,\ (’UM...)’MM) = 3m+4 (0,/!44)444+q,11).__)44+‘.. +""m)
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of course

go(¢) = 34 (0') = 4.

Proposition 2, Define the hierarchy -A  on 'R+ by «f\(¢) = ¢~ end

A= gLIT tor T & 1o
an Ay (U, ) = ) v (6 %0y ooy Mo+ Un)

cc Y
ye A (0)'1)"')/"‘)
ct
where Y}’ was defined in (15) and A signifies the set of all twice connected
linear graphs with vertices 0)4)...) M.
Proof. Let 7 be a connected graph on 0)4, ..., M ) let 0L {,‘ L <L -Ch_1 <M
be the knots of and . be the restrictions of to = 4 .
Y /X‘) v IJ L_J 1) {)]

for /j=4,...) e with Ao= 0 and ’e)?_—' N . The graphs % are twice
connected. Any _J:'.znterval [r,q] e ’é/ is contained in one of the ’)")‘ . So

Y- T T axp ¢ lep- ko) -
e ey Lect satgl

with 4’.0:0) N = Ut + Uw The product ” * ° depends only on the

rey;
differences 'E‘,— {21) Y’,ﬂ e IJ hence only on Ml, PRI rul. . As in
the proof of Prop. 1 one concludes J=1 J
G g (G m) = L 4 (L) - 4 (Iy)

_L.‘O.-- o I%‘ (4,2)...),\,\)

and hence the proposition.

Define the formal power series

69 g (ko) = 4+ F 2" - [ ot dm) o (p, du,) I o, )

MU A

If it converges for 2 = 4 then
(20) 3°(y>,4) = G (p)

Defining in an analogous way

(21) 4 (p2) = 2 " f J?(y»,ow,.)~~-p(ndm) Fron (U, Un)

Mz

then by (18) one gets

(22) %(’(P,&):/(\
1- +(p, 1)

and as
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<z
(23) (o), 4 > (2) = o (}o(P‘%)
one gets

41— & (p2)
€tp) (U=h(p¥)) -C2
Theorem 2. If - (p, &) converges for =4  to h(p,4)= H(p), then
(25) '[g'(}o) - 41— Hlp)
p—c+p)H(p

and H |p) is holosorphis for Rep > 0.

(24) —2— ep) > @ =
c+p

Proof. For l%l < A one has

1 Colp, §7 (@ [e4p) U= Rlpe)) -] < 4= 4 (p, 2)

cTtp A
Going to the limit = — A on both sides one gets (25) by Abel's lemma. As T

is holomorphic in Re P > O one concludes that H(p) is holomorphic where it is finite,
hence (P) is holomorphic everywhere.

In the rest of the section we discuss the convergency of H(}o}

We considered a graph’r;n (4"1)... N m) as set of subintervals of (4)1)“) m)
These intervals are ordered by inclusion. Denote by X ('a/) the maximal elements

of this partial ordering. ‘X ('x) is called the characteristic of 3/ . Clearly 7

is connected iff X ('X) is connected and ‘Y  is twice connected iff X (3;) is

twice connected. Denote by A (0\ 4,. ey 'h) the set of all graphs on (OJ 4) ey ™) )
Lemma 2. Be 7Y, & A(oy4,..., m) such that (¥o) = ¥, . Then

o ) Yo-v T apid,
ve Aob -y m): Xy =y, ¢ Yo Gyroey, /

where

i = LGk togj<hem ITey, [50] ST}
and 4>D'h (“:)f %({J_t&)

Proof. Every 'X with X(X): ’Xo contains /X° and a subset of 1311, Hence

)2 v =Y > ¥
: )= 7. Y Yo }/ :
Now for argr grzphx A '{n 0,4, .. -y M one h;b;CX,‘
qen Y Gen | FC Ak

as one proves easily by induction.
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Assume a graph’agn 04, ..., m  and X ('J}-: {EO(J)A)]) j:/I)...).( }

Consider the set {g(‘)-’/_(d- : 0\, () - % } and order it with respect to the
natural order, so {dJ-' AJ. : a‘—.— LPEEN L) = { «i)‘ . J‘:_ 0., M } and
O‘A’§°<§4<"'< frm <m and Mm< 2 (£-4) , Then

O(J - EQ‘) ‘/SJlﬁba‘nd we call the graph
wly)= {Eahb,“_\) o, [agb, 13

on O) 4) NN m the reduced characteristic of ’J/ . g/ is connected iff f°=o

and irm =M and G (Yy) 1is connected. The same holds for Y being twice con-
nected. We draw some simple reduced characteristics for a) twice connected and b) con-

nected but not twice connected graphs.

0N TN
[\ 404130413“50/?%

47.3._'
DN\ NN
o 1 2 o 4 2 1 y

A graph which is equal to its reduced characteristic is said to be reduced.
Lemma 3. Let ’yo = (o (y") be a reduced characteristic and denote by
A(O,---,m) (Xo ) the set of graphs Y with vertices 0,. .., /1 such that
§° =0 and f'm = mn and that G (y) = Yo . Then

(27) Z_ S gQ(l"adW)"' @ (,o)ol%‘)
mA re Noyym)(y,)
YX(O)MA).,,)M4+-~-+'MM)
00
< S"' ( §(P)d{uA)“' P(P’du'”‘) qu},o (O)(u,‘)_.)/ud.;“.,‘rum‘)
o
with
- Re
S (pdm) = < e P
and _I_I-
Yo T Gpey Y _
and bi[u)

Py () = @ (ki-t5) | @(u)= e

1|
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with ’
+_°-g 0)£4= "AA) Ty £M=fh,\+"' "-MM ; t‘ ({.bjeﬂ)ch) 6\.‘).

Proof. Let ’X, = [(_[QA) 5-.], NN EQQ 54_ -_\} with (14 = 0 and 194‘_—.rm_

Q
Then the characteristic ’Xq of graph Y with G ()’ ) = Yo - can be obtained by

choosing intergers O = fo < f,\ < ?_‘_ < .- < fm — ~m . Then by lemma 2

| L T lew -T
ye NQoysm)(ye) o Y ()= ¥a ¥ ,YX" ey, cpf«- SJ'
and

YeA(o, s m)(y,) s X(x¥)=Ya

Y +’u,,\) /
[} m, -1 0o
m A
é g CA 'U; e——(C+’RLP)'U',‘ m, — 4 M=
o /, Yy - C ’U:m
(m,-4)! J (\),
m o -4)!
o= &1 ) /] ( )
v Vigg ¥+ ¥
" Gdey, PP i)
with
§1=’n4
E’M =M, + + M,
and
A, = U+ + U
X " §1
'\)’m—; ’l,(§ y +"'+/|Af
M= m “
Summing up over all values of M, 14, ey Mo 241 one obtains the right side
of (27).

Proposition 3. A sufficient condition in order that R (PI 2) converge for

X = A is that

e L L [ (S (pdu) . (pdu,,) g

ma ¥y p (00 by et )
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converges where the second sum runs over all reduced twice connected graphs ’3/ = { [q,,le
o, (8, b 1Y with @ =0 b= M.
Proof. Immediate consequence of lemma 3.

It was impossible for me to prove the convergence if one assumes that Cp () is
t-integrable., The Kirkwood-Salsburgh technique fails in this case. I was only able to

prove convergence in the case

29) @ E) < m -t

with A5 0 . We begin with some topological lemmata.
Lemma 4. Let 7y = X (y) = { e A, s [, A1) witn ULH < g
Then
o, L o, £ oo ¢ o

and /&4 </'(‘L < -- <
Proof. Assume (X = o' . Then ‘va F /3. Assume A < A . Then
Proof. 4 ; ota F [ J <(ita

Edj)({j) % Edj-ﬂ, Aj-n j and Edj) /301 is not a maximal element
of the partially ordered set 7y . By the same kind of reasoning one excludes ﬂj“% Sﬁ‘)-,

Lemma 5. Be 7y = X (3) = {[P(.,/l;)) NP Edg,ﬂ,']}with Uy Lo, <<y,

twice comnected on O, . -5 M end A2 2. Then oy < Oy <ﬁ4 and

(4
e

/X": { ["(.‘L\{“ZZ]) Sty ["(*) ﬂc | } is twice connected on o(b“_) m
and Y \\"}z Xl'
Proof. Assume 0(,_7 ﬁ,, then between ﬁ,, and o(z there is a gap in the

graph and /X is not connected. If &y =ﬂ4 then o{2 is knot and ’)’ is not
twice connected. Thus &, < ﬁ/‘ Assume there is a knot in ’3/' , 88y ﬁﬁ = o(,,”4
for one ‘&) = 2,. N L-4 As &, L Xy and /3,‘ < (3, there follows
that /gk—:. dn‘\v\ is a knot for ’y too. The same reasoning applies to gaps. Hence 7'

is twice connected.

Theorem 3. Assume

. -l
(29) (e(“b(u-—/tl < M€

and

4 1
o A TE) <
Then -*?\(P, ) converges for T = 1 and any }a) %P 2 0 , Hence the

hypotheses of theorem 2 are fulfilled.
Proof. Denote by 6 the set of all reduced twice connected graphs. If ’a' is a

graph on 0)4) ..y M denote

Aly = fo [ ™ dauy s oy '\?K (o, tay . o) Mg 4omd M)
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with

~ T - |de-¢y)
Yooty oy b)) [l pe o
¥ ey

It is enough to prove

Z A(X) < oo
YEG

We finish the proof in several steps.
(1) 1f ¥y = { [QA, b,l_l)_,_ , Ea() b(]} is a graph on O, 1. .-y M. Then
Mm . w ¢ A4 4
A = T A - - -~
where (13 is the number of intervals I =% X such that [S—A)a'] < 1.
The proof of this statement follows right away from the definition of A(X)

(ii) Denote by Gx the subset of O consisting of all graphs of the form

v= (b, [a, k1]
Then

/YICZ ’qc.(}() = (U{[_a")b.z])..-) Cal) bc-}}

is a mapping from G-L into 61’_4

This is an immediate consequence of lemma 5.

(1iii) Denote by Gl o the subset of 6& of all graphs of the form
)

’y= {[O)fm]'[al)bz])---,[”C’bcj}.
Then G{,’W\ = ¢ for AL < and one has: 64 consists only of the graph
{[0,4']’3 61 consists only of the graph { EO,Z]J L1, 3 ]] . So of all G,)m

)
only G4’4 and of all GZ,,W\ only Gz,z are non-void. Denote by G-?, My !
the subset of G  of all graphs of the form

= 0 |
7 - i[’w—-‘) [4JW +4—‘|) [ahb:])"') Caf',bc]}
and by G' ! the subset of Gl m ! where m {a b b
" {,'m,'m ) ym (A 21 2y ey Q.,(’ C}

and G £, ) m' the subset with /m# {Qz’ b'” ) Re, b, 3 Then G—f,fm,'ml= &

for m > fyy,' and the restriction of 'r)e to ,(,/m)'m' is a one-to-one mapping
onto G€_4 ) ! and the restriction of 'V](‘ to G‘”!)lm,rm'is a one-to-one
mapping onto Gt-i,lm'-zl N

We illustrate a graph ’)/ on O) 4) ey m by a scheme of three lines, Write
in the top the numbers 0) 4) -y m into the second line under each number the

index Qy which is equal to that number and into the third line the numbers bj

So, €. 8., ’X—_— -([O,‘Z], C4,3]} gets
o) 1 2 3
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1
Then the typical example of an element of G-( 'm,rm' is
)

o 4 2 - - MmeAd o Mg L ’VV\| 'W‘I""‘ °
(a) Q4 a, al a'm aw+1 amn ah'-!v‘ 2 s
b, b, -

The reason for this scheme is easily explained. As b,‘ < b_'_ < b_, <. * one has
M £ m' and in the interval O, A+m’ no éj'l J >3 canoccur. s Y is
reduced, under each number O, 1, Z) .+ . there has to stay either an index QJ~ or
an index bJ‘ or both. As there are only b4 and bz under 0) o .)/w\/-g-,f the
rest has to be filled up by O in increasing order. As M & (Qz) bz) avey Q\,) bcj

J
one has a under M . Skipping away the interval, [0, M ] from 'y one gets ~
M + A4
(b) 1 o mmtm 4 ce ! m'eq ..
b
Q?. as . . . afm aﬂi-ﬁ am*.'- -« . . RM’.QA 2
bz

As reduction means only changing of numeration by one, one gets
7 chenging y oney one g€te N (y) & G, 1.
This application is one-to-one, as any graph ’y e G_e_,,) o' can be written into
[
form (a) and then a Y e G,{),M).M'can be constructed for any M € m,' .

A typical element of G "1’,”‘)%! has the form

o A1 L R | m MAEA L. mn AM'-M
c RN
( ) Q,‘ Ql Q'& N QW\ GWF»\ « s &W‘ 2

b, b, -

Skipping away the first interval one gets

A1 2 Y " MEA oo o Mg L
(a)

a, @y . .. G A Ay 4 O z .

b,
Reduction means here not only changing of numeration by one, but loosing one point: M.

These considerations easily prove the statements of step (iii).

(iv) 1If 'Xe G,'(’,m’,m» then A(y)—_— ;“"‘- A(",c(){)) and if ’yeG

an

Uj
£y myma!

C?.
then A ( ) = —_&_ A( ]
[ At (me-a) 7]( (lx )
For the proof write the values of the qJ into the fourth line of the schemes,

!
Then one gets for ’J/ c G ,(),w“ml

) o 4 T M M iAol ol
(a’
Q)\ al Ql a/W\ aM.\\..‘ qM"*"). aMA’-f/\
b, b -

. |
1 2 s Mg moo. L Mm-a
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and taking away the first interval one gets the graph ?' H

A 2 EEEE M - A m Ma + A4
(v) a, &y - - - Qay L R DA Bl o 2
bz.
4 - « < M-2 Mm-a m M -4 !
Hence by step (i) one has
AMe
Aly) = £5 Ay
. ¥ " A ¥ ).
Similarly for 'xe_ G —Q,lm)w'
(c') (@] 1 2 v m-A ™ M Ay 2 ' Amleaq
04 az a‘s QM Q’V\A+1 a'h,uy.’;_ am,‘, 2
b, b
4 2 M- 4 m ’h/\—4 m %l '?_
and for ?' —L m-1
A 2 e . ma—A
(dl) 143%Y MA 4 A M""'l W' MA‘_\..,(
a a - &
2 3 m qm+4 q"“‘*l QM, 'Z
1 M=~ Mz 4 m | bz
m- wl_,‘
Hence
(%
Afm (m-a)
(v) Denote
Com = 2 A(/”
?ee-f,'m
Then
<
C")": ‘?\A ;0 Tam =0 ‘FWAM*A
3,2
<
= SL Cym= 0 fomaa

A2

D

m'y m mA

and generally for

<
})'YV\ ,cj-/f)/m |
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For following step (iii) and (iv)

M ye Gl m! mym yeG
lww

-z | X Aly') +
™'Y m N Y €C gt m'

<

sy Aty
M (Mm-)AT Zy’e@,g,,w' A )’l

(vi) Define the operator |  on the space of all sequences (xm’\ )’W‘7/'L by

(Tx), = X _l'“—x

'IM‘>//VV\ M A

<
N .
w;/\M4')'h(’W\4)a
Then

@ 2 Aly) = <+ X

T

?GG L7 2, m 4 m
£
r + 2 (T 7%, ) (m)
470 ,m
<
= C4)4 -+ Z <1)T X°>
L2 0
=+ 2 x, T994>
- P )
7 0
where ’Il is the vector (4)4),_, ) and T t the transposed operator and

(Ko ) = Spm L

2 A3

t
The adjoint T is given by

Mwm = (Tff)rw\ = L £ St + 1



587

with = provided all E are 7> 0. As this is the case
P ) cr _ﬁ.- ~y 74

in (a) we have
@) L Aly) < <, + Z {x, $4 >
RS Ao
As there is a one-to-one correspondence between sequences = (‘§z, fSJ
and holomorphic functions §(?:) = Z f'm 2% : we introduce for O LK <1
the norm

150, = v (-1 flo]

0< |2 <4
Then

41, -
the norm of the functional X, is
-3
Ix Il < < m* 272

and the corresponding operator norm of S is

“S”u < 5 + 1 with of = (4+V;]_r;)‘1

1- &
Hence I(S(ld</( if <L (4+ﬁ)l</(
This proves the theorem, ;\ A
One has
IM_
S§la) = 2 fwe T L .
’W\'é’W\ 1-2 " 2 'W\|("“"~4)

i

2
e [ fode ‘fﬁ«ﬂf(ﬁ)ae]

[§1 < (4= 1)~ W)

then

G- 121 )" Sf | <

b 1, e

[

et [ |, a-em Q‘-T)«l
¢ L4 4

oL A- K
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after some straightforward estimates. So H 5({* < £ + 1L
A A—a
-4
The right side takes its minimum for o= (4 + ﬁ) . For this value of &«

s, < (he+fy )t < _‘;\& (4+l/7\:)_

o
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