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GLOBAL THEOREMS ON MANIFOLDS WHICH ADMIT DISTRIBUTIONS
by T.J. WILLMORE

1o - In this lecture I shall consider two types of problens. The first type con-
cerns the existence of certain affine connexions which are specially related to
the distributionse The second type concerns the existence of distributions on
homogensous spaces which arc compatible with the homnogeneity of the spaces.

2. = The problems of the first type can be solved by means of the theory of fibre-
bundles, as developed for example by Professor EHRESMiNN. The solutions that I

wish to talk about this afternoon were obtained by 4.G. WALKER using classical
tensor calculus, and they have one advantage in that an explicit formula is obtained

in each case for the connexion coefficients.

Let M be an n-dimensional differentiable manifold of class o which admits
a ¢®-dgistribution of r-planes D' . Let D" be a complenentary distribution
of (n-r)-planes 8o thet at each point P of M the planes of D' ond DM
span the tangent space to M at P . Let a' , a" be projection tensors associa-
ted with D' and D", i.ec. ;a’(x) ,Agf(xfm aréuﬁixed tensor fields defined
globally over M such that

a'.a' - a' , a".a" - a" ; a'.a" - a".a' - O ; a' + a“ - I °
AN A MA MA  MA N MA AN M M MA MA M o

A contraveriant vector u at P can be projected into its components u! , u"
~N M M

in D' , D" respectively so that

where

u' =a'u, u" =amu .,
v M A A MA SN AN

In terms of components we shall write
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in i

w o= art, u s W =at uJ‘, u = +u .

A covaricnt vector v with components vy is projected into v' and v" where
M )

Vey = a'Ji vj ’» Vin = a"Ji vﬁ s Vg = Vyy t Ve

A tensor with components Tijk can be projected completely or partially into

invariant sub-spaces associated with the projection tensors a!' ,:f'. For
A

exanpls,

' . i
Ti "k =a! n a"nJ Tmﬁk .

One advantage of this notation is thet the summction convention can be used
regardless of primes ce.gé

vi' u = Vi u = vi, u .
AL !
This follows because Vih o= Vin ot =0,

The notation can be used in conjunction with covariant differentiation with
respect to an affine connexion provided that by

u;

]
F
we nean a'ik u.klj and NOT (a'ik uk)lj s L. we differentiate first and the

multiply by the projection tensors

3. Identitics satisfied by a' , a" and their covariant derivatives.
M A

It i1s easy to prove the identities

a'i - a' " a'i - a'i'
e ™% gl Tl T e 0
where | denotes govariant différentiation with respect to some affine connexion
L . It will be convenient to change the notation slightly and write 2 instead
of a' .

Then the above identities becomne
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i _ _in 1 _ 40
G1) Cynle T 5kt Fynn =9 gl
and these imply
i' _ i" _
(3.2) 2 k=0 & =0

When differentiation is taken with respect to a symetric connexion it will be
convenient to replace ai il by aijk .

4+ Properties of D' , D" in terms of a' , a" .,

AN

Condition of integrability of D!

i i
(4.41) & g T Pxrg .

Conditicn of integrability of D"

(4.2) | aij"k" = aiK"j" .

Condition of parallelism of D!

(403) | aij'|k=0

Condition of parallelism of D"
) i
(404) a j"lk =0

Condition of parallelism of both D' and D"

(4.5) Aty =0

5. PROBLEM 1, = To find an affine comnexion (Lijk) with the property that D'
is parallel with respect to L and is symmetric when D' is integrable.

Write Li = ri + Xi .where i‘i is syrmetrice Then L is symmetric if

3k T ik jk jk
and only if X 1s symmetric in J and k .« We have
i'

et Y ok

i Li i _ i n
5 ar&“?yk*frk'fjm‘“jm*fsm :
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The condition for parallelism of D' given by (4.3) is satisfied if

in - i
X j,k—-a J'k .
This is satisfied by X =T where
i _ i i i
(5.1) T jk - = 8 j'k a k'j + 3 k'j’ )

Condition (4.1) shows that T 1is symnetric when D! is integrables

PROBLEM 2, = To find an affine connexion (Lj‘jk) with the property that D' , D"
ere both parallel with respect to L , and L is symetric whem D' , D" are
integroble. -

It is easily vérified that a similar onalysis leads to a suitable connexion
L whers

L=7r+8

and

i _ 1 1 1 1
S ) a itk - & k1 4n +a "k +a kny  °

PROBLEM 3+ =~ Given two supplementary distributions D' , D" , to find a posi-
tive definite Riemannian metric with respect to which - D' and D" are ortho=-

gonal.

The condition of orthogonmality is
gi;j ot vj" =0 for all ui' and v‘j" ’
= Y-
Byrjm = 0 .
If hij is any positive definite metric defined globally over M , write

h

gij = hivjo * gngn

Then gij obviously has the required properties.
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PROBLEM 4+ = For any complemcntary distributions D' , D" , orthogonal with
respect to a metric tensor gij s to find a global connexion L such that D!,
D" are parallel with respect to L , and also gijlk =0.

Write L= T+ X where I is now the Christoffel connexion associeted with
the metric tensor gij o Then it is easily verified that

oy o 1 _ i
X=W=a juk a 3%

satisfies the required conditions.

Note that the solutions given to problems 1, 2, 3, 4 are by no means unique,:
and in particuiar further geoﬁetric conditions nay be inposed in the case of
problen 4. However, we ctcnnot impose thc additional condition that L mnust be
symnetric, for this would imply L =7 and hence X = 0 , and thus

i

a =0.

jk
It is easy to prove that
If a conpact orientable Mh admits a distribution D' of r-dinecnsions,

parallel with respect to a positive definitc Riemannian netric, then necessarilg
br > 0 , where br is the r-th Betti number.

It follows that S3 s Which certainly admits D' in the form of a vector
field, cannot admit = positive definite metric with respect to which D' is paral-
lsle For this would imply b, >0 , whercas for S3 we have b =0 « Moreover,
corresponding to 83 s One can construct for any n a manifold Mn which
adnits a distribution of r-planes but which camnnot be givon a Rienannian
netric with respect to which the distribution is parallsl; This roises the follo-

wing.

PROBIEM 54 = To find a set of necessary and sufficient conditions in order
that a manifold Mh which admits a distribution D' can be given a riemannian

structure with respect to which D' 1is parallsl.

This appears to be an open problem, so we procecd with problems of type 2.

6+ Group Manifoldse

Let M be the underlying manifold of a Lie group G , whose lie nlgebra is 4
Then evidently any linear subspace V of the tangent space- TG -zt-the 4dentity
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nay be carried by left translations over the whole of M to give a distribu=—
tion D_ . Similarly by right translations V gives rise to anothcr distribution

DR « Then we have

coincide if and only if V is an ideal in A &

THEOREM 6.1. - D_, D

This follows from the condition d £ < V= dr, V,ie. (d '?x'drx-l w=v,
iwe V is invariont under the infinitesimal adjoint group. If med , §F eV,
this condition gives 7 x ? eV for all n€h so that V 1s an ideal.

The following results are well known.

THEOREM 6.2, = D integrable <>V is a subalgebra of A .

THEOREM 6.3. DR integrable &=V is a subalgebra of A .

THEOREM 6e4¢ = D inteE able MDR integrable.

THEOREM 6.5+ - 'Db parallel with respsct to the O-connexion 4=V ideal |
in 4, )

7. Homogeneous spaces.

Mn is a manifold on which a Lie group G acts as a topological transformation
groupe If H 48 the isotropy subgroup of G, Ii.e. the subgroup of G which
sends the fixed point O dinto itself, we may identify M  with the coset-
space G/H .

The distribution D is homogeneous over M if it is compatible with the
homogenecous structure of M, i.6s if D -—D under all transformations of

G « The following result is‘eaaily proved ¢

THEOREM 7.1+ = If D, is a svbspace of the tangent space to M at O , then
Do gensrates a homogeneous distribution over M if and only if Do is invariant
%nder the linear isotropy group at O .

THEOREM 7.2¢ = No sphere S® admits a distribution honogeneous wijh respect to
S0(n) . Write S® = 50(n + 1)/50(n) « Thon if O is any point of S° , the
isotropy group SO0(n) willl rotate a given vector at O into any prescribed
direction in the tangent space at O . It follows that the only invariant space
under the isotropy group is the whole tangent space at 0 , so no sphere admitse

a non-trivial homogeneous distribution.
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It is not difficult to cxpress the conditions of thcoren 7.1 in terms of the ILie
Algebra of G and H . We find

THEOREM 7.3¢ = If V is a linear subspacs of A , disjoint from F , then V
generates a homogeneous distribution over M if and only if

HxV CH+V,

Suppose that V is a linear subspace of A which is not disjoint from H,
end suppose that this condition is satisfied. Then if we define V' CV by
H+V'=H+V, VPt NH=@ we sce that V' generates a snaller distributivon

over M o

THEOREM 7.4¢ = The homogensous distribution generated by V is integrable if
and only if H + V 1is a subalgebra of 4 o

Incidentally, if V 1is an ideal in 4 , then we have
H+V)xVCV.,

This, together with H x H CH , implies that H +V is a subalgebra, and
hence the distribution generabed by V is integrable. It follows that in
order to find an integrable distribution over M it is merely necessary to
find a subalgebra of A which contains H « If H' is such a subalgebra, we

can write

H :H+V’ Hf\V:Qf ’

a.nd' the subspace V thus determined will generate on integrablc homogencous
distribution,

In conclusion, I wish to acknowlsdge with gratitude the assitance 1 have
received fron Profossor AeGe. WALKER during nany conversations about thcse topicse




