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TOPOLOGIE ET GEOMETEFIE DIFFERENTIELLE Vol. VI

Séminaire dirigé par C. EHRESMANN

NOVEMBRE 1963

A THEOREM ON CARTAN PSEUDOGROUPS

par A. KUMPERA

The purpose of this note is to give a proof of the well-known third fundamental
theorem in the theory of continuous (involutive) pseudogroups for the non transitive case.
E. Cartan gave two proofs of the theorem in the transitive case ([11,[21). For the
sake of brevity we assume all standard facts about exterior differential systems and
«derived spaces». References are given in each particular case and we follow strictly
the definitions and notations given in the references. We also omit all straightforward
computations though in some cases they are not very short. Throughout the paper all
manifolds, maps, forms, etc. are assumed real analytic.

We wish to express our grateful acknowledgement to Professor M. Kuranishi and
Dr. A. Rodrigues for the many profitable discussions on the subject of this note. ¥e wish
as well to acknowledge Professor C. Ehresmann for accepting our note among the publi-

cations of his seminar.

Let M and N be domains in real euclidean space and (M, N, 7) a fibered mani-
fold, i.e., 7 :VM » N is a projection of M onto N whose rank at every point is eqﬁal to
n = dim N. Moreover, we assume there are coordinate systems (xj) on N and (xf, LA 3
on M such that the fibers with respect to 77 are defined by x! = cte (1 <j<n).

A Cartan pseudogroup on M with invariants 77 (or invariant functions xj) is a
pseudogroup of transformations [ operating on M and satisfying the following condi-
tions :

1) The orbits of [ are the fibers of the projection 77
2) There are linear forms (coi,a"J)\), 1<i<r, 1< A<p,n<r,r+p=dimM defined

on M such that

a) (w?, c':))‘) is a basis of the space of covectors at every point of M
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b) dot =3 c;:k ! A wk + a;: )\a)j/\ &3)” where the c;:k and a;x are analytic func-
tions on M which are constant on the fibers of 77 and C;’k + c;”. =0
c) w! = dx! 1 <j<n
d) The matrices ay = || a;:)\ﬂ are linearly independent at every point of M.
3) A local transformation ¢ of M belongs to I if and only if ¢ preserves the forms
wh e ¢rol= ol
and 77, be the natural projections of M X M onto the first and second

1 2
factors respectively. Consider the fibered manifold (M XM, M, 7,) and let (Z,(MXM, M)

Let 7

be the closed exterior differential system on M X M with independent variables in M

generated by the forms (cf[ 3] and[5])

i s
xl ot ~xlom, ‘1 n

IN
IN

i

IN

wfw'—rrz* w? 1<1i

IA

T.

The Cartan pseudogroup [ is said to be involutive if (,(M X M, M, m, ) is
involutive at every integral point. Equation (b) will be called the structure equation of
[". The system (wi,&'))”) as in (2) is called a Cartan system for [ . Next we state,

without proof, several facts which shall be used later. Vrite
~h\_ A o~p . ~u LI i Aodi o~
do éemuw AD +é§l/ijw AW +§mw A D

A
where the 8.,’#

and Vi);‘ are skew-symmetric in the lower indices.
Differentiating equation (b) and replacing dc':))‘ by its value above, we obtain the

following equations :

. . . . )\'
LI B S B |
<) %in%lu= %p %y T AN Fnp
i i PR i daj daly y_ i £p i gp
C,) al;\ck].+a“c”+ “i’\clk+(—%'——’;—):—)_“1p gn-akp g,x
Ox Ox
. . . . aCl BCI Bci .
i g i ] i i km Lk mly_ i A i A i A
Ca) ik Clm * i1 mi T Cim Ch1™ (5T T Som T S T %A im T A Yt G A Var
i i dapn 9y
Remark that Cip = a4n= 0 for i <n and 5. = 3x1m =0 forI>n.

Equations C, ,C, and C, are linear equations in the unknowns €, v and £ . The
compatibility of these equations at every point of M is a necessary condition for the
functions “;'7\ and C;’k to be the structure functions of a Cartan pseudogroup ['. We shall

refer to them as the «Cartan conditions » .

PROPOSITION 1. Let [" be an involutive Cartan pseudogroup and (wi, c'f))\) a Cartan
system for I". A linear differential form w defined on M is invariant under all trans-
formations of I" if and only if w is a linear combination of the forms ' the coefficients

being functions of x!, 1<j<n, only.
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For a proof cf. [7] .

In what follows we shall consider only involutive pseudogroups. The above propo-
sition implies the following corollaries :

COROLLARY 1. Let (a)",&'))‘) and‘(w",*c':))\) be two Cartan systems for T". Then
*GM = bﬁ oM + b?‘wi where b;): are functions which depend only upon the coordinates
xJ , 1<j<n. If C;:k s a;:)\ and *c;:k s *a;..)\ are the respective structure functionsthen

. . x . . . )\' . x

R P Lokl = gla ¥p _*gl, b

ai, a])\b”' Cik~ ¥R = an b, ak)\bl .
COROLLARY 2. Let (wi,c'ZJ)‘) and (*wi,&'))\) be two Cartan systems for [ and c;:k,
a;:)‘.,*c;:.k, .*a;'.)\ the respective structure functions. Then *a;x= g;; a?)\(g-l); where

*eyt = g;. wl.

Denote by @(x) the space of endomorphisms of R” spanned by the matrices
ay(x)=| a;:)\(x) ||. We have dim @(x) = p and equation C, implies that @(x) is a
linear Lie algebra. Denote by 9(x) the derived space (*) of @(x). D(x) is also a

linear Lie algebra. The following propositions are easily proved :

PROPOSITION 2. If @(x) is involutive then D( x) is also involutive.

Set d(x)=dim 9(x), 8(x) = codim D(x) and denote by n(x) the characters
of @(x) and by T} (x) the characters of D(x).

PROPOSITION 3. The exterior differential system 3 is in involution at every integral
point if and only if

a) d(x) is constant

b) 8(x) is involutive for every x € M .
If 3 is involutive the characters T,(x) and T)(x) are also constant. The purpose of
this note is to prove that the Cartan conditions are also sufficient conditions for the
existence of a Cartan pseudogroup with prescribed structure functions. We proceed to the
precise formulation of the problem.

In N=R" we are given functions C;’k and a;:)\,lf_i,j,kﬁr,ngr, 1£NLp
which satisfy the following conditions :

1)c;:k=0 a;..}\=0forlﬁi§n

2) C;’k + c;e]. =0

3) (Cartan conditions) For each x € R” the linear equations C,.C,,C, in the

P P £P P P - P p = ible (1< i
unknowns Viis Sum §iu where Vl..+ivji 0 and &un T e0u 0 ,are compatible (1<,

ddl d¢
3.5 km — 0 for 1> n).

i <r 1<p,m,u<p and
A A e - W Ay o

*
) For the notion of derived space (espace déduit), the definition of characters and the notion of involutive
space of homomorphisms we refer the reader to 4] and EG] .
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4) For each x € R" the matrices a9 (x) = || a;:)\(x) || are linearly independent.

5) Denote by &(x) the linear Lie algebra spanned by the matrices ay(x), by
Y(x) the derived algebra of G(x). Set d(x)=dim D(x) and &(x)= codim D(x)
(d+ 8= rp) and denote by T,(x) and T} (x) the characters of @(x) and D(x) respec-
tively. The condition states that §(x) is constant and @(x) is involutive for every
x € R”. This implies in particular that T,(x) and T} (x) are constant [cf. 6]. The
relations between 7, and T} are given on pg. 9.

Given any point x, €R™ we can find a matrix g €GL(n,R) such that writing

*a]':;\(x) = gi a’;)\(g’l)]l. we get (cf. [6])

’Tk(xo)=rank *az)\(x) 1<k<r

Hence there is a neighborhood U of x  such that for x €U, 7,(x) is also given by the
rank of the above matrix computed at the point x. Since the problem we are considering
is of local nature we shall assume that the functions a;:)\ satisfy the above rank property
for any x € R”. Corollary 2 justifies our procedure.

The first step is to determine differential forms (wi,&'))‘) on M=R"” m=r+p,
which satisfy condition 2) in the definition of a Cartan pseudogroup. In the linear group
GL(m,R) we introduce the coordinates pi and q‘_: ,1<i<r, 1< p<p,1<sim,

m = r+p, according to the following convention :

7% o

cencncnee cccae-

‘
]
]
]
1
i
M has a system of coordinates given by { pi, i>n, qg }. Remark that on Tt pi_ = Si for
i<n. dimﬁ=m(m—n}.

Define M =1 x R™ and let 7!: %+ R™, 72 : R™ > R™ be the natural projec-
tions. We obtain the following fibered manifolds (1,R ™, ), (R™, R”, 72 ), (], R, 7% 7).

Denote the coordinates of R™ by x!,..., x™ .
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On M we define the following I --forms :
i 1 s P P 3.5
Q' =pldx [P = gfdx*.

Clearly the forms (Qf,II1?) are linearly independent at every point of I and

Qi=dx® for 1 <i <n.Moreover dxf=FisQi.+ Ff_m [1? where H F:.(g,x)“ 1<s,0<m =g
Ve shall also denote by a;.)\ and c;‘k the t"unctions a;.)\o 72 o 7! and C;'k o T2 !

defined on 1.

Let (.f,, (I, R™, 7)) be the closed exterior differential system on It with inden-
pendent variables in R™ generated by

®f=dni_§C;anf,\nk-a;tpnf,\nﬂ (1<i<r)
A basis for S is given by the forms { 0%, d®%} .

Denote by G™(M,R™,7!) the Grassmann manifold of admissible m-contact
elements of I for the given independent variables.

By definition G"’(W,R"",‘ﬂl) is the subset of G™(M) consisting of all m-
contact elements E such that W: | E is an isomorphism onto the tangent space to R™.
It is easy to see that G™(M,R™,7!) is. the set of m- contact elements on which either
the linear forms (Q*,TIP) or the linear forms dx!,..., dx™ are linearly independent. The
set (QF, 1P, dpi, dg?),i>n, is a basis of linear forms at every point of Il. Denote by
(Qi,Hé s Spi, ng) the dual basis. A system of coordinates for G™(M,R™,7?!) is

given by {x",p's,q?,pij,ﬁ-i”,qspi,agp}, i>n, where (on the admissible contact

elements) ‘ _
i_ i Of L i
dp’ = P 7+ ps#H“
P—yP Oy
dgl = q%; O+ qé’#n"".

The dual basis of (Q¢,I1?) on an admissible contact element is given by
A J

- i i PSP
L, Qj+§psj 8p5+%qs’. L
= ] i 7P P
T'u H#+§ps“8ps+§qw8qs.
We shall now prove that (s ,(M,R™,7!)) is in involution at every integral point
(cf. [5] $1, n.7 and 10). First we show that the set of admissible integral m- contact
elements is a regularly imbedded submanifold and give a lower bound for its dimension.

Let E™(X), X €M be an admissible m- contact element and { L , T#}, 1<asr

its distinguished basis. Then
@i(La,LB) = dpi(La) dx‘s(Lﬂ).. dpi(LB)dxs(La)_ ciﬁz

PsaFp-tspFa=cap
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@"(La.rﬂ)=dpi(La)dx‘(rﬂ)-dpi(ry)dx’n )~ ab, =

ap
Poa Frup= Ps# “n
®‘(T”,T,,)=dp‘s(Tp)dx‘(Tn)—a'pi(Tn)dxs(T ) =
Pt wFran— P . S

We remark that the above expressions involve only the coordinates «p». Intro-
ducing the following transformation of coordinates :
i = pl s
pa,ﬁ psﬁ Fa.
i — pt s
a, r+m Ps.n Fa
prﬂ.c B —Psﬁ r+p.
—_ s
rﬂu, rém psn F, +p
we obtain the following set of equations in the coordinates «p» which define the set of

elements E™( X ) integral for the forms e
}0/'.30‘— "'B-C'.[3 =0 a<pB

i i i -
I rou,a Yo, pep= %, =0

:“l.r*#' :+# r+n =0. K<
It is easy to see that this set of linear equations is of maximum rank (all the equations
are linearly independent) hence it admits solutions at each point X € . The set 3™(®)
of admissible E™(X) which are integral for the forms ®! is a regularly imbedded
submanifold of G™(M,R™,7 ) of dimension m+m(m=-n)+ m2p+ 5 (r=n)m(m+1). .
Moreover (3™(®),M, 7 1y is a fibered manifold with isomorphic fibers, each isomorphic

to an affine hyperplane. Next we examine the condition for E™(X) € ™(®) to be inte-
gral for dO* .

d®'(L,, Ly, L.,) =ai)\QkAdH)\(La,LB, L)+

4 dcl
) Ya . By
{ la- 73+CIB ay ir C:Ba' (‘ax'y + axﬁ o x® )}

d@i(La,LB,T#)zaz)\QkAdH)‘(La,LB,T ) +

+c

. Ba
o o i
{al ch  +aly,ci, + o8 (———1‘— ——EEJ!
dO'(L,. T, T, )=al\Q*AdlN (L, T, T )+{a17 lu-al,al 1

d@"(rw Ty To) =0 (identically)

Since aix Qk A alI* = aj Q"/\dqz‘/\dxs we have :
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7
i QR AATIN (L, Ly, L) = aly( FS A s
a g a,)\ qs,g "qsy F,g)‘*'d x(q_,., =doFy )+
+al x(qsaF,g qsﬁFs)
i k A — -\ A
a1 A dll (La.'Lﬁ'Tp.)_ ax(qsﬁ '*F- 95, Fﬁ)+aﬁ)\(qs“ qsaFfﬁ;)

i_qk A _ =\
a} Qf A dll (LouT s Ty)= a)\(q r4n= 95m H#)
Introducing the following transformation of coordinates :

Y ¥
qa,ﬁ _qsﬁ Fs
A —)‘. s
qa. r+m F
A —
9 +u, B qu "“.l"
A _ =\
Grp,ren = 9sq Ff+p.

we obtain the following set of linear equations in the coordinates « g» which define the
set of elements E™(X ) € I™(®) integral for et .

a)»(qa,a qﬁy)+“/37\(qy O‘y )+“77~(q/3a an)+®aB'r("l""' *")=0,

a<fB<y
11 )\(qr+# ﬁ qﬁ ’+#)+aﬁ)\(qa f*[“- q’+P» a.)+®a.ﬁ '+“(xl,..., x"):O,
a<pB

] A IS
a;-}\( qr+y,r+‘n- qr#n,r+p)+q)a rtp, rt+m (xl""' xn)= 0, Kr<TM

Next we will show that for each X € Il the system II (restricted to I™(0)) is
compatible i.e., there exists an E”(X) € I™(®) integral for d®°.
Let o’L/‘;’].(X), c,e:I"_’L,',I(X), c’~'f':.’”.(X) be a fixed solution for the equations C,
C, and C, at the point X. It is enough to determine an admissible E™(X ) for which
dIIP | E™(X) = £ V2 (X) OF| Em AQT| B™ +°€2,(X) QF| E™ ATIF| E™ +
+ £°eﬁn(X)H“| E™ ATI? | E™.
Such an element will be integral for @,

The preceding condition is given by the equations :
o
dlIP(L,. Lg) = 9 .~ 955= Vap(X)

]
m { 4mP(L,T,)= q,w am 95, p4n= $0u(X)

o
np(T T )= r+'n rep” qeﬂt.r**'n: eﬁn(x)‘

Equations III are a lineatr system of maximum rank hence compatible. Denote by
I™(Z,(M,R™,71)) the set of admissible integral elements and by I%(Z,(R,R™, )

the set of admissible integral elements with base point X .
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LEMMA 1. For each X €, S7(Z (M, R™, 7' ) ¢.

Remark now that the six sets of equations in I and II are mutually linearly inde-
pendent. Moreover, it is easy to see that all the equations of the last set in II are line-
arly independent their rank being 5 p2(p—1). Since @(X) is involutive and §(X)
constant, it follows easily that the second set of equations in I is of constant rank p § .

Let V be the standard R-vector space of dimension m and V* its dual. Denote
by {wl,..., @",&,..., @?} the standard basis of V* and set W = Av*x .. x IZ\V*
(p - fold product). For each X €Il denote by B(X ) the affine subspace of W consisting
of all l[/=(¢1p)p PP =3 V‘:B(L[J) w* AP + fgﬁ(‘,l/) W AP + 5 Bﬁﬂ("b) H* A O,
such that the components vzls(\,b), fﬁﬂ(l/}) and sﬁn(ll/) are solutions of equations
C,.,C,,C, at the point X.

Denote by B(X) the subspace of W consisting of elements Y= () p)p such that
a;:p(X) @ AP =0. Then clearly B(X) = l,l/o + B(X) where l,bo is any fixed element
of B(X). Write A(X) = dim B(X ) = dim B(X). For each Y € B(X ) denote by 5‘/](X)
the set of E™(X) 63;(@)) such that dﬂp] E™(X) =¢l'° (i.e., the components of
dIIP | E™(X) with respect to {Qf | E™(x),II#| E™(X)} are the same as the compo-
nents of Y with respect to {w?,@*}. By equations C,,C,,C, it follows that any
E™(X) e$¢(X) is integral for d®'. Conversely if E™(X) e%%(@) is integral for
d®' then E™(X) €%, (X) where yP =dllP| E™(X). Hence

REMR = D 80X,
Clearly 3¢1(X)ﬂ 3§¢2(X) = ¢ if \,bl + \/J2 . On the other hand each 3¢(X), is defined

by the system of linear equations of maximum rank

Ba- 90 =Vapg ()
£0, (W)

P ~ aPf = ghf
qr*n.rﬂu 97 4, rq e;m(L/')‘

v

Il

p P
qa; +up,a” qa.,r+p.

The rank of system IV is % pm(m~1). Now remark that the homogeneous part of
equations IV is independent of /' and denote by B(X)C I%(®) the linear subspace of
its solutions. It is now a straightforward matter to establish a diffeomorphism

B(X)x B(X) <> IR, (N,R™,mhy).
Hence
dim SZ(Z, (W, R™, 7)) = dim B(X) + dim B(X) = A(X)+ 2 m(m+1)(m=n).

Next we shall determine a lower bound for A(X ). Consider X = V*x .., X V*
( p-fold product). Denote by i(X) the subspace of X composed of the vectors @=(¢” )p
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such that a;:p(X) W AQP=0. Write P = bi’wk + cﬁ&')”‘_.
Then ¢ € X(X) if and only if
a;:p(X)bfijwk+a;:p(X)cZwi/\c'b“=O.

We obtain the equations

; aip(X)bf-aip(X)bf=o
P cﬁ =0.

The second set of equations in V together with condition 4) imply that cﬁ= 0.
Hence ¢eX(X) if and only if ¢°=5f wk with || bl €D(X). Let | bre( Xl
1 <€ <d be abasis of 9(X ). Then a basis of X(X) is given by the vectors e (X) =

(bie(x) a)k)p . Next we consider the following bilinear forms :

p‘é(X)=@S(X)Aw“=(b§e(X)w"/\w“) 1

IN

a

IA

P r

ST (X)= e (X)ABH = (bR (X) b A M) 1<us<p.
From the definition of X(X) it follows immediately that X2(X), XL *#(Xx) e B(X).
On the other hand from the particular choice of the functions a;:x made in the outset we
also have (cf.[6] p. 5):

bR e(X)

'7"k=ranle b‘z’e(X) 1 <k<r.

b% &(X)
In A V* take the basis (w®* A B, w*AO*, G* A &M ). Let B be the corres-
ponding basis in W. Then from tla;e< preceding remark 1/:<fo?lows that the matrix of the
vectors %(X), "C'S"”’(X) with respect to B has rank > 7' (x)+ ...+ 7)_ + pd .

Since @(x) is involutive we have the following relations :

P

B el L T R

T, =0+ (p=-T))+ . +(p=-T _,)

-1
hence A(X) _>_p(pr+-r£:-—2— 8)-[(r—2)'7‘1+(r—3)'1'2 +..+7_.1.
2

We shall now compute the characters of S . The results will show in particular

that the equality holds in the above relations. Let E™(X) E%"‘(f,(?ﬂl,k”‘,ﬂl)) and

r=2

denote by (L, Tp_) the basis of E™(X) defined previously. We shall compute the
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reduced characters of E™( X ) mod(Q*,I1P). We have
0 = d QO mod (QF,T1P)
d®' =al QA dllP mod(QF,11P,dQ1) .

Since S is generated by forms of degree > 2 we have t, (E™(X))=0.

Wntea Q’Adnp~fl)’
L, .linE—'Fs
T,41dQ=-F;,
L, idll?=_F?

p_
T#Jdl'[ =-F],

s
(L /\Lﬁ)Jq) —-aa.pF,B
1
(LO_AT#)J@ _=_—aa ,+'u,dq
i_
(T#/\TW)JCI) =0
We introduce the forms :
i _ s
wa—-F
i s
wr+/.L Fr
mh =~ F;
p
7Tr+/.t——Ff

Clearly the wi

(L ALB)_J(I) =al

(LoAT,) |0 =dl

ap”r +u

(TﬂArn)Jq>’go

P i
p"ﬁ ~%8p

dp’ mod (QF,11°)
dp’, mod (QF T1P)
49”2 mod ( OF;11°P)

495 mod (1 T1P)

dq? + a;'gp F§ dq? mod (QF,11P)

mod (2%, I1P)
mod (QF,T1P) .
dpt
+,Ldf’i
dq?
+u dQ{: .

, 7Tp are linearly independent and

72 mod (QF, 117
mod (QF,T1P )
mod (Q1E,11P ) .

It is now easy to compute a lower bound for the characters.

Ll“ dQ,Ew;
LIJ inEwll
L, deswi‘,
(LyAL,) @ =a) 78 - ay,

In general, if we write explicitly L 4

k <, itis readily seen that ¢, (E™(X)) 2 k(r-n)+[7, +.

Next we set

T, =p for k 2 r. Then

hence ¢ (E™(X)) > r-n

'np hence ¢ (E"'(X)) 22(r=n)+T,

dQ% and (L,ALg) 4 @,
tT,l.

a<k, B<k,
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L, 4dQi = wi 1

In
Q

IA
~

T ..IdQ —wr“

(La,\Lﬁ)_J@—apﬂg "“:Sp'"g. 1<a< fB<r
i
(L AT)_I(I)_ap 1<aZlr
hence tr+1(Em(X))_>_(r+1)(r-n)+['rl+...+'rr].
In general, if we write explicitly the expression of
L,laq? 1<a<r
T,4dX 1<psk kP
(Lo ALg) 10! 1<a< Ber
(LoAT,) 10 l<agrl<pck
then we obtain ¢, (E™(X)) 2 (r+k)(r-n) + [T + ...+ 7, 1.
Adding up the characters we get
(p-1)
(t,+et, +...+t, J(E™(X)) 23 s m(m- 1)(r—n)+p(p o +8) +

+[(r-2)’rl+(r—3)'r2+...'+‘7' 1.

r-2
From the general theory of exterior differential systems (cf. [3], p. 20 or [6],
p. 4) we know that the rank of equations I and II at the point E"'(X) is 2(t, +.. +tm_1)(E”'(X))
hence  dim IZ(Z,(M, R’" 1))< dim G (M, R™, 1)-2 R(ET(XD) < m?(m=n)~
-5 m(m- 1)(r—n)—p( +3)-[(r-2)'7’ +(r-3)‘7'+ N

r=2

Earlier we have proved that

r(r-1)

dim 3T(S, (M, R™, 71) = A(X) +4m(m+1)(m=n) 2 p(pr+ -8)-

~l(r=2)T +(r=-3) T, + .+ T, 1+ 5 m(m+1)(m-n)
Since m2(m=n)=-% m(m=1)(r=n) =% p2(p=1) =5 m(m+1) (m-n) + p(pr +(771))
2
it follows that all the above inequalities become equalities.
This implies the following results :

a) A( X ) is constant and equal to

p(pr+ _f(_;‘l_)_. ) -[(r=2) 7T +(r=3) T, +... +T_, 1.

b) The set of equations I and II is of constant rank so that I™(3 ,(M,R™, 7))
is a regularly imbedded submanifold in G™(M,R™,7!) of dimension m + m(m-n) +
+m2(m-n)-—(to+... +1t,,) where tk=k(r-n)+['rl+...+’rk_1] . Moreover
(3"’(2’,(%,Rm,711)),%,n) is a fibered manifold where II1: G™ > M is the natural

projection.
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(S ,(M,R™, 1)) is in involution at every point of M (cf.[5] pg. 4).
Let t:MCR™-» M be an integral cross section for (E,(?J?,R”’,Wl)), M a

M= #*I1* we obtain a Cartan system (wi,c:))‘)

domain in R™. Setting w’ = 1* Q! and &
defined on M with structure equatibn dow' =3 c;:k Wl A wk + a]':)\ WA and w! = dx/
for 1 <j<n.

Let ' be the set of all local transformations ¢ of the domain M such that
@*wi=cw! (1 <i<r)and x/op=x/ (1 < j<n). Then [ is the set of transformations
7,0 ® where O is an integral cross section of the exterior differential system (3,(MXM, M, 771))
with independent variables in M, X being generated by the forms x/ o 77~ %70 7, (1 <j<n),
77"; wt - 77"; ! (1 <i<fr), and m,T, the natural projections of M X M into its factors.
By proposition 3 the system (X,(M X M, M,7Tl)) is involutive at every integral point,
i,e. a point (x,y) € M X M such that x/(x)=2x/(y), 1 £j < n. Hence the orbits of I
are the fibers x/ = cte and " is a Cartan pseudogroup with invariants x!. A Cartan
system for [ is given by (wi,&'))‘) and the corresponding structure functions are those

prescribed at the outset.
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