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THE- APPLICATICH OF THE LigiHOD OF DIFFP‘QENTIAL 1+ BTLATIONS
TO THE BEQUATIONS Cf CCHTINUUM MNECHAWICS

N.N.Yanenko

Institute of Theorcticas & Applied llechanics, USSR Academy
of Sciences, Fovosibirosk 630090

The method of differcantial relations conaisir in the Tollow-

ing., To a ziven system of diffcreniinl egralions
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it is adjoined a gystem of additional diffcreatial relations
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Henceforth the ~dd’ bional differential zclobions will be cal-
led the differcntisl relations. et us denole their sct by a letter
D and a combined aysten 5 and R by letter: 3P . In a general
case the syolem ST is sgoswacd nob to be in the nvolution, and
it ag necessary to aotudy Lt on the compailinidiity. Tf 39 ic not
in the involuticn, then in e cource ol oo iywis ou the comrs iibi-
lity it is cgmplémcutcd witihe the new cqurioone thal tis gsolution
should satisfy. ILf 8w ig din the dinvolution, iben 1t ig vossible

to secarch for ite golulions that will be Lhe pretial solubtions of
the systewm S L, '"he cogscance ol the method of difTerential relations
be stiated on Tollows: Lhe @olutiong of the syglemm SW are search
¢d Tor casiecr ithan the solutions of the o/siem S, since in the
of a general solution is narrower

first cuase the arbitrarincocs

than in the second one.



2.

It is possible not to se* a priori a form ot differential
relatxons‘#’ _ and equations Cb of a subgystem S ¢ S , but
to determine it a pogsteriori when solving a converse probvlem of
the compatibility theory for a system SQ that ca2n be formulat-
ed as follows:

What a form should have the differentinl relations q1$ and

A

the equations CP#_ of the subsystein S'- S in ovder that an over-
determined system $R has a given arbitrariness in its solution?

The introduced definitions can be formulated geometrically by

uging a notion of an extended syslem, Let us denote
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The relations (5) are oblained from (I) when differentiniing wizh
respect to the varialles X s Wy up to the obtaining of the de-
rivatives of the order S . The system (3)-(5) iz called on ex-
~tended one. Then in a space of variables iPT% N o? the extended
3 4" v
system, the differential relations (2) drterymine some surfrce ©
The problem is formulated ag follovis:
Determine the conditions that the surface & should satisfy

in order that to hold the integral variety of the extendsd s

with a given arbitrariness.



3.

In the first stage of the solution of the converse problem
of the compatibility theory one must search for a set of condit-
ions of the solutions existence of this problem. Generally, it is

a gystem of pariial differential equations relative to the funct-
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In the second stage of the co?verse problem solution of the com-

patibility the ory, it is ncccssary to solve the equations gls, ’

i.e. to obtairn = form'tgi and‘33y, . By using such a nethod the
k.

partial classes of the system (I) solution are singled and one

can obtain some idea about the structure of a general solution. How-
ever, the obtained solutions do not satisfy any boundary-~value con-
ditions that a general system (I) solution can satisfy, i.e. the
obtained solutions are the formal oncs. Nevertheless, the solutiors

obtained using a method of differential relations ca.n be employcd
when solving the specific boundary-value problems. .n connechion
with the faci that the analysis on the compatibility requires to

carry out excessive analytical caloulations, it arose an actual

problem to employ an electronic computer for these purposes. An

algorithm of the analysis on the ccompatibility according *o Cartan

"of Pfaff system of the form |
d,u{ - Ob (e, w xpjoboc ,
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was realized by using an electronic computer in [I:]. An exter-
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nal differential “rom the Pfaff equctions with an index bz_is

acumed to be identicilly equal Yo z7ro., An analysis on the com-
patibility of any ¥lai aystem co.1 be reduced to an analysis on

the compa>ibility of the systiem under consideration.
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It is possible not to fix the functions q;tmﬂ,"#mmﬂlq@\lgﬁff
but to dedterminec thein in the course of *the solution of the ccaver-—
ge problem of the compatibility theory.

Cartan’s method as aax electronic computer algorithm can be
presented in a form of s block-diagram (Fig,T) in which the fol-
lowing sequence of operations is realized: |
1) Obtain a system of equations defining the mouat general integ-
ral element.

2) Choose a complete, independent and noncontradictory subsystem
in the system of defining equations,

3) Lower the rank of the defining system by putting condi
on the functions %f

4) Construct a chain of in,egral.elenenuu, compute the characte-
ristics and verify Cartan’s criterion.

5) Extend the Pfaff system.

6) Differentiate the system of finite relations and choose from

e

among them 2 complete, independ-ont and noncontradictory subs

J\/Jvl

7) Complement the Pfaff system and verify the noncontradi:icriness

S e

of the complemented system.
8) Reduce a complenmented system to the initial form (7).

The algorithi can operate in regimen I when the finite relat-
ions obtained are a2djoined to the initial system, or in reginen II
when the finite relations are satisfied by choice of the funciions

(P e The item 2 ig included in the operation of the alsoriinm on-

ly in regimen IT.
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By using an electronic computer BESNM-6 a series'of test direct
and converse problems of the compatibility theory was calculated.
Thus, it is shown a principal possibility 1o use an clecironic com-
puter for realization of so complicated algorithm as it is Cartan’s
one,

The progressive waves of the sysicm of quasilincar equaiions [2]
can serve as an example of solutions being character zed by the fi-

nite relations
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A progressive wave of the rank ¢ is called a solutionu@=u@ng“,mg)
of the system (8) that satisfies the my-37 functional dependencies

ux:)“- (uj'l 3 ooy u’“") = 0.

In the case of gas dynamics equations, the equations of doub-
le and triple vaves were obtained [3,4] . In particular, the prob-
lems on the gas motion behind a piston consisting of two and three
planes (in Pig.?2 it is presented a configuration of subregions in
a cagc of two pistons), the problem on the gas escape into the
vacuum on an oblique wall (Fig.3) [5] and a number of other prob-
lems were solved in terms of the double and triple waves.

The new explicit solutions [6] were cbiained for the equat-
ions of one-dimensional gas dynamics with the help of the method
of differential relations, some of them goeneralize the solutions
obtained earlier, in particular, the results by Martin, Ludford
and Zav’yalov. For some equations of state, the problems on the
motion of a shock wave and the interference of the Riemann wave

and a contact zone (Fig.4) wére solved analytically. lMoreover,

these solutions had served as a test for the numerical methods.
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The me-hod of ¢ .fferential relations was applied algo to
the one-dimensional equations of dynamics of non-.lastic conti-
nuous media. In this case it was solved a converse problem of the
compatibility theor&: vhat must the equation o: gtate be like in
order that the initial system has one or another clasgs of solut-
ions being characierized by the differeniial relations? The ob-
taired solutions were employed to the problem on the dynamic de-
formation of a non-elastic core one end of which is rigidly fas-
tened, and another one is moving according to a given law [ 7] .-
In Fig.5, it is presented a pattern of typical subregions arising
in a plane of “ndependent derivatives(p,xﬁ and separated one
from another by the characteristics of the initial system. In

subregions I and 2, the partial solutions characterized by one

and two differential relations, respectively, take place.

It is instructive to note finally, that the method of dif-
ferential relations generalizes such classical methods as a me-
thod of intermediate integral, self-similar solutions and funcitio-
nally invariant solutions.
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