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DOOB DECOMPOSITION AND BURKHOLDER INEQUALITIES*

Murali Rao

Let Xo"”’XN be a martingale relative to @g~fields F

co ey

(o]

n
Fy - Let x =X , x;=X,-X, 1 for i=1,...,N so that =% x5 -
Let |u'i |€1 , 04i< N and Vi,q Fj-measurable for i=0,...,N-1

n 1
Put g =T v,x, , n=0,...,N, gi="2% |g | and sy=8,(X) = (£xD)F °
[}

In [‘1] Burkholder proved the following remarkable inequalities:

For a>o0 ,

IN

(M aPlet>a) «52 B [Ixgl]

(2) aP[sy>a] <52 E [Ixgl] .

In |:2] Gundy, making use of his decomposition for L'-bounded mar-
tingales obtaines inequalities for '"class B mappings" which include

(1) and (2) above. In this note we exploit Doob decomposition to
give completely elementary proofs of (1) and (2) thus answering
a question raised by Luis Baez-Duarte [31 . Let us add in passing
that our method also gives inequalities for class B mappings of Gun-
dy. For terminology not defired here we refer to E+] .

For random variables f ,...,fy, £% will denote max |f. |.
° N OsisN
We shall show that if the martingale X_,...,Xy 1is non-negative (1)
and (2) can be replaced by
(3) aPlegg>al =13 ELIXI]

() a P[syzal =213 EL[Ix,|]

* Prof. Neveu pointed out to P.A.Meyer that he has given in his Cours
de 3e Cycle on martingale theory, Paris 1969/70, a proof of the Burkholder

maximal lemma which is very closely related to that of Prof. Rao.
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Lemma. Let Zo""’ZN be a square integrable super martingale

and Zi= i " Ai be its Doob-decomposition. Then
2 2 -1
(5) E[MN‘_I < E[zN]+ 2 E[z;, 2y (Ay1-49]

Proof. Noting EY-(ZL'*I—ZC)IFLl: D'( - QQ‘H

4L
> o 2
EDMGq -u3]= B0, -u)7]

1l

2,5 : 2
EL(2yyq =207+ 2 Gy =2 Zgpq =2 + (g =47

I

E((2q-2)%] - ED@Gy,, -4)2]

<E| (2, -2)7 ]
_ 2 2 :
=E [zi+1 -251+ 2 E [zi(zi-zi+1)]

(i

2 2
B[z, -251+ 2B [2;(a;,, -4 ]
And since Mo = ZO we get

N-1
E[M21=E[M]+ = E[M,, -¥2]
(o]

In

5., M- 5 5 N--1
E[zs]+ Zo E[2z7,,-2{]1+2 zo E[2Z(A; 1-45)]

N-1
2
E [zN] + 2 % E [Zi(AiH—Ai)] .
That proves the Lemma.
1If 2,20, E[Ay]1<E[MI=E[2 ] and we have

Corollary. If O £Z;< a is a super martingale and Z; =

= Mi - Ai its Doob decomposition then

(6) E[MG] €32 B[2.] .
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Now let us prove (3). Let a >0 and Zi = X;na. Let Zi =

= Mi - Ai be its Doob decomposition and

1]

n
U, =29, + 2‘1_'_‘ (Zi'zi-1)vi

il

i

n
n voMO + ;; (Mi'Mi-1)vi .

By martingale inequality aP(X#* > a) € E(X.). On the set (X* £ a)
N (o] N ’

g, = Un for all n. Thus
(7) aP(gf >a) < aP[Xf >a] + aP[gf >a,X} < 4]
S EBEX] +aP[Uf>a] .

Clearly |U | & anI + A, (note that |v;| <1 and A, > 0) and

|Vni + A is a submartingale. Submartingale inequality gives

Plug > a] < PL(IVI+a)} > o]

¢ S5 B[Vl

a
2 2 2
< ;-?TE[VN + Al

Y 2
< 5 EEMN]
a
) 2 2 )
since E[Vy] = E[MN] and Ay < My. Using (6) and that Z g X,
Plig > a] s 2 E[x ]
N a *
Together with (7) this gives (3).

As another example of application of the Lemma let us derive ().
Put again Zi = Xi/\a, and let Zi = Mi - Ai be its Doob decompo-
sition.

(8) P[By(X)>als Plxg>al + PLSy(X)> a,Xgs al< 2B [x] +P[5,(2)°> 8] .



201

2 2 2 2 2
Clearly SN(Z) £ ZSN(M) + ZSN(A) < ZSN(M) + ZAN

2 2 2 a°
Plsy(2)°> A< P[5 + Ay > 5|

> 2
£ % gfs,00% + A7)

s tepd] < Emx] .

This together with (8) gives (4). Similar argument applies %o any
class B mapping. We remark that (3) implies (4) but with 54
instead of 13.
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