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A SEMI-MARKOVIAN MODEL FOR THE BROWNIAN MOTION

M.G., Miirmann

Introduction

In the last few years several authors studied stochastic models
for an infinite particle system and its dynamic (for a first survey
see Spitzer [7]). Within this scope Spitzer [6] and Holley [4] found-
ed a new theory of the Brownian motion. (In this article Brownian
motion means the physical phenomenon). Holley constructs a stochastic
model for the motion of a heavy particle colliding with the light
particles of a one-dimensional gas starting in a Poisson process,
each of them independently given a velocity from a common distribution.
He proves a convergence theorem stating that for suitable velocity
distributions the process converges in distribution to the Ornstein-
Uhlenbeck process, if the mass of the heavy particle, the density of
the Poisson process and the velocities of the light particles simul-
taneously tend to infinity in a suitable normalisation., In higher
dimensions new methods were necessary, since point collisions will
in general not be possible, A first attempt has been made by Hennion
[3] for a two-dimensional system. He represents the heavy particle
by a disk and derives a convergence theorem, analogous to that of
Holley.

In this article we shall voresent a construction of an aprroximating
stochastic model for the velocity of a heavy particle interacting with
the light particles of a gas of arbitrary dimension via a potential of
compact support. For two reasons the process is not a Markov process:
firstly because of the positive interaction times of the single particles
and secondly because of the particles that formerly interacted with the
heavy varticle. The main purpose of this article is to study the semi-
Markovian character of the non-Markovian behaviour resulting from the
first reason. The influence of the second stating will be neglected.

The idea is the following: For suitable potentials there exist times
at which no light particle interacts with the heavy particle., The
existence of these times is combined with a queuing problem, which
will be treated separately in section 1.2. At these times the future
does not depend on the past - presuming the just-mentioned neglection.
So the process falls into interaction blocks with the property that

the blocks are separated by times with the Markov property. This is
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meant by the semi-Markovian character of the process. But in contrast
to a semi-Markov process the paths are not constant within the blocks.

In the first section we develop a stochastic model for the distri-
bution of the interaction blocks in dependence of the initial velocity
of the heavy particle. The whole process, which consists of connected
blocks, will be treated in the third section where we construct an ab-
stract version of processes of this type and indicate methods for the
study of these processes, A more detailed introduction to the abstract
model will be given in the beginning of that section. The second section,
which serves as a preparation for the third one, introduces the space
of all paths of finite but variable length, which are right continuous
and have left limits, in a locally compact state space with a denumerable
base - representing the space of the blocks - and the space of all those
paths with a marked time representing the initial block with time =zero.
We shall give these spaces a topology of the Skorohod type rendering them
Polish spaces, Since these spaces are interesting not only in this
context, we discuss the topology in more detail than will be necessary
for the sequel.

We got the suggestion of constructing processes which fall into
interaction blocks as a general model for the Brownian motion bv a
model of von Waldenfels [8] for the pressure broadening of spectral
lines., But his assumptions and methods are quite different from ours,
with the exception of section 1.3, where we partially follow his lines.
The author wants to thank Professor von Waldenfels for his advice and
encouragement, which were invaluable for this article.

1. The distribution of the interaction blocks

1.1 The physical situation

Congider in the &% -dimensional Fuclidean space ml g system of
particles of mass m starting in a Poisson process with density one,
each of them indevendently given a velocity from a probability measure v
with finite first moment, or in other words: starting in the phase
space R* xR¥ in a A ® v -Poisson process, where A is the Lebesgue
measure on IR% The particles will move with constant velocity. Then the
system remains in a A ® v ~-Poisson process at each time,

Now suppose that a2 heavy particle of mass M >> m moves in this
system interacting with the light particles via a given potential ¢ .

We assume that ¢ 1is continuously differentiable and has compact support.
We allow ¢ to take the value + . Fix R > O with the property:
¢(x) = 0 for |x| 3 R. We call the closed ball around the heavy
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particle with radius R the interaction region, though we do not
claim that R 1is minimal, As we will derive in this section a sto-
chastic model for the velocity process of the heavy particle from
one time, in which no light particle is in the interaction region,
until the first time there is again ﬂo particle in it, while in the
meantime there has been at least one particle in it,- called an
interaction block -, we suppose that at time zero the heavy particle
has a given velocity Vo and no light particle is in the interaction
region, This initial situation is the same as described by Hennion [3].
Two things have to be considered: the distribution of the para-
meters of the interacting particles, i.e., the times they enter the
interaction region and their phase coordinates at these times, and
the velocity process of the heavy particle in dependence of the para-
meters, We did not succeed in deriving an exact model for the described
situation, but for M >> m it seems to be a good approximation to it,
As was mentioned above the initial situation is the same as in
Hennion [3], and it remains the same until the first time a light
particle enters the interaction region, So we can adopt his results
concerning the distribution of the interaction parameters of the first
interacting particle and the invariance property concerning the system

of the other particles at this time, The dimension is not important for
that. So let T4 be the time, (x1(r1), v1(T1)) the phase coordinates

- the position relative to the heavy particle - of the first interacting
particle, then 1, and (x1(r1), v1(r1)) are independently distri-
buted. Let C£_1 be the volume of the (g-1)-dimensional unit ball

(C0 = 1), set for

weRl, w05, = {xecRrY |x| =R, <x,w> ¢ O
Ry,w

and OR.w the (£-1)-dimensional surface measure of SR W conceived
Ry 9
as a measure on Bﬂ. Then T4 has an exponential distribution with

_ 2-1
parameter c(VO) = Cp_qR

f|V0°V|dV (v). In order to avoid the case
that c(Vo) = 0 for one VO, we exclude that v is the Dirac-measure
of some voint. The distribution of (x1(11), V1(T1)) is given by

1 j‘ <x,v=V >
Blxy (%) € 4y 7y(s)) € 2) = J (- e 8,9y, @) 7T av ()

for A, B Borel sets ofIRt.

Furthermore, the distribution of the system of the other particles is
the same as in the initial situation - the positions always relative
to the heavy particle., But from now on the situation is different,

as the velocity of the heavy particle is no longer constant. But as
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for the distribution of the following interacting particles within

one block, we shall illustrate below that for M >> m we can approxi-
mate it by the distribution we should get if V were constant. So

if T4+ T, is the arrival time of the second interacting particle

and (x2(11+T2), v2(11+12)) are its initial phase coordinates, then
(12,x2(r1+12), v2(r1+12)) has the same distribution as (T1,x1(T1LW(T1))
with +the difference that T, is restricted to the time inter-
val, in which the first particle is in the interaction region - the
time it leaves it not included, otherwise we stop the interaction

block after the interaction of the first particle; etc. Before we
construct a probability space for the parameters of the interacting
particles of one block and discuss, under which assumptions only finite
particles are within one block with probability one, we turn over to
the motion of the heavy particle, as we need the interaction times for
that,

Let V(t) be the velocity process of the heavy particle. For Ogt<T1
we have V(1) = Vo. For t ) 1, we get V(t) from the equations of
motion regarded separately between the arrivals of the single particles.
As we got the position parameters relative to the heavy particle, we
write the equations in terms of the motion of the centre of gravity

and the motions of the light particles with respect to the heavy par-
ticles, So for t TDbetween Tateeat T and Tyteoot T resp. the

end of the block we set:

+1

vy = velocity of the i-th particle (i =1, ..., n)
Xy = position of the i-th particle relative to the
heavy particle
Wy =X; =V - v
n
(n) _ _M m
Vg = Mmem v+ i£1 Mnem "4

Then we get the equations:

vén) =0 N
u&i = - grad ¢(x;)- y_§1grad ¢(xj)
e
with the reduced mass u (% = % + &) and Y= M%'n'

For M > m we have Y << 1 and may neglect the term

-y grad ¢(xj). We have to do this not because more-particle-pro-

-1l o~ 3

j=1
J¥i
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blems are not solvable - this is not important to us, since we shall not
give exvlicit solutions -, but because otherwise there arise too great
difficulties concerning the interaction times. The neglection of this
term means that all particles interact independently of the others,

and as a consequence the interaction time of the particles is not in-
fluenced by the other particles, If we regard this equation also for

the particles outside the interaction region and neglect this term,

too, then we shall get uw = 0, which corresponds to our approxi-
mation concerning the distribution of the parameters.

The initial conditions V(T1+...+Tn), xi(T1+...+Tn),wi(T1+...+Tn)
(i=1,...,n-1) are given by the final values of the preceding equation
of motion, the initial conditions xn(T1+...+Tn), vn(T1+...+Tn) are
given by the parameters of the n-th particle, but remark that in accor-
dance with our approximation we have to put

wn(T1+"‘+Tn) = vn(T1+"’+Tn) = Vor
From them we can derive the initial conditions V(n)(r1+..+rn),
Xi(T1+---+Tn), wi(T1+...+Tn) (i =1,...,n). Since we do not regard
the position process of the heavy particle, the initial vosition of
the centre of gravity can be chosen arbitrarily.

From the solution of the differential equationswith the given
initial conditions,we get V(t) by transforming back:

n
T(6) = v (8) - Tl wy(6)
i=1

By this we get the process V in dependence of the interaction para-
meters,

1.2 A queuing problem

Before dealing with the distribution of the interaction para-
meters, we want to +treat, apart from the following, a queuing pro-
blem combined with the finiteness of particle numbers within one
block., For its description let us regard the facts we need for the
problem, Particles enter the interaction region, their interarrival
times being independently distributed with an exponential distri-
bution with parameter c¢ = c(Vo). The independence of the inter-
actions of the singleparticles and the fact that the interaction of
each particle is governed by the same differential equation having
the same distribution of initial values imply that the times the
single perticles stay in the interaction region are independent of

their arrival times and are mutually independently distributed with
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a common distribution on IR+, provided that with probability one no
particle has an infinite interaction time, Let F = FV be their
distribution function. °
The described situation corresponds to a queue with exponentially
distributed interarrival times, service times with distribution 4F
and an infinite number of counters, i.e., the service of a customer
begins directly at his arrival, We ask for the existence of times when
no counter is occupied. Let Y(t) be the time after which all custo-
mers being present at time t are served, Y(t) is a Markov process.
For if Y(t) is known, Y(t+ s) only depends on the arrival and ser-
vice times of the customers arriving at the time interval (t,t+s)
and not of those arrived before the time t, since the time after which
they are all served is known. If Y(t) = O, then it remains O until
the arrival of the next customer and then jumps to his service time,
If Y(t) = x»0, then it decreases with slope -1 until the arrival
of the next customer resp. until it takes the value O, if in the mean-
time no customer arrived. In the first case let =x-& be the value of
Y at that time., If the service time of the arriving customer is less
or equal than x- &, then the process continues as before. If not, the
process jumps to the service time of the customer. Now let Wn(x) be
the probability that during the time of the arrival and departure of
the next n customers the process Y did not take the value 0 if
Y(t) = x. Of course, for the derivation of Wn the knowledge of the
process Y is not sufficient, since customers with a service time less
or equal than the value of Y at their arrival do not influence the

process Y,
Corresponding to our problem we are looking for a criterion where

Wn converges to O.

0f course, we have Wo(x) = 1-e”°%,

For mny1, W, can be derived recursively. The event that during
the arrival and the departure of the next n customers Y does not
take the value O implies that during the remaining service times of
the preceding customers one customer arrives, At his arrival the
situation is the same with n replaced by n-1. So we get for mn}1

X oo
-c
v (x) = j‘ce E[F(x- EW,_q(x=£) + J. w,_,(z)ar(z)]at
o (x-8 )+
If we set w_1 = 1, then the recursion formula is also valid for

n=0, There follows by induction that for n}0, anwn_1 holds.

Let W = 1lim Wn. Then by monotone convergence we get for W
n -+ o
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the equation:
X + o0
(*) W(x) = f ce™ [F(x-£)W(x-g) + f W(g)aF(g)lae (xy0)

0 (x- £ )+

Furthermore, W is the maximal solution of (*), which is less or
equal than 1. For let W¢1 be another solution. Then by induction we
get Wgwn_1, which implies W¢W. So we have to study the solutions of (x).

Lemma 1: There exist non-negative bounded solutions of (*),
which are different from the trivial solution W = 0, iff

T et (-
j e Co (1-r( & ))dgdc <oo. In this case they are given by
)

x ? .
W(x) = aj e¢ o (1-F(E))a%, Livn oca = W'(0) = cj W(z )dr(z ).
0 z [
“ S
Theorem 1: lim W, = 0 <> J e=ct (1-F( £))a Edz;: +00.

n +
o

This is especially fulfilled if F has a finite first moment.
In the opposite case we have

4 X ?
e"’{(“F(E))“aa Je’co(“F(E))dEa;
(o]

o

1lim Wn(x) = (j

-+ o
n (o]

Proof: The right side of the equation (¥*) is a convolution.
We transform it.

oo

X
o™= Brceyce) + f wierar(e)]
E+

W(x)

ce—C(x- E)[w( £) + J (wiz) -w(e )]dF(; )]dE
3

1]
O~ O

This shows us that W is differentiable and that (*) is equivalent
to: -
Wix) = ¢ [ (W(g) - W(x)ar(c) with W(0) = o,
X o
A consequence of this equation is W'(0) = cj W(z )dF(z ). Partial
integration yields o}

Wi(x) = ¢ [ (1-F(g)W'(z)ae
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Differentiating this equation we get a differential equation for W'
with the solutions:

X
Wt (x) =a.e® {(1-F(E))at with arbitrary a = W'(0).
But for the inverse conclusion we have to add the condition W'(x) =0
for x > +*, TFor a + O the given solution fulfills this, iff the
first moment of F 1is infinite since

3 (1-F(Eg))ag =j£ ar( e ).
0 (6

X [4
In this case we get the final solution: W(x) ==aj‘e_c£ (1-F(€))ae dzg
)

This solution is bounded for a # 0, iff j e-cfoc“-F( £ 3¢ (.
o)
Since this condition implies that the first moment of F is infinite
the lemma is proved.

Since 1lim Wn is the maximal solution below one, the first

assertion of the Theorem is clear, If .j e-ci (1-F(&))ae at < o,

o
X 4

then the solutions W(x) = a S e~cf (1-F(&))at d ¢t are monotonically
o

increasing and depend in an increasing manner on a, So lim wn is
the solution of (¥*) with W(x) - 1 for x oo which is the
stated one.

1.3 The distribution of the interaction parameters

As was described in 1.1, for given Vo’ the stochastic behaviour of
the interaction block only depends on the distribution of the inter-
action parameters of the varticles. So they will form our basic
sample space. We shall state the parameters as the interarrival times
of the particles and their phase coordinates where it is convenient
to choose (xi(T1+...+Ti), wi(T1+...+ri)) as phase parameters of the
i-th particle, since these are the initial conditions for the diffe-
rential equation Bwy = - grad ¢(xi). So the space of the inter-
action parameters of one particle is R+X Z with Z = RQX(RZ, and
our sample space is the space 05 all finite sequences in R* x Z,

i.e. the topological sum 1 = é}1GR+x Z)k.

In order to derive the probability measure on I , which corre-
sponds to our assumptions, we start from the space 3 = ®*x Z)m,
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where [N is the set of the natural numbers. Let p(1) be the ex-
ponential distribution on RY with parameter c(V ), and let p(z)

be the distribution on Z derived from the dlstrlbutlon for the °
first particle as defined in 1.1 by a velocity space translation by Vo‘
On } we have the probability measure p; = (p§1) ® p§2¥9“”

from which we get the desired probability measgre on OZ by stopping
after the interaction parameters of the interaction block.

For this purpose we have to study the solutions of pw = -grad¢(x)
in dependence on the initial values in Z, especially with respect to
their sojourn time in the interaction region. Though we supposed ¢
to be continuously differentiable, it may not be regular enough for
our purposes. Here we cannot give explicit conditions under which ¢
is admissible, which may also depend on the measure Vv . We shall only
discuss the conditions arising from the probabilistic treatment. First
we have to exclude with probability one singular solutions of the
differential equation, since they are not unique and cause infinite
interaction times. So we suppose that for each VO 6{?? the initial
values in Z, which yield singular solutions, are Py -negligible,

This is for example satisfied, if grad ¢ # O in the interior of the
interaction region. Now p -almost every =z € Z 1is assigned an
interaction time ©6(z). & °is péz -measurable and the image of

p&f) under 6 gives us the disf%ibution'of the interaction times.
Let Fvo be its distribution function,

Concerning the problem under which conditions the interaction block
is terminated after a finite number of interacting particles with proba-
bility one, we now have the situation described in 1.2. So we have to
presume that ¢ and Vv yield distribution functions FVO with the de-
rived condition., In most cases it will amount to the finiteness of the
first moment. Here we shall only specify, for which parameters long in-
teraction times are possible. First they occur for small velocities, but
their influence is in general cancelled by the factor |v| in the mea-
sure pég) (see 1.1). Furthermore, they are possible for initial con-
ditions near those which yield singular solutions, and possibly for great
velocities, if ¢ is unbounded. A possibility of avoiding this problem
would be to truncate the single interactions after a fixed time ©)>0.

We are now able to finish the derivation of the probability measure.

For k ) 1 1let 31{ C 3 be the set of interaction parameters, which
cause a stooping of the block after the k-th perticle, i.e., the set of
(Tl,z )l>1 € } with the property

min{j.‘H+...+Tj,max(q+6(z1),T1+12 +6(z2),...,T1+...+T +9(Zj_1))}=k+1

-1
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}k is a pV -measurable subset of } for each V GIR . On } X
we define the® pV -measurable mapping o

Olk‘}kﬁ L

k
o, ((1s,25) ) = (1,2;)
k i?"i iy 1 i’7i i=1
Since the 3 x ere disjoint, we can combine them getting a pvo—mea—
surable mapping o:

atéft=u k—)X
@l dx= ok

The assumptions concerning the finite numbers of particles in one
interaction block just mean pV'(.}f) =1, We now get our desired
probability measure PW) on I as the image of the probability
measure pV restricted to the measurable sets of }f under the
mapping o,

The process of one interaction block can now easily be defined.

The lifetime of one block is given by a PV -measurable mapping ¢ :
o)

T @  —> R

k
C((Tiyzi)i=1) = max{r1+6(z1),...,T1+...+Tk+ e(zk)}.

Finally we get the paths V(%) (0¢t< z) Dby the prescription
of 1.1. The coordinate mappings V(t) are PV.O
because of the continuous dependence of the solutions of the diffe-

-measurable on L,

rential equations from tose initial values, which yield regular solu-
tions.
We still remark that the definition of pv easily implies that
for a Borel set A C } the mapping V, — pV (A) is measurable, and
hence for a Borel set B CI the mapplng v »-) Pv (B) is measurable.
In the third section we shall start w1th the flnal results in
order to give a canonical representation of the distribution of the inter-
action blocks and then shall join them to the velocity process. We shall
do this in an abstract model., For that purpose we have to introduce a
space for the blocks, which will be done in the next section.
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v
2 The spaces DL(E) and D¢ (E)

Let E be a compact metrisable space and I ¢ JR be an inter-
val, Then by DI(E) we denote the set of all mappings w:I — E,
which are right continuous and have left limits. For I =R’ we set
D|R+(E) =: DY(E). On DI(E) one can define a metric, under which DI(E)
becomes a Polish space (see Maisonneuve [5]). We shall extend the
definitions and results to the case where the domain is not a fixed,
but a variable finite interval, We set:

D§(E) is the set of all mappings o : [0,z ) — E which are
right continuous and have left limits, even in ¢ , where
0<g= 7 (w)<oo depends on w and is called the lifetime of w .

We want to define on D;(E) a metric, under which D}‘(E) is separable
and complete,

For 0<%, £'< ® we denote by Tg' the set of all mappings
t: [0,2) — [0,%') which are strictly increasing and surjective.

' : T (t)-1(s)
For 1€ Tg we set |T |:= sup {|T(t)-t] + sup |log ——————|}§w.
0gt<zt $s<L t-s
s+t

We have the following properties:
Lemma 2: Let 0< Z,0',3" <o,

. ' -1 -1
i) te Tg S 1 @Tg" [t] = |77
C' C" Cll
i1) te Tz, oeT = ot el , [oet| ¢ |o| + |1
iii) There exists a T €Jp with |t < o
1
w) e TP = vy le-o] + | logd |
1
Proof: i) and ii) are trivial. For iii) we may take Tt (t) = ::C--t-
iv) In the sup of the definition of | 71| we take t+¢ and s=0.
Now we are able to define the metric on D;(E). For this we fix

a metric p on E, which induces the topology of E.
On D;(E) we define the metric:

d(w,w'):= inf( °{|T|+ sup o (w(t),0'(1($))}  (w,0'€DL(E)).
TeJ B 0gt<z (w)
t(w)
The fact that d is finite follows from Lemma 2iii). The axioms of a

metric can easily be derived from Lemma 2i) and ii).

Theorem 2: D;(E) is separable and complete under 4.
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Proof: Concerning the sepzrability the set of all step functions
with values of a fixed denumerable dense subset of E and rational
discontinuity points and lifetimes form a denumerable dense subset of
D;(E). Because of the finiteness of the lifetimes we do not need the
exponential factor occurring in the definition of d in [5] for it.

The proof of the completeness is just the same as in the case of
a fixed interval with two additional remarks. We have to verify that
all compositions are possible, which is trivial, and that the domain
of the 1limit cannot degenerate to a single point. But the log-term in
Lemma 2iv) shows that this possibility is excluded.

Now let E ©be a locally compact space with denumerable base, We
define D;(E) in the same way as we did in the compact case. Let
E' = Ev{ A} be the Alexandrov compactification of E. E' is a com-
pact metrisable space. We can imbed D}(E) in a canonical way in
D;(E') and supply D;(E) with the relative topology. If E is com-
pact itself, then A 1is an isolated point and so the definitioms
of D}(E) and its topology are consistent. We return to the general
case,

Proposition 1: D;(E) is an open subset of D;(E').

Proof: Let w € D;(E). Then it is clear that

§= inf p(w(t), A) >0
ogt<z(w)
and {w : dlw,w') <8} C D;(E).

This proposition implies that D;(E) is a Polish space.

We finish the discussion of D}(E) by characterizing the topology
of Dz(E) by continuous mappings, which also implies a characterization
of the oc-algebra of the Borel sets.

Lemma 2iv) shows that r 1s continuous. Let 7 and WC be the

o}
continuous mappings:

m : Df(E) —> E  and ™o D{(E) — E
w —> w(0) 0 = wz-)

Finally, by continuing each mapping w € D;(E) on RY vy giving it
the value A for t ) tr(w) we get a mapping I from D}(E) into
+ige
D(E)o
Proposition 2: i) The mappings Ty T, and 7 are continuous.
ii) I is an injective continuous mapping and

I(D}(E)) is a Borel subset of DY (E').
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Proof of ii): The injectivity of I is clear. For the proof of

the continuity let (w ) be a sequence in D;(E) and w & D+(£‘)
nyl
with d(w y,w) = 0, which means the existence of Th Tc(wn) with

]'r | > 0 and p(w (T (t)),u(t)) — O uniformly on [O, c(w))
By T+ we denote the set of all strictly increasing surjective
mappings from RY to IRY., For % €Tt we set

| #]:= sup {| #(t)-t| + sup |log () (s) |} ¢ +00.
£50 s30 t-s
sxt

Let ¥ €T7% ve defined by
(4) = { rn(t) 0gt< ¢ (w)
2w )+t- 2 (0) £y 8 ()

Then Tn eTt with |Tn| = |Tn| and we have p ((I(wn)»Tn)(t),I(w)(t))-—)O
uniformly on IRR'. This implies the convergence of I(wn) to I(w) in
the topology of DV(E'). So I 1is continuous.
Because of the right continuity we have
1(0}(®)) =N U [{aed*(®') : inf o (a(t), 8) > O} A
ny1 k0 tgél%,t rat

A {Be D E) 1 a(8) =a,t> B g rat)]N ([}
2

[A] is the constant mapping & =A.
Since for each t ) O the coordinate mepping & > ®(t) is measurable
on D'(E'), I(DL(E)) is a Borel subset of pH(E").

Pr0p051t10n 3: The topology of Df(E) is the weakest one, for
which I, ¢ and T, are continuous.

Corollary 1: The o-algebra of the Borel sets of D}(E) is gene-
rated by the coordinate mappings X, : w.— w(t) (t30) extended by
setting Xt(w) = & for t 3 z(w).

Proof: For the proof of Proposition 3 it remains to show:

If (w ) 1 is a sequence in D}(E) and w® € D;(E) with

I(w))—> I(w), t(wy) = z(w) and 1 (u,) —m, (wy), then v — w.

Let % €Tt with [T 1— 0 and  p((T(wy)e 1,)(t),I(w)(t))—>0
locally uniformly. Since & (w) is a discontinuity point of I(w),
there exists n_, with ?n( g (w)) = ¢ (wn) for n ) n,. This con-
clusion is somewhat easier to prove than a similar one occurring in the
proof of Theorem %i) So we omit it here and refer to that proof.
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For n ) n_ 1let Tn b%(£h§ restriction of ?n to the inter-
vel [0, t(w)). Then 1 eJ 0.8 with |t |¢ |%,| end

D(wn( Tn(t)), w(t)) - O uniformly on [0, z(w)), which just means
wn — W,

The Corollary follows from the fact that the corresponding asser-
tion is true for D'(E) and that ¢ and T, are meagurable with
respect to the o-algebra generated by the coordinate mappings.

If we regard on D}(E) the weakest topology for which I is
continuous, then Proposition 2ii) implies that D;(E) is in this topo-
logy a Suslin space. By Corollary 1 the two topologies induce the
same o©-algebra of Borel sets. But one can easily show that in Pro-
position 2 none of the mappings can be omitted. So the topology de-
fined above is strictly finer and more adapted to D;(E).

Next we define the space of mappings w € D}(E), whereby one
point of the interval [O,C(w)) is marked, which divides w into
two parts. So we set:

]‘3}(}3):: {(w,u) : w e D;(E), 0<u<zg (w)il.

5}(E) will not be regarded as a subspace of D;(E) x RY, since we shall
supply it with a finer topology than the corresponding relative topology.
But for the definition of the final topology we also need this relative
topology, which in the following we shortly call the relative topology
without referring to D;(E) x RY. The reason for the construction of a
finer topology is again that we shall render meppings continuous, which
are in a natural way linked with 5}(E), namely the restrictions to the
two parts of the mappings, where the restriction to the first part is
not defined on the whole space. We set

v
My s {(wy, u) € D;(E) tu> 0} — D;(E)
z( H1(w,11)) =u
I u) =
199 ™) = Cl[o, u)
v
-+
M, :  Di(E) — DE(E)
z( Hg(u), u)) = z(w) - u
Ty(w, u)(t) = w(t+u) (Ogt< g (T 5(w, u))
Since H1 is not defined on the whole space we cannot directly
define a topology on D;(E) by H1 and I 2 We have to proceed
in a different way. For that purpose we define the mappings:
¥:  DL(E) — E ¥.: DE(E) — E
oy, u) = w(u) ¥w, u) = w(u-) for u >0; 7_(w,0)=w(0).
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Now, for topologies, which are finer than the relative topology,

the continuity of H1 and T, and the continuity of ¥ and %_

are equivalent, If H1 and H2 are continuous, then so are

m e T, and X_I{(w, u) ¢ ﬁ;(E): us0} = M °Mq. As for the

continuity of #_ in the points (w,0) we do not need the continuity
of H1 and H2' It is a consequence of the following Theorem 3ii),.
The converse of the equivalence assertion will be stated in Corollary 2.

So we supply 5;(E) with the weakest topology which is finer than
the relative topology and under which ¥ and {_ are continuous. Then
5}(E) is a Polish space, too. ,

The definition of the topology of D;(E) can directly be trans-
formed to a definition by means of convergent sequences. We shall show
the equivalence to a formally different notion of convergence, which
yields the continuity of I, and T,.

< v
Theorem %: Let (wn, un) ; be a sequence in D;(E) and
v ny
(w, u) € D;(E).

i) If u > 0, then (wn, un) — (w,u), iff there exist
T, € JJggzg) with Tn(li) = u,, | Tnl-—9 0 and
o(wn(Tn(t)), w(t))—0 uniformly on [0,z (v)).

ii) If u= 0, then (wn, un) — (w,0), iff wo— o

. . Z(w,)-u
and u, — 0. In this case there exists Th G:Tcgw? n
with |1 | — O and po (T ($)+u ), w(t)) > 0
uniformly on [0, z(w)).
Corollary 2: H1 and H2 are continuous.,

Proof: i) One direction of the equivalence is trivial, namely,
that the stated conditions imply the convergence.

So assume (uh’ un) — (w, u) with u> 0.

We have to distinguish the cases, where u is a discontinuity or
a continuity point of w,

First case: u is a discontinuity point of w.
Let 1t ¢ Tg(gf)l) with | ‘rnl —> 0 and p(wn('rn(t)), w(t)) > 0
uniformly on EO, z(w)). We shall show that for n great enough

Tn(u)z un holds.

Let n:= p(w( u-), w( u)) > 0.
There exists §> 0 with [u - 8,u+ 8) C [O, z(w)) and
p(w(t)), w(u)) <2~ for ug¢ t< u+8é

p(w(t)), w(u-)) < 2 for u -6 t<qu
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Now choose n; such that for n ) n, the following inequalities hold:

| Tl <3

$
[un —U.I < 5
poy(u )y0(u)) <3
p(o_(u, =)®(u=)) <3
p(o (T _(£)),0(+)) <7 on [0, 2(w))

n for n ) Ny which we shall show

. For u-86¢ t <u+d we have:

This ng satisfies Tn(u ) =u

now, Let n ) nj

p(uw (1 (£)),0-)) < p(w (1 (t)),0(£)) + e(u(t),w(u-)) < %
and for u ¢ t <u+ & we have
plw (1 (£)),0(m)) ¢ 0w (t, (£)),0(t)) + p(w(t)yw(u)) < g
since p(0(w),u(u-)) =1, p(x,0(w-)) < 3 will imoly o(x,u(w)) > 3
and po(x,w(u)) < g will imply o (x,w(u-)) > ”2 Foru -8 t <u+3$
we thus conclude:
u- 8¢t <u &= plu(1,(+)), wlu-)) < 3
ugt Cu+ 8 &= olu(1,(6)), wl@) <%

Nt

Now let v, = T;1(un). Then we have:
|vp=ul ¢ | vp=ug | + | uy-u| <8
plo (t (v)), w(u)) < 2 = ugv, <u+s
pw (T, (v))-),w(u-)) <3 Du=-sgv<u
So vy = ged.

Second case: U is a continuity point of w .

Let again t. ¢ TR with |t | = 0 and p(uw, (r (), w(t)) = 0
n C(J3 n Wn'\Tn

uniformly on [0, z(w)). In this case we cannot expect Tn(LJ) = up
for n great enough. We have to take advantage of the continuity of w
in u to change T, in a neighborhood of u yielding that u 1is

mapped into uy without changing the convergence properties. For this
purpose we only need the convergence of (u)n, un) to (w,u) in the
relative topology. The change of Th will be performed by composing T,

. . z(w
with suitable o ¢ T;[m].

i . -1 -1 -

The inequality |t (un)-ul < lrn (un)—unl + | un—ul < ITn1| +|qn-ui
. . -1
implies the convergence T (un) —> u. So we can choose §_ > O with

|t (u ) -u|

an-—> 0 and e S— —> O, Furthermore, we may assume
n
-1
T u_)-u
[u—dn, u+ Gn) ¢ [0,z(w)) and .LE_.(_Sn__I < 1 for all n.

n
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. Z(w) .
We define o GT;(«») by:

t for O t<u-6, andu+s, ¢ t<zlw)

T uy)-(u-9)
3

-1
On(t) _ Tn(un)+ (t-u) for u—<5n  t<u

-_1n
u+s_ -t (u )

-1 n n'm
Tn(un)+_5n__(t—u) for ug t<u+8

z(w) . -1
We thus get anTc(w) with Gn(u) = Tn(un) and |cn| — o.

The last fact follows from the easy estimations:

-1
| o, ()=t] ¢ [T )-u | for 0 t<&(w)

_1 _1
o (%)-0 (s) T_(u,)-u T (u )=-u
log | _n_t__n___ | ¢ max(log|1 + —%—-— |y 10g|1——n§L—- [)
-8 n n

Ir;:(un)-u |

§n

T for 0 ¢ %, s < t(w), t F s
Ty \U -u
1= n""n

§
n

] ’ C(w
Set T, i= rnoon. Then Th e Tc(w

| 'r'n[ —> 0. We must still show the uniform convergence

P, (T (1),u(£)) —> 0 on [0, ¢ ().

S
Coy (1 (), (D) ¢ 0l (x (0, ($))), @ o, (8)) + plulo, (8)), o (+))

) .
3 with T'n(u) = uy, and

The uniform convergence p(mn(rn(s)), w(s)) — 0 on [0,z(w)) implies
the uniform convergence of the first term.

For the convergence of the second term let ¢ > O. There exists
850 with p(u(t), w(u)) < 5 for [t-u| <6. Let n, with s <6
for n }n_. Then for n ) n_ we have p(w (on(t)), w(t)) <e on
[0, z(w)).

This is trivial for |t-u| } 6, since then on(t) = t,

For |[t-u| <& also | o (t)-u| < 6, holds, which implies

p(w(o (£)), w(t)) ¢ plwlo (£))y w(w))+ olw(u), w(t)) < e.

ii) The convergence wy— w and u, — 0 is formally weaker than
the convergence (w, un) — (w ,0).
So assume w,—> w and u,— 0.
The proof of the convergence (uw n’ un)——> (wy 0) and of the
additional assertion in ii) can be reduced to the continuity case
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of the proof of i), while defining (®,0) by <z (®) = t(w) + 1,
0§ = u+1=1 and

. w(0) 0
at) = {m(t—1) 1

t <1
t < (@)

7\

AN

and defining ( Gn’ Gn) in the same way.
Then we have arf_é o, Gn'—) 1 and 1 is a continuity point
of ®, Remark that in the continuity case of the proof of i) we only
needed this convergence. So there exists T € 3050%) with
?n(1) = u +1 and p(&n(?n(t)), B(t)) > O unlformly on [O, g(®)).
This implies
wn(un) = 0 (d)—> @) = w(0)
wn(un—) = & _(u_-)—> & (i-) = w (0)

from which the convergence ( Wy U )-—> (w,0) follows.
Finally define Tt ¢ J“C(w@ Un byt (t) = Tn(t+1)-(un+1). Then
lT | € |T |+ u,— 0 and

p(wn(Tn(t)+Un), w(t)) = o($(fn(t+1)),& (t+1)) — O uniformly on
[O, z(w)), which completes the proof.
The Corollary is a direct consequence of the Theorem.

3, The abstract model

In section 1 we constructed a model for the distribution of the
interaction blocks by assigning to each V € R a probabllity mea-
sure PV on I and to each V. ¢ R* and each (14 Z1)1-1 € £ a path
of finit® length, which we may now regard as an element of Df(m*)

The measurability properties stated at the end of section 1 together
with Corollary 1 make possible a canonical representation of the dis-
tribution of the interaction blocks whereby each v, eR? is assigned
a probability measure on DfGRQ), which we call R(V s ). For each
Borel set A C Df(m ) the mapping v, = R(VO,A) is measurable. So
R has the properties of a kernel,

From the distribution of the interaction blocks described by the
kernel R, we proceed to the construction of a model for the whole
velocity process by joining the interaction blocks., Each block will be
given the distribution belonging to the initial velocity which results
from the preceding block, The transition from one block to the initial
value of the following is formally descrlbed by the kernel

S(w,B) = 1 (w (w)) (we D GR ), B CIR Borel set). So the inter-
action blocks form a Markov chaln with state space D}QRQ) and
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transition operator Q = SR, The initial block containing the time zero,
plays a special rble and will be represented by an element of B}ORQ),
whereby the marked time represents the time zero. Its distribution will
be given by a probability measure on B}OR”).

We shell perform the described construction in an abstract model
replacing the state space R? with an arbitrary locally compact space E
with a denumerable base and the special kernels R and S with arbitraryi
ones, Since their composition Q = SR 1is the crucial kernel for the pro- |
cess, we shall proceed from it and get R and S by disintegration
under corresponding conditions.

Thus, our abstract model consists of processes which are divided
into blocks with the property that at the beginning of a block the future
does not depend on the past, What we get is a generalization of semi-
Markov processes, for which the constancy within one block is not re-
quired, After having constructed these processes,we shall indicate how
methods and results originating from the theory of semi-Markov processes
can be applied to the study of the described processes, For this purpose
we associate to each one a semi-Markov process by setting the process
within one block constant to the initial value, This associated semi-
Markov process itself contains much information about the original pro-
cess, namely its global behaviour, which does not depend on the fluctua-
tions within the blocks., Furthermore, the initial values of the blocks
form an imbedded Markov chain, Results concerning the associated semi-
Markov process and the imbedded Markov chain can directly be adopted
from the theory of semi-Markov processes., But both - the associated
semi-Markov process and the imbedded Markov chain - will also be useful
for further results. This will be shown for the finite-dimensional dis-
tributions and the ergodic behaviour.

3.1 Construction

As we have just given an intuitive survey of the construction of
our abstract model, we can now restrict ourselves to its technical per-
formance.

Let E be a locally compact space with a denumerable base and
E' = Eu{A ! be its Alexandrov compactification. As the canonical samnle
space, on which we shall define the process, we have Q = Bz(E)ng(Efq
supplied with the product topology and the o -algebra ¥ of its Borel
sets, For n = 0,1,2,... 1let S'n be the o -algebra of Borel sets
depending only on the zeroth block - the block with the marked time -
and the following n blocks.
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In order to join the blocks we first define the times Tn(n)o),
which separate them:

T : 2 — R
T, (0, T, (w $. )= -u
ix
Tn((wO'U)Q (w J)~ ) = -u + C(w 0)+~0~+ C(mn_1) (n )1)
hb
The mappings Tn are continuous., Furthermore, TO is ?;—measurable,
and for n)1 T, 1is grn_1—measurab1e.

The connection of the blocks can now easily be defined by the coor-
dinate mappings X, : & —> E (t ¢ RY):

(t-T7.) f <t =T, + .
wJ( J) or T, t< T 3 C(“’J)

j+1
X‘t(( wO’ U)9 (mj).> ) =
§ A A for t 3 1lim T,, if it is finite,
j—>
It is clear that the mappings Xt are measurable, The correspond-
ing paths are right continuous and - except in the time 1im T., if it
is finite - have left limits, J >
Now let Q be a Markovian kernel on Df(E) and p be a probabi-
1ity measure on Df(E) The assumptions that the distribution of (‘”o’“)
is given by u and that (u)j; j»0) 1is a Markov chain with transition
kernel Q, define a unique probability measure P on (0,%), analogous
to the construction of a Markov chain with the exception that the zeroth
element is supplied with an additional random variable.
Thus we have got a stochastic process (Q, ?,P,(Xt)teR+), which
is, however, too general for our purposes, We shall claim that Q is
of a special form,
For a fixed o € D}(E) the image of the probability measure
Q(w, *+) under the mapping w, is a probability measure on E, which
we call S(w ,+). Since for a Borel set B C E the mapping w+> S (w,B)=
=Q( w,'n;1(B)) is measurable, S has the properties of a transition
kernel with the difference that it leads from one space to the other. For
a fixed w¢€ D;(E) we can disintegrate the measure Q(w,.) with respect
to the mapping m (see Bourbaki [1], 2.7). Our additional assumption
is now that these disintegrations can be performed independently of w .
We thus get a mespping R:
R(x,A) defined for x € E, A C D (E) Borel set with the properties:
i) for each x€E the mapping Ah—) R(x,A) is a probability measure on D (E)
ii) for each Borel set A C D+(E) the mapplng x > R(x,A) is measurable

iii) for each x€E we have R(x, w (x))
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iv) for each w € D}(E) and for each Borel set A C D;(E) we have
Q( w,d) = j s(w,dx)R(x,4A).

So R is the same type of transition kernel as § with the rSle of
the two spaces interchanged. iv) can be written shortly Q = SR. Later
on we shall see that the kernel X = RS 1is also important to us.

This finishes the construction of our abstract model. Remark that
the times Tn are no random times in the usual sense, since they are
not definable on the paths, because each path can arbitrarily be divided
into blocks, The knowledge of the times Tn requires the informetion
contained in the sample space £ . This shows us that for the notion
of our abstract model u and Q are indispensable,

As already remarked we shall associate a semi-Markov process and
an imbedded Markov chain to the constructed process., For it we need the
just mentioned Markovian kernel KX = RS and the semi-Markovian kernel K

(see ¢inlar [2]) uniauely defined by
K(x,AxB) = jR(x,dw)1B(c( w))S(w,A) (x€E ACE and B cR'
Borel sets)

K induces a linear positive contraction K(1) on the Banach space L(1)
of real-valued bounded measurable functions on Ex RY supplied with
the sup-norm:

M) (x,4) = JR=xa(, 0)) £(3,8- ¢ ) 1gs (- 0).

K(1) will appear in the formulae for the finite-dimensional distributions.
There we shall also need the more-dimensional analoga K(r), the linear
positive contractiors on the Banach spaces L r) of real-valued bounded
measurable functions on E x(lR+)r supplied with the sup-norm:

K 2) (xyty e 0t) = S R(x,80y, ©)E(Taby= T rene b= Dpa (54 =Tkt gy )

Theorem 4: i) The random variables Y = XTn = wn(o) (ny1) form
a Markov chain with state space E, transition kernel
K = SR and initial distribution v = Su  where u
is the marginal distribution of w 0°

(o]

ii) The random variables Z, = (XT , Tn) (ny1) form a
Markov chain with state space E xR*, transition
probability uniquely defined by:

P('(XTn+1,Tn+1) €A X Bl(xTn, 7)) = i(xTn, Ax (B-T))
and initial distribution v':

vi(axB) = Ju(@ugs u)ig(-u+z(0))S (v o,4)

(A CE and B CRY Borel sets).
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Proof: For n)1, Y1,...,Yn are 3‘n—measurable. Let Efg'= c(?£_1,Yn).
For n)1, we have 0(Y1,...,Yn) C Tg C Tn' This implies for each
Borel set A ( E:
o

P(Y ,q € AlYqpe.0 X)) = E(E(P(Yyq € A FDITF)IYe.0n)
Since ( wn) is a Markov chain with transition operator Q, we have:

n)1
P(Yn+1 € AI ?n) = Q( “’n’{ wn+1 (O) (3 A}) = S(w nyA)
B(S(w_,4) | F__) = (@5)(wp_48) = [ 5wy 4,d5,) (RS) (y,54)
which implies by the definition of conditional distributions:

E(s( w ,4)|F10) = BE(B(S(w,8) [T )] w,(0)) = (RS)(w ,(0),4).

So (Yn)n>1 is @ Markov chain with state space E end transition
operator “K. The assertion about the initial distribution is clear.
The proof of ii) 1is analogous.
Now we define the process (Xt)t€R+ on (9,F,P) by:

X, = XTn for T ¢t < Ty
X, = 8 for t ) 1lim T,

n — oo
Then Theorem 4ii) just means that (it)téﬁf is a semi-Markov pro-
cess with the kernel K. We call it the associated semi-Markov process.

The Markov chain (Yn) is called the imbedded Markov chain,
It is clear that it is also the imbedded Markov chain to the associated
gemi-Markov process. Analytically this is expressed by the property:

%(x,A xR") = K(x,A) (x € E, A C E Borel set).

3,2 Finite-dimensional distributions

The probability measures R(x,-) define the distributions of the
blocks in dependence of their initial values. We may regard their finite
dimensional distributions R;““"tr (t4s000st, € T). For r 3y 1 fixed
they define a linear positive contraction R(fs on the Banach space
of real-valued bounded measurable functions on ET supplied with the

sup-norm into the Banach space L r)'
tT1yecertr
(R(r)f)(x,t1,...,tr) = RX1’ U f = [R(x,d0)f (0 (t)sees w (tL))

where we set f( w(t1),..., w(tr)) =0, if %; ) t(w) for at least
one i (i =1,...,7).



270

From the finite-dimensional distributions of the blocks we derive
the finite-dimensional distributions of the process (Xt)t + by choosing
the"right" blocks. For this we only need the associated semi-Markov pro-
cess,

We start with the one-dimensional distributions. So let f ©be a
real-valued bounded measurable function on E. For +t €MR" we have:

©o

Oy Cagr 0y (o) )= 1 Soy(tDip g (8
z n=

Ef(Xy) = nzo Ef(¢on(t-Tn))1[Tn,Tn+1

)(t)

For shortening the notation we always set f(w (£)) = 0 for
we D;(E) and <0 or t) z(w). Then:

f( wn(t-mn))1[Tn p )(t) = f(u)n(t—Tn)).

’ "n+1
For n=0 we have

Bf( u (5-1)) = [ u(a(w s u))E(u (t+))

and for n)1

Ef(gn(t—Tn)) =

= [ wao,m)) faluy,dw ) fou.JQluy_qs8uy) £ (o, (t-Fute(oy)+e o4t () 1),
We shall transform this representation.
fQ,_4sdu )t (e (8-7)) =[ S(u,_4,dy,) [R(yp,du )E(w, ($-T )

= s(o_y,ay ) R0 (5 ,1-1)

faCe, _5sde,4) [QCuy_qr8u )E(w (8-T))
=15 Cuy_p28Y,_q) [R(7y_gs80y_ ) f S0, _4,ay ) @R (pt-n, 4~ 2 1)
=IS(wn_2,dyn_1)(K(1)R(1)f)(yn_1,t-Tn_1).

By recursion we get for nj1:

fatu,au) [oee faluy_qadu e (4-1) = [S(ug,ay) &R ) (7, 4-m))

oo n
Ef(Xt)=fu(d(mo,u))f(mo(t+u))+ 2 Iu(d(mo,u)) S(woydy1)(K(1) R(1)f)(y1 Qt‘(-u+C(wo))
n=0
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- Let N(r) be the strong limit ) K(r)n. N(1) is intensively
n=0
studied in Ginlar [2]. since I(R(1)f)(x,T)| <2l e R(xp{E(w) >T}),
one easily sees that Proposition (9) of [2] can be applied, which shows
shat NCUR(M s exists. We get the final result:

BE(X,) = [u(au,,m) £y (t4m)+ [5(uy0ay) R ) (7, 140-2))].
In a similar way we obtain the more-dimensional distributions.

Let f Dbe a real-valued bounded measurable function on Er. For
t1$t2$...$tr we have

Ef(Xt1,Xt2,...,Xtr) =

oo

= DL Ty (60 00 ) (5T daeeestn e n T i)
n,=0 n,=0 n_=0
1 2 T
Using the same methods as before,we can derive analogous formulae,
Besides the operators R(r and K r% they will contain combinations
1 n

of them, acting on some coordinates like R(r ) and on some like K r
and leave the rest unaffected, Since the prineiple is clear, but the

formulae become too confusing, we shall not perform their derivation.

3.3 EBrgodic behaviour

A basic tool in the study of semi-Markov processes is the method
of the imbedded Markov chain, By means of the associated semi-Markov pro-
cess we can directly adopt the results for the imbedded Markov chain (%Q o
n/

Furthermore, we can use the imbedded Markov chain for the derivation
of results about the original Markov chain (u>n) , namely those con-
cerning the ergodic behaviour, as we shall show now., By this we can
apply ergodic theorems for Markov chains with a locally compact state
space with a denumerable base to the imbedded Markov chain and trans-

fer the results to the Markov chain (w_) .
Diny1

We shall start with invariant measures on E resp. D;(E). The
kernel R[S] maps measures on D;(E) into measures on E [vice versa].
We shall show that by means of this mapping Q-invariant measures will be
mapped into K-invariant measures [vice versa] and that for invariant
measures these correspondences are inverse. The mapping T, Dmaps
measures on D}(E) into measures on E, For invariant measures this
mapping is the same as the one induced by the kernel R.
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Proposition 4: i) If u is a Q-invariant measure on D;(E), then

wo( p) = uS, and this measure is K-invariant.
ii) If v 1is a K-invariant measure on E, then VR
is Q-invariant,
ijii) The correspondences between Q-invariant and K-in-
variant measures defined in i) and ii) are inverse,
Proof: i) We have p= uQ = u SR.
Let wv= uS., Then v= pupS= pupSRS = vRS = vK, So v is K-in-
variant,
Now let B C E be a Borel set,
mo (u)(B) = u(x)(B)) = (usR)(r)(B)) = f(uS)(ax)R(x,7,(B))
[Cus)(ax) 15(x) = (us)(B) = v(B).
The proof of ii) is analogous to the first part of the proof of i).
iii) Let u be Q-invariant, Then u is assigned the measure v = u §,
and v is assigned the measure v R = PSR = pQ =u, The inverse re-
lation will be gained by starting with a K-invariant measure v in the

]

same way.
Proposition 4 can especially be utilized for the questions con-
cerning the existence and uniqueness of invariant measures,
If u, is the distribution of w,, then w = uOQn is the dis-
Vot = unS is the distribution of Yn+1' If
we proceed otherwise from vy the distribution of Y1, then Vo4l T v1K
is the distribution of Yn+1’ and H, = vnR is the distribution of Wpe
We shall show that the weak convergence of My to a 1limit w implies
the weak convergence v, to a limit v, For the inversion, which is

the interesting one, we need an additional supposition., The measures u

tribution of Wy and

and v are Q- resp., K-invariant and are in relation to each other
according to the preceding proposition.

Proposition 5: i) Let u, be a measure on D}(E). If the measures
= onQn converge weakly to a measure u, then

¥n
the measures v n+l = ”ns converge weakly to the
measure V = U S,

ii) Suppose that for real-valued bounded continuous
functions f on D;(E) the functions Rf are
continuous on E, Let vy be a measure on E, If
the measures Vsl = v1Kn converge weakly to a

measure v, then the measures Moo= vnR converge

n
weakly to the measure ¥ = VR,



