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DOOB DECOMPOSITION AND BURKHOLDER INEQUALITIES*

Murali Rao

Let Xo,...,XN be a martingale relative to 03C3-fields Fo,...,
n

FN . Let 9 Xi - ~i - Xi-1 for i=1,...,N so that °

Let ’~ ‘~ 1 y 0 ~ i_ N and vi+1 F.-measurable f or i=0 y ... , N-1 . O

Put 9 n=0,...,N, 9 I and SN = SN(X) = (03A3x2i)1 2.
In [1] Burkholder proved the following remarkable inequalities:

For a>0 9

(1) 52 E 

(2) 52 E 

In [2.] Gundy, making use of his decomposition for L’ -bounded mar-

tingales obtaines inequalities for "class B mappings" which include

(1) and (2) above. In this note we exploit Doob decomposition to

give completely elementary proofs of (1) and (2) thus answering

a question raised by Luis Baez-Duarte ~3~ . Let us add in passing
that our method also gives inequalities for class B mappings of Gun-

dy. For terminology not define d here we refer to 

For random variables f ,...,fN5 fN will denote max !. o
o ~ ~ 

We shall show that if the martingale X01...,XN is non-negative (1)

and (2) can be replaced by

(3) 

(4) .

* Prof. Neveu pointed out to P.A.Meyer that he has given in his Cours

de 3e Cycle on martingale theory, Paris 1969/70, a proof of the Burkholder

maximal lemma which is very closely related to that of Prof. Rao.
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Lemma. Let be a square integrable super martingale

and Zi =Mi - Ai be its Doob-decomposition. Then

(5) E[M2N] ~ E[Z2N] + 2 E [03A3 Zi (Ai+1 - Ai)] . 0 ~

Proof . Noting ~ ~~Z 4 t ~ _ .~’ ~ ~ ~ i ~t t

1

E [M2i+1 - M2i] = E[(Mi+1 - Mi)2]

= E[(Zi+1 - Zi)2 + 2 (Ai+1 - Ai)(Zi+1 - Zi) + (Ai+1 - Ai)2]
= E[(Zi+1 - Zi)2] - E [(Ai+1 - Ai)2]
 E ~ I (Z. _ I

= E ~Z2. - Z2 ~ + 2 E ~Z. (Z. - Z. )

= E[Z2i+1 - Z2i] + 2 E [Zi(Ai+1 - Ai)] .

And since Mo = Zo we get

~ E [Z2o] +  E [Z2i+1 - Z2i] + 2  E [Zi(Ai+1-Ai)]

N-1
’~ ~ 
o 

~ ~~ 

That proves the Lemma.

If Z1~~ 09 and we have

If is a super martingale and Zi =
= M. - A. its Doob decomposition then

(6) o
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Now let us prove (3) . Let a > 0 and Z, = a. Let Zi =
= Ai be its Doob decomposition and

n

Un = ZoVo + 5 
~ 
~ 

= ~° _~ ° ~ i n ~~~, ~~~ _~ ~~~ ~~~

By martingale inequality aP(X§ > a)  On the set (X§ S a) ,

gn = Un for all n. Thus

( 7 ) + 

I + aP[U*N > a] .

Clearly |Un| ~ |Vn| + An ( not e that |Vi| ~ 1 and 0 ) and

+ An is a submartingale. Submartingale inequality gives

P lUj > P [ I v I +A » § > al
~ 1 2 E [( |VN |+AN)2]

a

S ) + Abl
a

~ 4 2 E [M2N]

since E[V2N ~ E[M2N] and AN ~ MN° Using (6) and that ZO ~ XO

~ l~§ ~ ~9 °

Together with (?) this gives (3).

As another example of application of the Lemma let us derive (4) .

Put again Zi = and let Zi = Ai be its Doob decompo-

sition.

( 8 ) 
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Clearly S~(Z)~2S~(M)~ +. + 

+ A~> -~-)
~ -~ E[SN(M)2 + A~

a

= 2 a2 E[M2N + A2N]

a 
~

This together with (8) gives (~+). o Similar argument applies to any

class B mapping. We remark that (3) implies (4) but with 54

instead of 13.
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