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TOPOLOGIE ET GEOMETFIE DIFFERENTIELLE Vol. VI

Séminaire dirigé par C. EHRESMANN

NOVEMBRE 1963

A THEOREM ON CARTAN PSEUDOGROUPS

par A. KUMPERA

The purpose of this note is to give a proof of the well-known third fundamental

theorem in the theory of continuous (involutive) pseudogroups for the non transitive case.

E. Cartan gave two proofs of the theorem in the transitive case ([ 1 ] , [ 2 ] ). For the

sake of brevity we assume all standard facts about exterior differential systems and

«derived spaces » . References are given in each particular case and we follow strictly
the definitions and notations given in the references. We also omit all straightforward

computations though in some cases they are not very short. Throughout the paper all

manifolds, maps, forms, etc. are assumed real analytic.
We wish to express our grateful acknowledgement to Professor M. Kuranishi and

Dr. A. Rodrigues for the many profitable discussions on the subject of this note. We wish

as well to acknowledge Professor C. Ehresmann for accepting our note among the publi-
cations of his seminar.

Let M and N be domains in real euclidean space and ( M , N , 7T ) a fibered mani-

fold, i.e., 7T : M -~ N is a projection of M onto N whose rank at every point is equal to

n = dim N. Moreover, we assume there are coordinate systems on N and xn ~k ,~
on M such that the fibers with respect to 7T are defined by xl = cte (~  j  ~ ),

A Cartan pseudogroup on M with invariants 7T (or invariant functions is a

pseudogroup of transformations F operating on M and satisfying the following condi-

tions :

1) The orbits of F are the fibers of the proj ection 77

2) There are linear forms (cj~ ,~ ) , ~ ~ i  r, I ~_ X ~ p, n  r, r + p = dim /B1 defined

on M such that

a) ( cJi , 15’ ) is a basis of the space of covectors at every point of M
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b) d03C9i = 1 2 c’ 03C9j ^ 03C9k + 03C903BB where the and are analytic func-

tions 
, 

on M 
, 

which are constant on the fibers of 77 and + cj, = 0
c) t~~ =  j  n

d) The matrices x~= ~ a 1 i , )[ are linearly independent at every point of M.

3) A local transformation cp of M belongs to F if and only if 03C6 preserves the forms

~~ , i.e. ~)~ .

Let 77 and 77 be the natural projections of M X M onto the first and second

factors respectively. Consider the fibered manifold (M X M, M, 77 ) and let (~, (M X M, M,77 ))
be the closed exterior differential system on M X M with independent variables in M

generated by the forms (cf[ 3 ] and [5 ])

~~ o 77 ~  /  n

77*6L)’- 77* 6J’ ~ ~ z ~ r . °

The Cartan pseudogroup P is said to be involutive if ( ~, ( M X M, )) is

involutive at every integral point. Equation (b) will be called the structure equation of

r. The system (cd~, 6~ ) as in (2) is called a Cartan system for P. Next we state,

without proof, several facts which shall be used later. ~7rite

where the and are skew-symmetric in the lower indices.

Differentiating equation (b) and replacing by its value above, we obtain the

following equations :

Equations C2 and C- are linear equations in the unknowns E , v and f . The

compatibility of these equations at every point of M is a necessary condition for the

functions c~ to be the structure functions of a Cartan pseudogroup P. We shall
refer to them as the «Cartan conditions » .

PROPOSITION 1. Let r be an involutive Cartan pseudogroup and (03C9i,03C903BB) a Cartan

system for !*’. A linear dif ferential form ~ de fined on AI is invariant under all trans-

formations of 0393 i f and only is a linear combination o f the forms 03C9i the coefficients
, being f unctions o f  n , onl y .
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For a proof cf. [7 ] .
In what follows we shall consider only involutive pseudogroups.. The above propo-

sition implies the following corollaries :

COROLLARY 1. Let and ~6J’,*6~ J be two Cartan systems for r. Then
+ where are functions which depend only upon the coordinates

xj, 1  j _ n . If aij03BB and *cijk, *aij03BB are the respective structure functionsthen

COROLLARY 2. Let (03B1i, 03C903BB) and (*w’, ’ ê:J À ) be two Cartan systems for 0393 and cik,
*cijk, *aij03BB the respective structure functions. Then *aij03BB = gi g-1)j where

Denote the space of endomorphisms of R’ spanned by the matrices

aÀ ( x ) _ ~~ ( x ) ~~ . We have dim C~ ( x ) _ ~ and equation C 1 implies that 6 ( x ) is a

linear Lie algebra. Denote by (x) the derived space ( *) of (3(x). (x) is also a

linear Lie algebra. The following propositions are easily proved :

PROPOSITION 2. is involutive then (x) is also involutive.

Set d ( x ) = dim (x), S( x ) = codim (x) and denote by the characters

of 3f~) and by 7 k ( x ) the characters of (x) . ..

PROPOSITION 3. The exterior differential system ~ is in involution at every integral
point if and only if

a) d ( x ) is constant

b) C~ ( x ) is involutive for every x E M .

If I is involutive the characters and Tk ( x) are also constant. The purpose of

this note is to prove that the Cartan conditions are also sufficient conditions for the

existence of a Cartan pseudogroup with prescribed structure functions. We proceed to the

precise formulation of the problem.
In N = R" we are given functions and 

which satisfy the following conditions :

1) c~ =0 ~~ = 0 
2) c~k + 4; = 0 ,

3) (Cartan conditions) For each x ~ Rn the linear equations in the

unknowns 03BD03C1ij, ~03C1 ~, 03BE03C1i  where and = ° ,are compatible (1~i,

and  = 0 for l &#x3E; n).j ~ r, 1 ~ 03C1, ~,  ~ p and dx 
p for I &#x3E; n ) .

f*) For the notion of derived space (espace déduit), the definition of characters and the notion of involutive
space of homomorphisms we refer the reader to (4J and (6] .
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4) For each x E R~ the matrices a~ ( x ) _ ~~ are linearly independent.

5) Denote the linear Lie algebra spanned by the matrices a ~ ( x ) , by
~ ( x ) the derived algebra d ( x ) = dim (x) and 8 ( x ) = 

( d + ~ = r p) and denote by 7’1 ( x) and T ~ ( x ) the characters of 6 ( x ) and  ( x) respec-

tively. The condition states that b(x) is constant and C~(x) is involutive for every

x ERn. This implies in particular that T~ ( x ) and TT. ( x ) are constant [cf. 6] . The

relations between 7, and 7’. are given on pg. 9.

Given any point x~ we can find a matrix g E G L ( n, R ) such that writing

Hence there is a neighborhood U of xo such that for x E U, Tk ( x) is also given by the

rank of the above matrix computed at the point x. Since the problem we are considering
is of local nature we shall assume that the functions satisfy the above rank property
for any x ERn. Corollary 2 justifies our procedure.

The first step is to determine differential forms (~,~ ) on M = R~", m = r + p ,
which satisfy condition 2) in the definition of a Cartan pseudo group. In the linear group

G L ( m , R ) we introduce the coordinates pis and qf , I ~ i ~ r, 1
m = r+ ~ , according to the following convention :

_ 

11’18

We denote by 3 the sub manifold of G L ( m , R) consisting of all matrices

-. 

t li

9! has a system of coordinates given by { p s , z&#x3E; n , .. Remark that on m p s = 03B4is for

t ~_ M. 772 ~7?2 2014 ~j.

Define ~ _ ~ x R~ and let 7~~ : !K -. Rm , ~~ : R’" -~ R" be the natural projec-
tions. We obtain the following fibered manifolds (m,Rm,03C01),(Rm,Rn,03C02),(m,Rn,03C02o03C01).
Denote the coordinates of R~ by x i ,..., 
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On m we define the following 1 -.forms :

Oi == ~’ ~ dx5 TIP = qf 
Clearly the forms are linearly independent at every point of m and

for 1 _ i ~ n. Moreover where H ~ s, 03C9  m 
IPe shall also denote by and c’ the functions 7T o 77 and 77

. 

1 1 , ;A 1"
defined on m.

Let (03A3,(m,Rm,03C01)) be the closed exterior differential system on m with inden-
pendent variables in R m generated by

~t = dOi - 2 ~k - (1  i  r)

A basis for 03A3 is given by the forms 

Denote by R" ,7Tl) the Grassmann manifold of admissible m - contact

elements of N for the given independent variables.

By definition Gm(m,Rm,03C01) is the subset of Gm(m) consisting of all m -

contact elements E such that 03C01*| E is an isomorphism onto the tangent space to Rm..

It is easy to see that Gm(m,Rm,03C01) is. the set of m - contact elements on which either

the linear forms or the linear forms ~~,..., dxm are linearly independent. The
set i &#x3E; n, is a basis of linear forms at every point of lll . Denote by

the dual basis. A system of coordinates for is

given by where (on the admissible contact

elements)

We shall now prove that (2 ( ~ , Rm , ~1 )) is in involution at every integral point

(cf. [5] §2 , n. 7 and 10). First we show that the set of admissible integral m - contact

elements is a regularly imbedded submanifold and give a lower bound for its dimension.

Let X E ~ be an admissible m - contact element and { 1 _ ~. r

its distinguished basis. Then
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~ . T~ ) = ~~~~ ~ ~~ ~ ~ - ~ ~
. 2014 ~ s~! +!~ .

~Te remark that the above expressions involve only the coordinates !~~. Intro-

ducing the following transformation of coordinates :

= P F s

, 
+ ,03B2 = pis03B2 Fs r + 

pii+ , r+~ = pis~ Fsr +

we obtain the following set of equations in the coordinates «#» which define the set of

elements integral for the forms 0398i:

pi03B203B1 - pi03B103B2 - ci03B103B2 =0 03B103B2

I pir+ ,03B1-pi03B1, r+ -ai03B1  = 0

~ ~~.r~-~~.r~=0. 
It is easy to see that this set of linear equations is of maximum rank (all the equations
are linearly independent) hence it admits solutions at each point X The set 3~(0)

of admissible which are integral for the forms 0 ~ is a regularly imbedded

submanifold of G~(~,R~,7T ~) of dimension m + m (m-n ) + 772~ ~ + 2 ( r-n )m ( m + I )..
Moreover (S~(0),S!,77~) is a fibered manifold with isomorphic fibers, each isomorphic
to an affine hyperplane. Next we examine the condition for to be inte-

gral for d0 ~ .
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Introducing the following transformation of coordinates :

we obtain the following set of linear equations in the coordinates « qt&#x3E; which define the

set of elements Em ( X ) 6~(9 ) integral for 

Next we will show that for each X 6 N the system II (restricted to 03BEm(0398)) is

compatible i.e., there exists an 63~(0) integral for ~0B
Let X), ~03C1 ~(X), (X) be a fixed solution for the equations C. , &#x3E;

C2 and Cg at the point X. It is enou gh to determine an admissible for which

x) = 1/203BD03C1ij(X) n’) p" A 03A9j|[ Em + (X) n") p" A 03A0 | j?" +

+ 1/2 ~03C1 ~(X)03A0 |I Em^03A0~|I Em.

Such an element will be integral for d0398i.
The preceding condition is given by the equations :

Equations III are a linear system of maximum rank hence compatible. Denote by

3~(S,(N,R~,77~)) the set of admissible integral elements and by 9~(~,(!)!,R’",7~)
the set of admissible integral elements with base point X .
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LEMMA 1. For each X ~~ S~f 2:, f~, R~,7T ~) 4: ~ .
Remark now that the six sets of equations in I and II are mutually linearly inde-

pendent. Moreover, it is easy to see that all the equations of the last set in II are line-

arly independent their rank is involutive and 

constant, it follows easily that the second set of equations in II is of constant rank p03B4.
Let V be the standard R - vector space of dimension m and V * its dual. Denote

by { 1. ... , -1 ... , 03C9p} the standard basis of * and set - 2 * x .., x 2 *
( p - fold product). For each X denote by the affine subspace of W consisting
of all ~=(~)~~~==s ~~(~)~A~+~(~)~A~+se~(~)~A ~ ,
such that the components ~~(~)) ~’ ( ~~ 0./* (~) and (~/) are solutions of equations

C , C 2 , C 3 at the point X.
Denote by m(X) the subspace of W consisting of elements 1./J = (03C803C1)03C1 such that

( X ) 03C9j^03C803C1 = 0. Then clearly m(X) = tj; 0 + m(X) where tj; 0 is any fixed element

of m(X). Write Af X ) = dim m(X) = dim m( X ) . For each Ý; E denote by 3.fX )
the set of Em ( X ) ~ ~X ( 0 ) such that dIIP I E~f X) = ~~ (i.e., the components of

dTIP I Em ( X) with respect to {fT ~ I 1 I are the same as the compo-

nents with respect to By equations C t , C 2 , C 3 it follows that any

is integral for Conversely if E "’ ( X ) 63~(8) is integral for

~0’ then where ( 

3~(2,(N:,R~,~’))= 
W 
U 

Clearly 3. ~ X; == ~ if Ý;1 =1= Ý;2 . On the other hand each S ( X ), is defined

by the system of linear equations of maximum rank

f ~.-~~ =~~~)

The rank of system IV is s~~f??!2014~). Now remark that the homogeneous part of
equations IV is independent of ~ and denote 3~0) the linear subspace of
its solutions. It is now a straightforward matter to establish a diffeomorphism

(X) x (X) 2014~- 3j~( X, (!)!, R~ ,7r ~).
Hence

dim 3~f 2. (, = dim ( X ) + = + ~ ~ r~ + I ) (m-n) .

Next we shall determine a lower bound for A( X ) , Consider X = V * X ... X v*

( p-fold product). Denote by the subspace of X composed of the 
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such that at 1 p ( X) 03C9j^03C603C1 = 0 . Write b03C1k 03C9k + c03C1 03C9 .

Then 03C6 ~ X(X) if and only if

7 ~- ’~ 7 r’ ~

~e obtain the equations

The second set of equations in V together with condition 4) imply that = 0.

Hence 03C6 ~ X(X) if and only if = with It E D(X). Let 11 
I  E  d be a basis of ~ ( X ) . Then a basis of 3~ ( X ) is given by the vectors ~E ( X ) _

( ( X ) Next we consider the following bilinear forms :

i I  x &#x3E; = 1 -  a  r

~CE+~‘(X)= 1 _~. _p.

From the def inition X ) it f ollows immediately that 3~ E ( X ) , I 3~ E + ~ ( X ) E ~ ( X ) .
On the other hand from the particular choice of the functions aij03BB made in the outset we
also have (cf. [6] p. 5 ) :

2 
II ij

In V* take the basis (03C903B1 A 03C903B2, 03C903B1^ 03C9 , 03C9  ^ 03C9~). Let B be the corres-
a. /3 /L -r1

ponding basis in W . Then from the preceding remark It follows that the matrix of the

vectors (X), ( X) with respect to B has rank ~03C4(x) + ... + ’r-1 + 
Since @f~~ is involutive we have the following relations :

z

We shall now compute the characters of ~ . The results will show in particular
that the equality holds in the above relations. Let 63~(I,(~,R~7~)) and
denote by ( L , T ) the basis of Em ( X ) defined previously. We shall compute the
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reduced characters of E~( X ) mod ( ~t, IIp} . ~e have

0t = d mod (03A9i, 03A003C1)
d0I = a~P ° 

.

Since ~ is generated by forms of degree &#x3E; 2 we have to ( Em ( X )) = 0 ,

Write aij03C103A9j ^ d03A003C1 = 03A6i

We introduce the forms :

Clearly the ~’ , 7T~ are linearly independent and

It is now easy to compute a lower bound for the characters.

In general, if we write explicitly L03B1  d03A9i and 03A6i, 03B1 ~ k,

k  r, it is readily seen that k(r-n) + [7’"1 + .., + 
Next we set 7i = ~ for k &#x3E; r. Then
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then we + 7~ ~~~] . °
Adding up the characters we get

r ~ + ~ +... + ~~) r~r x)) ~ ~ 772 ~-~; fr-~; + ~f -----2014 + S) +
+ [ fr-2; ~ + fr-3~ ~ + ... + 

From the general theory of exterior differential systems (cf. [ 3 ], p. 20 or [6 ] ,

p. 4) we know that the rank of equations I and II at the point Em( X) +... + 

hence dim  dim 

-2 772 f 772- J ; (r-n) - p(_. 2 + S)_ [(r-2)03C41 + (r-3) 72 + ... + r-2].

Earlier we have proved that

Since 
2

it follows that all the above inequalities become equalities.
This implies the following results :

is constant and equal to

r~t-1~- §) - [r r-2; ~ +f r-3 ~ T2 + ... + ~-2 ] .
2 

_

b) The set of equations I and II is of constant rank so that 3~(~,(!R,R~,7T~))
is a regularly imbedded submanifold in G~(S!,R~,7~~) of dimension m + m ( m-n ) +

+ m 2 ( m-n ) - ( to + ... + where f. = ~fr--~2~ + [iT, + ... + Tk_1 ~ . ° 
(3~(1, ( ~ , Rm , 77-~)) ,3]! is a fibered manifold where 11 : G~ -. 9} is the natural

proj ection.
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c) (2 ,(T! ,Rm, 03C0 1)) is in involution at every point of m (cf. [5 ] pg. 4).
Let ~.’ M C Rm... m be an integral cross section for (2,(~,R~, 77~)), M a

domain in Rm . Setting wi = í*03A0 we obtain a Cartan system (cu’ ,S )
defined on M with structure equation + and 03C9j = dxi
for 1  j  n.

Let r be the set of all local transformations p of the domain M such that

(p* (I  i ~ r) and xi 0 cp = xl f2 ~ / ~. ~ j. Then F is the set of transformations

7T 2 0 ~ where $ is an integral cross section of the exterior differential system (, (M X M, M, 7T ))
with independent variables in M, 2 being generated by the forms x’ o 712 (1 ~.7~.~

wI - 7T~ (1 ~ i ~ r), and 77 7T 2 the natural projections of M X M into its factors.

By proposition 3 the system (2,fM X M, M, ~1 )) is involutive at every integral point,

i, e. a point ( x, y ) E M X M such that xi ( x) = y ) , I  j ~ n . Hence the orbits of r

are the fibers xt = cte and F is a Cartan pseudogroup with invariants xl. A Cartan

system for r is given by ( c~t, ~~’ ) and the corresponding structure functions are those
prescribed at the outset.
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