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SOME REMARKS ON BURKHARDT'S MODEL FOR

PRESSURE BROADENING OF SPECTRAL ' LINES

Wilhelm von Waldenfels

Abstract. In order to understand the connection between impact and
quasistatic approximation, Burkhardt treated a simple model:

At one moment at most one particle interacts with the radiator and
causes a constant line shift during its impact time, The subject of
this paper is to give an exact treatment of this model including

all the mixed terms neglected by Burkhardt. As in Burkhardt's treat-
ment the line shape is a sum of two terms. For frequencies near the
unperturbated line the first one behaves like the impact approxi-
mation, whereas the second one can be neglected, For frequencies far
the unperturbated line (at least at one side of the spectre) the
first one can be neglected and the second one behaves but a factor
like the quasistatic approximation, The second term is the same as
in Burkhardt's paper. The first term includes all the correlations
neglected by Burkhardt and gives the impact approximation in its
complete form.

§ 1. Introduction and review of Burkhardt's treatment

The frequency distribution of a spectral line is given by a
probability measure J(( )dw on the real line, where J(® )dw
indicates the fraétion of the total energy radiated into the fre-
quency interval @ ,@+dw., If the light is emitted by an atom or
ion placed in a gas the frequency distribution is no more a sharp
line J(®) = A'Gb *<Da), but J(w ) becomes a much broader profile,
This line broadening has several reasons. Here we consider only
pressure broadening, where the deformation of the line shape is due
to stochastic fields produced by the neighbors of the emitting atom,
For fixing our ideas let us assume van der Waals broadening, i.e.,
the frequency shift caused by a neighbor at distance r is C-r_6,
C > 0. For the resulting line profile there are two basic approxi-
mations.

The quasistatic approximation assumes all molecules fixed in
space. Let us assume that the broadening is caused only by the near-

est atom. If r 1is not too big the probability that the nearest
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neighbor at distance between r and r + dr is equal to n-4W rzdr

where m is the mean density of perturbating particles. As Ac = Cf'6
the probability for a frequency shift between Aw and Aw+dAw is

egual to

2
%ﬁfn Ao 2 d Aw

for Aw large enough. So J(W) is given by
fg_/‘,n (G-, )~ 3

for W—®o > 0 1large enough and J(& ) = 0 for G < (3

The other approximation is the impact approximation. There the
movement of the particles is taken into account, but one assumes
that the particles interact only in the time of nearest approach
and then cause a sudden phase shift which is equal to the total
phase shift of the particle during all the time. So a particle pass-
ing at distance ©  of the radiator with a velocity v makes at

the time of its nearest approach the phase shift

+ oe
Cdt Ir C
Pl= \ =25 = > —
mP _i(p"+v’-é‘)3 & ~pP*

The line profile resulting from this approximation is due to Lindholm

® A/lmr
Jw) =
(W-w,-ImA) + (R A)*

A= myp SOQTFPdp (/I—- e":’n(p)).

The classical method of computation for the line profile is to

with

use impact approximations in the middle of the line, i.e., near W,
and quasistatic approximations on the wings of the line. The problem
remained why this should be in good agreement with reality. In 1940
Burkhardt proposed a simple model for pressure broadening and derived
the range of validity of both approximations. The aim of this paper
is to give a more thorough mathematical treatment and to include
essential terms neglected by Burkhardt. This will be done by a me-

thod which is useful in much more general cases,
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We review now Burkhardt's treatment.
If rk(t) is the distance of the k-th perturbator at time t,

the total frequency shift X(t) is given by

(1.1) X(t) = Z c-rk(t)'6 (c > 0)
k

and the line profile by t
¥ (g-w)E + i J X () ol
(1.2)  J(w)= | S e °
- 00
This formula is not correct, as the integral does not exist, but it

dt|

gives a good idea of the situation. It can be replaced by an exact
formula, as we shall see,

By shifting the frequency axis we shall assume that the fre-
quency of the unperturbated line is GJ, = O.

If the perturbators move on straight lines with constant velo-

cities v, X(t) Ybecomes

2 -3
(1.3) x(t) = Zc(pk + vt - 5)%)
K

where fD Xk ist the impact parameter, i,e., the closest distance of
the perturbator to the radiator, and tk the corresponding time of
closest approach. F)k and tk are random parameters given by the
gas conditions,
Burkhardt approximates the function
2 2.2\
t= C(p © + v°t7)

by a rectangular profile

0o° for |t] < T/2

(1.4) t
0 otherwise

S
where W and T are determinated by

1 —6 T ER
(1.41) a)ss C p , C = -l-‘- C , T =37
0 h
ne has C:otﬁ §}T —£;;
(1.5) @'t = ”](P) = j_‘(Pi+v1£z)'3 = 3 'VPI
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So the k-th perturbator acts only in the time interval [tk'.tk/z’tk+z&/21
and then causes a constant frequency shift O E. On the assumption that
at a given time only one particle interacts and that the perturbations

do not overlap, (1,2) yields

+iows — )f —lwt
(1.6) 7((9) = l Z Se (wk Y o(‘é, + Z: (el&) D(‘{: ‘
kR 2 -
I, T

where Ii are the perturbation intervals [%k-ftk/z, tk+1:k/él and

2

Ii are the flight intervals Etk-1+tk-1 /2, tk--"Ck/QI. Burkhardt assumes

that the correlations of the different terms vanish and so J(w ) splits
into

g 7 : z
tn () = Z ‘ S €H(wk_w)to“: . Z ; Se—lwé/
* L ‘1

There is still a little mistake in the transition from (1.2) to (1.6)

as any of the terms in (1.6) needs an additional factor of modulus 1,
but this one cancels by the transition to (1.7).
Interpreting the sums in the right way and taking average Burkhardt

finally gets

Po 2 S
c nv (.,_ (b -wS) TR
(1.8) J(w) = %‘m + o VPP e

where fDO is the maximal impact parameter taken into account, i.e.,
all perturbations with impact parameter > fjo are neglected. ¢ 1is

the impact frequency
I3
(1.9) C= nTp VvV

and n 1is the mean density of perturbators. In formula (1.8) we ne-
glected the possibility that the perturbators may have different velo-
cities, We assume that all of them have velocity v, their directions,
however, may vary. W% ana T are considered as functions of

by (1.4').
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The first term of (1.8) is Lorentz's expression for the line
shape. The second term behaves like the quasistatic approximation, as
Burkhardt showed by numerical methods.

If one takes all correletions into account and neglects the terms
of order ¢ T «~ ’Y)IO: , which is consistent to the assumption of non-

overlapping perturbations, instead of (1.8) one gets

(1.10) J (W) % /T

T (0= D)y BA)

P .
hv am
* e

"Ww-w)T/2
(- w3)%

where P°

(1.11) h= nv f Ampdp (41— e
o

f&%T—fwt)

The first term behaves for small frequencies [w (<< % like the well-

known impact approximetion in its comnlete form due to Lindholm

R AT o fwit
w) = =V ] 21 pddp (-
) = A @aAyr 0 levpdp (')
The second term is the same as in (1.8). It behaves like

3h il _3

T -
(1.12) ~ M W

for W- +00 . So it is superior to the impact term vanishing like w =2,

The formula (1.12) is not quite correct, as the true behaviour is

_/
(1.13) ~ L%r’hc ¢

The factor is due to the deformation of the real interaction into a

rectangular pulse,

§ 2. Formulation of the methematical problem

We replace (1.2) by

(2.1) Jlw) = n/t:/‘;\o T

T NI 2
£ { S —iwt HJDX(UOHOH
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E denotes the expectation operator taking the statistical average over

the different functions +t+F=-X(t). The normalization factor (217‘5[‘)_1

makes sure that J :)(ao)dq) = 1, The limit exists in the weak sense,
t

if the guentity E exp i [ X is a function R(t-t') of the difference

t'
t-t' and if
%
(2.2) R(t) = Eexp i | X
(o]

is continuous in t. The outcoming quantity J(w ) is in most of the
physically occurring cases a continuous function of W , but in general
a probability measure on the real line, As 1is common in  physical
papers measures will be denoted in the same way as functions.

R(t) is related to J(Ww) by the formula
wt
e REW) = (e T dw

The connection between (2.1) and (2.3) is established by lemma 1,
which is a bit more general,
Lemma 1: Be to a real random variable, be To and T1, T2, coe

random variables of finite expectations such that

E 7; — + oo
4 _ETy|— o
ET, E:/jz, E AJ[ =
for N -—>es, Then N t
) A E , gNe——l'wt-i-l'_LZ( O(-l: /Z
2.4) J(w) = ;/&_':y; an ET,, _

lo
in the weak sense.

Proof. By virtue of Lévy's theorem it is sufficient to show that
(wt
R W) = [Tu@ e do — R

for any +t, calling JN(0>) the expression following the lim-sign. As

R(-t) = R(t) and RN(—t) = RN(t), it is enough to prove the convergence
for t 3y O.
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Ty

t
( exp(-iwt+i S X)at
T t
o T, o ¢
elE) = Y (1) ,u}ot'ftx

The integral

is the Fourier transform of

(]

where J( is defined by

0
T 1 for T ¢ t< Ty

XT(t)= -1 for T < t < T
o

0 otherwise.
Using

N ET, T, Tn
XTO = Xo - ‘XO + XETN
one has

R = —E__:"-_,f gEq:('u)qp (u- {:)ol'u

- —E—_’-: ES u)x M—-‘é)o(’u
R (&) (JMXEN(’M)XE "’(4,( L) olm + (U‘

The first term is equ%tho ET
N N
4
L RW § N, (utldu — R 1)

the second term may be estlmated by

T, Tv
E7;,E f(x '*X + XET )("")(Xo ’*'XET;\,)((“—HMM
% ;:% (EITl + E[R—Em/_)-——v o

by hypothesis,
Lemma 2 shows a simple case in which the condition for TN in
lemma 1 is fulfilled.

Lemma 2: Let U1, U2

be independent identically distributed
random variables with

M=ET_>0

2
E Uk < o
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and put TN = U1 +oeee + Uy Then
E 7; = Aéﬁl
o
Ely
for N — o,

Proof, By Schwarz's inequality there is

Flm-ETl< (i—T(TN—l—TTN)z)”a = IN§

with €L=EU§ -/AZ. This proves the lemma,

Recall Burkhardt's model., We call ti the moment of the beginning
of the k-th interaction and tﬂ the moment of its end, tﬂ - t& = Z’k,
during the interval T k the perturbator causes the frequency shiftéoi
and we assume that during that interval no other interaction takes place.
We numerate the interactions in the way that 0 < té < t{ < té eeess The

differences Uy = t! - t! k=0, 1, ... are independent and they

k+1 k?
are all distributed with respect to the same exponential distribution

(2.5) Prob{uk € u, u+ du}l = ce”du

where c¢ is given by (1.9)., The condition of non-overlapping is (cf. 1.4

3
(2.6) c ft - mTp, << 4

and this quantity is the mean number of perturbators in a cylinder of
radius and height ?(r

We apply lemma 1 and put into (2.4) ty =Ty = t)s Ty = . The
conditions of lemma 1 are fulfilled, as té is again exponentially
distributed with parameter c¢ and has a finite expectation and
tﬁ = té + {:o + u, + €f1 + ees + {N_1 + Uy _qe As all these quantities
are independent and all f’k and u, are identically distributed,

we almost have the case treated in lemma 2.
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So we get

'é:vf f/vfo

A
(2.7) IW) = A1/11;»ME TN TEC B gexp[ iwt +1 jX(f f)o({fo(%/

This expression is completely determined by the gquantities uk,'Ck,tbi
as
| | u
-th]—{o = -C0+ °+“.'+ Z_N-—4+,ul\/-—4
s
W T
X(_E _é’) % 'ﬁfl’f CotUy + +T‘k_4+uae-1 < t<
- = To +
(o . ot Uy + +Tk-1+WR-4+rfc
0 otherwise.

So (by slight modification of the meaning of the letters) we come
to the following mathematical problem: Given are two independent sequen-
ces of random quantities., The first one consists of the independent
random variables e >0, k=0, 1, 2, ..., which are all distributed
with respect to the same exponential distribution with parameter c:
Prob{uk €u, u+ du} = ducéﬂu. The second one is formed out of in-
dependent identically distributed random pairs (‘Ck, COE), T > O, E_Ck<00.
Put
(2.8) T;, = To+Uo+ TytM + + T, +U

and

N4

s
wk fm'Tk<'t<Tk+ tk
(2.9) X(t) =

0 otherwise.

Then investigate the behaviour of

Ty
1
(2.10) j (w) Z VL E) /lzxp{—mt +1 f)(]o(% /

for N — @ and calculate the limit if it exists.
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§ 3. Solution of the mathematical problem

According to the assumptions at the end of the last section we prove
the following theorem,

Theorem, Put

LT — (WT
adlw) =

E
Gy B = E e ot
= l i(NS—&?)'l: 2
Blw = E|fe dt
and assume
(3.2) [o((w)l <a <A

for all (0 . The functions JN(b)) are continuous, ) O and fJN(Co Jaw=1.

They converge for N —> oo uniformly in W

to a continuous function
J() > 0 with SJ(OJ)d(p =1 and J(Ww)

is given by the formula

.5 Jw) = A (C/’z'+_@f:gﬁ,>_i L _Urcf)

2T A+cET C+ll-CA C-IW-Cd

Proof: We arrange the proof in such a way that it holds in more

general situations, too.

£
Put 'I‘{u—'lne._”\)15 o on
Ck = g € OH:
Te t
STkH it I X
_ e t
—D& - Tki'tk 0{

Then the integral in (2.10) splits

-
§N=C°+'D°+~-- + Cnet + Duey

Set ° s
_fwT, +1W, T
T —iwt + i&);f
- - £
ﬁft - So e Ol
— WUy
ék = e
M g ._{(/Oé

e = S e ot

[+
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Then

Cp = ﬁfe. -1 %1 “'6'0"‘0

’D&,“§kdk6‘k4dka"'€°d0-
We have

CeCr = 1Bl

DD = 5l

Ckﬁk = 6k&k§'k_
D.Co = §a % Pe
and for j > k

Cj Ek = /39 j= "4 0 Sheen Nhewa Gl %t [Sk

S PEPEEPNNPY |
3)3 C‘k = Sg dJ 63 4 O(j"'4 Co. 6k+/\ c(k+/‘ é‘k dh ﬂk
We set tD:) ’Dk - i’) d.)‘ é -1 O(J"1 - Sren e Kk §fz.

Using the assumptions on independence we get

jr\l': ! [NE-*Nga—

2r N(Ew+ ET)
+ {(N- /gg/_; +(N—2)/56déﬂ + (V- 3)ﬂ6d60<6/3+
+ (V- 4)/33‘ N—z)ﬁs«j + (N- 3)ﬁeo<eo(j+

r NER + fdéﬂ (N-2 jaéo«aﬂ+
F (V-1) fu j+ (V- z)j'o(scxj (N- 3)f°ggo(go(f+...

{1
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By virtue of (3.2) this expression converges for N — o uniformly

in W to

(3.4) J = m[ﬁ f {ﬁé/f«uﬁs‘azﬂ -f;ﬂé'o(do((ﬂ-lm-
+ﬁf ﬂgxf ﬂé«xgo{j-\—m
+§{3 fo{g/l+§d6d6’p+
+§d§+§d6o¢§ §o(éo(e‘o<§+ E

Now WU —CU c
. o _ —
¢ = E e~ "% _ ¢ fo e du = Z:To;
rd 1 3

§= g = C-Q—l'(o = —CT _

= 2 1 (A A )_§+é

§= T. o = Tt \ec+iw - /T et et
So
j = 241r /H-CEL'[ {({Z+ )(é+gd6+&d°}dd+ )(ﬂ+ )}
and finally + { } ]

o o A e Hlus ez e+ (1]

“~
As ﬂS = /3 , the formula stated in the theorem follows at once.
If in (%.4) we had dropped all the terms in { |}, as Burkhardt

did, we should have come to

= 2
J = '24? /1+<sz:[/3 * oz+w‘]

and this es exactly Burkhardt's formula.

The fact that J is » O and continuous is obvious., We have still

to show that gJ(W)dQ = 1,
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We go back to the equation (3.4). By Parseval's equality

L (fdo= 3 E [Iflwldo - Eﬂi[o,t]e'“{o(f Fr

nw
as {3(“3 is the Fourier transform of :ll[olt]“‘—) e and

4 [0,T](t) =1 for t ¢ [0,T] and =0 for t outside that
interval,

As

g?(mdw= g zdo 27r/c/

ct+
we still have to check that

({3 =0
By using

CL
las | £ @ Vm

one immediately sees that f{ } may be split up into single terms.
Each term, however, vanishes, This follows from the following remarks:
(i) & is the Fourier transform of the function ce_Ctjl>o (t), which
7
is in L N L2
E ’WJ
(ii) oK is the Fourier transform of the integrable measure O( = é

(84> = Eet™T ()

The support of 0( is contained in TR
1

A
(iii) /3 is the Fourier transform of the L N L ~function ﬁ

/5() E ALoz]( £)e"°1f [/l(é} [< 4
The support of /3 (t) is contalned in (P,_

(iv) By the convolution theorems the functions /3 6'/1) ... occurring
in { } are Fourier transforms of continuous L1-functions with
support in /"2_‘_ s hence of functions which vanish in the origin.
As the value at the origin of a function is equal to the integral

of its Fourier transform, there follows S/}gﬂ = O)
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§ 4., Discussion

We now want to discuss (3.3) in the case of +van der Waals broaden-—
ing. Then w* and T are random guantities depending on the impact

parameter © by equation (1.4'). The distribution of L is given by

Po
— 1 Vg /
(4.1) E}(P) = TP(,Z Lg;r,o o/p _7[(,0/
So y f)o3P’ 0'{ /
— L ! "= o/ V.
(4.2) ET = 7o £ 7o e e P

Recall that the condition of non-overlapping perturbations is equivalent
3

(2.6) to ¢cET = n1r|oo << 1. As (by (3.1)) the gquantity ’(3(")/ is

bounded by E T equation (3.3) may be simplified to

4
j(w)"“ 0/3 T m +c—m—co_<)

a 4 C(,{_- @ZLOL)
(4.3) U(W) = E{f(g * K (w_cf)ma)1+cz(4—mld)z'

or

] gy A
As l(z W) € £T7 ang for frequencies w =~ ¢ the second term be-
heves like 1/:, the ratio between the first and the second term is

= czE‘CL, éo the first term can be neglected for W =~ c¢. For these

(0T -0 T z

frequencies o = E e may be approximated by Ee 1%

and c(1-oa) Dby
o A e [ G- (5 o)) erpdp,

replacing the upper limit P, of the integral by + 00, So for small

frequencies of magnitude £ C +the impact approximation holds,

For large frequencies, W = E/LC , both terms of (4.3) are of
order c(E'C)2 so the flrst term cannot be neglected. A detal}ed 0 Y
z A
discussion shows that Z'ﬂ' ﬁ behaves for W — +o00 1like 4—’}7 ¢ )

€

so at least for G > O for large W the term E%'r‘/l is larger than
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the second term in (4.3) which behaves like c/a)z.
Proposition. For () — o one has

~ 3 1/ -3/ _
(4.5) §£= %MCZWL+O((»
T

16
")

Proof: One has

~ Po 2 s
c 1 % o (w-—w*)T/2
.6) — - — rpd

(4.6) == f8 o £ pop loo i)

o - K4
with @°= -Ll-:- CP-Q—:C’F G) C= 2—"; Putting x = 0'10—6 one gets

5 °0 — 8 2 1% /1
(4.7) zf_r /3 — '/?T’:r J ZTT%—CIZ/GX ol m [(W-X)?C /{lv,\/ ]

s e (”'x)z

with W, = Cp

The key to the following proof is the observation that

A
(4.8) «xlz dro & (x)

T

So

o
> 13
cf . 12f6 -5, 2 Sle-0) T ’/-3/1

Wo

and this is but a factor the true asymptotic behaviour as it has been

pointed out in § 1. We proceed now to the actual proof, Assume

(4.10) O< A<
Then for large enough the integral in (4.7) splits
vo W= 0 Wt A
(4.11) f - S 4 5 j -
+ =
Qo W, W+ WA - 1 +—U +;UL

Now
yo

(4.12) fI [ £ twad w‘mf ‘)1:—;‘ _ O((\)’%'A)
LA
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/ _
= % e w) Eolx

4—4,;‘"4 —4/

_40/3 g

X
W, [ z/’—' x)* D(X

= const (O

A4

-49' 4& A-w
= const W 3 ( J&), o + b )

80
7

(4.13) I = O(w"z) + O(w”?‘))
t 3C'4/6/2V= T .Then

4 (77wt (e )y
M= w 3 ex © (x-w)/2 _8l3 42
- o~ 6 x-0)* 46 + Ol Y
as b+wx qwﬁ.(cx*%& bV ) 4 g
- 2 -3 -4
‘ Sw—w” (X0 ) . (X -4 }D{X/
ct )y -6 pt b y x _F
A N T
RPAY
Furthermore,

(ot &N _ -1 Ca -4
(et ieon] - mi [eetieon) |
- (X-w)t

. A X - , -
¢ g wr o A« /g Idf cf ?/C(x-b)m(cf 4/6(1-4;))
=2 2 (x-1)*
_ O (bzh - 8/4)
and
Q+uA

uf
o A GO eﬁczﬂj/ﬁo((‘,-))
Co- LA (X'b)z '
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So finally,
T . 2-8/3 Y
(4.14) il__‘ = ZT(A) 2c + O((,oz ) + O(“’ E] 2)

and combining (4.12) - (4.14) one obtains

z,1 3

I} + ) =

(4.15) E‘é = g'mr C'CTC 2y am o7t
T

ol ¥+ o)

In order to obtain a minimum choose A = %. Then (4.5) results.
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