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SCATTERING AND RESOLVENT ON GEOMETRICALLY FINITE
HYPERBOLIC MANIFOLDS WITH RATIONAL CUSPS

COLIN GUILLARMOU

ABSTRACT. These notes summarize the papers [8, 9] on the analysis of resolvent, Eisenstein
series and scattering operator for geometrically finite hyperbolic quotients with rational non-
maximal rank cusps. They complete somehow the talk given at the PDE seminar of Ecole
Polytechnique in october 2005.

1. INTRODUCTION

In this talk we describe recent results of [8, 9] about geometric scattering theory on infinite
volume hyperbolic manifolds with rational non-maximal rank cusps.

It is well-known that the resolvent of the Laplacian extends meromorphically through the con-
tinuous spectrum in some geometric situations, the first obvious case is of course the Euclidean
Laplacian and (fairly general) compactly supported perturbations. Poles of the this extension
are called resonances and contain informations about classical dynamic and geometry of the
considered system. Many deep studies of resonances and scattering objects shed light on these
relations between classical dynamic-trapped set and quantum data. In hyperbolic geometry the
most striking example is the Selberg zeta function for convex co-compact hyperbolic manifolds
which is defined as an infinite products over the length of closed geodesics and whose singularities
are essentially the resonances (see [24, 10]).

It is however important to observe that very few cases of Riemannian manifolds enjoy this
property of meromorphic extension of the resolvent through the essential spectrum. It turns out
that this property is extremely sensible to the asymptotic behaviour of the geometry near infin-
ity, and it is believed that slight perturbations of locally symmetric spaces have this property,
see recent works of Mazzeo-Vasy in this direction [21]. For geometrically finite hyperbolic man-
ifolds T\H"*!, i.e. those groups I' which have a finite-sided fundamental domain in the natural
compactification of hyperbolic space H"*!, Bunke and Olbrich [1] show in the most general case
that one can define a scattering operator acting on the infinity of the manifold and it extends
to C meromorphically. This extension is in general equivalent to the extension of the resolvent.
When the manifold is convex-compact, that is without cusps, the first proof of the extension of
the resolvent and its careful pseudo-differential analysis goes back to Mazzeo-Melrose [18] and
the bound on the counting function of resonances was given by Guillopé-Zworski [12], improved
by Patterson-Perry [24] using thermodynamic formalism of Fried-Ruelle and Selberg zeta func-
tion. The study of scattering operator in this precise case is done by Guillopé-Zworski [11, 13] in
dimension 2, by Perry [26] in higher dimension and by Joshi-Sa Barreto [14] for a more general
class of manifolds called asymptotically hyperbolic. We finally recall that Froese-Hislop-Perry
[2] did analyze the general geometrically finite case in dimension 3, but without giving bounds
on resonances.

We propose another proof of the result of Bunke-Olbrich (in any dimension) in a simpler
geometric case. We deal directly with the resolvent, so that we are able to estimates the growth

2000 Mathematics Subject Classification. Primary 58J50, Secondary 35P25.
II1-1



of the counting function of resonances; this allows us to describe what type of operator is
the scattering operator through the analysis of its Schwartz kernel and results in the spirit of
Graham-Zworski [6] are investigated too. Our geometric condition lies in the cusps, indeed we
consider only cusps that have no irrational rotational part, this fact will be explained later and
allows to have relatively explicit model formulae for the resolvent at infinity.

We consider an infinite volume hyperbolic quotient X := I'\H"*! where T" is a discrete group
of isometries of H" ! which admits a fundamental domain with finitely many sides, and such that
each parabolic subgroup of I' does not contain irrational rotation. This last condition is always
satisfied in dimension n+1 = 3 and, in general, can be reduced to the case where each parabolic
subgroup is conjugate to a lattice of translations in R” (in the model H"*! = (0,00) x R"),
possibly by passing to a finite cover, thus resolvent, scattering operator and Eisenstein functions
are obtained as a finite sum on the cover. Similarly, elliptic elements of I" can also be excluded by
passing to a finite cover, X is then a smooth manifold, and since the presence of maximal-rank
cusps do not add difficulties (they are finite volume ends), we will avoid them for simplicity of
exposition. The manifold X equipped with the hyperl;olic metric is complete and the spectrum of

2 nT ’
included in (0, %-) which form the point spectrum o,,(Ax) (see Lax-Phillips [15]). In [8] we
proved that

the Laplacian Ay splits into continuous spectrum [-, 00) and a finite number of L? eigenvalues

Theorem 1.1. With previous assumptions on the manifold X = T\H"*!, the modified resolvent
R(\) = (Ax —An—A)!

extends from {R(A) > 5} to C meromorphically with poles of finite multiplicity (i.e. the rank
of the polar part in the Laurent expansion at each pole is finite) from L2, (X) to L} (X), the
counting funtion for resonances satisfies

N(R) := #{\ resonances ; |\ — %| < R} = O(RYmX+1)

The non-optimal bound is a consequence of the method and was already a problem in the
simpler case with no cusps in [12], the optimal bound being obtained in that case by dynamic
arguments [24]. To prove this theorem, we proceed in way similar to [12], and we can deal with
rational cusps since an explicit formula for the resolvent is available for “models cusps” using
decomposition of variables.

Once the resolvent has been studied, we can define a Poisson operator, Eisenstein functions,
and scattering operator, then we show that they have meromorphic extension to C.

To explain the results, we have to recall the geometry at infinity of the manifold X. This is
actually described for instance in Section 2 of Mazzeo-Phillips [20]. In our case with rational
cusps, X (or actually a finite cover) can be seen as the interior of a smooth compact manifold
with boundary X. If p is a boundary defining function of the boundary 90X and if g is the
hyperbolic metric on X, then p?g extends as a smooth non-negative tensor on X, which is only
positively definite outside some submanifolds of the boundary 0X where it degenerates. Each
one of these submanifolds arises from a cusp point of X (i.e. a fixed point at infinity of H"+!
for a parabolic subgroup of I') and is diffeomorphic to a k-dimensional torus T if the parabolic
subgroup has rank k. If we note ¢ the union of these submanifolds, B = X \ ¢ is a non-compact
manifold which can be thought as the infinity of X, and B = I'\Q2 where 2 C S™ is the domain
of discontinuity of I'. It turns out that B has ends diffcomorphic to (Ry~%\ {|y| < 1}) x T*,
each end arising from a rank-k parabolic subgroup of I' fixing a point at infinity of H**!. The
natural compactification B of B corresponds to the radial compactification in the y variable in
each end thus B is a fibred boundary manifold in the sense of Mazzeo-Melrose [19], the trivial
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fibrations being the projections
¢)k . Sn—k—l % Tk N Sn—k—l.

When equipped with the metric hg := p2g|p, (B, ho) is conformal to the ‘exact ®-type metric’
(as defined in [19]) equal to

dr?  do? ek

r4+—+dz on  (0,€), x SyF Tt x Tk
near its infinity, the conformal factor decreasing enough to make the volume of B finite.

Poisson and scattering operators P(A), S(A) are constructed in [9] through a Poisson problem
(i.e. a generalized eigenvalue problem) in a way similar to that introduced on Euclidean manifolds
by Melrose (see [23]). The structure of the metric near the cusps c is quite degenerate and
P(A),S()\) do not act naturally on C*(0X) as it would be the case when there is no cusps.
Indeed, they acts much on subspaces related to this cusp structure. We define the subalgebra
C> (X) of C°°(X) of functions which are asymptotically constant in the cusps, these are the

f € C>(X) such that
Z(fle)=0, Z((X1...Xnf)le)=0

for all smooth vector fields Xi,..., Xy on X (VN € N) and all smooth vector fields Z on
c. In other words, these are the functions whose restrictions at the cusp submanifolds are
locally constant and similarly for all derivatives. It is actually possible to find a boundary
defining function p for X in this subalgebra. The volume form dvol, of g can be expressed by
p " IR2ug for a function R, which is smooth positive in X \ ¢ with R? € C°.(X) vanishing
at order 2k at each k-dimensional component of ¢ and where pg is a smooth volume density

on X. We can define C22,(0X) and R 1C.(0X) by restriction of C22 (X) and R;1C (X) at

acc acc(
90X and B = 0X \ ¢ (here we use the same notation for R. and its restriction R, |8 x)- For any
boundary defining function p € C, ), one can define the Poisson operator P(A) by solving

aCC(
the generalized eigenvalue problem: if R(A) > 2 and A ¢ Z + N, then for f € R7'C52.(0X)

2 acc
there exists a unique solution P(X)f of the following

(Ax = A(n = A)P(A)f =0

PV = p"AF(N )+ PG\ f)

F(\f), GO\ f) € RMOR.(X )

E flp=0=f
The solution is constructed by approximation using an indicial equation for Ax and then by
correcting the error through the resolvent; for that we need the precise mapping property of the
extended resolvent of Theorem 1.1:

R(\) : C%(X) — p RO (X).
where C*°(X) is the set of functions in C*°(X) vanishing at all order at X (a kind of Schwartz
space).
Next we analyze Eisenstein functions in [9]. The metric hg induces an L?(B) Hilbert space
on B and we prove

Theorem 1.2. If R(\;w;w’) denotes the Schwartz kernel of the modified resolvent, the Eisen-
stein function
E(\;bw') := limb[p(w)_)‘R()\;w;w')], be Bw' € X

18 a smooth function on B x X if \ is not a resonance. There exists C > 0 such that for all
N > 0 it is the Schwartz kernel of a meromorphic operator
E\) : pNL*(X) — L*(B)
in R(A\) > L—CN with poles of finite multiplicity, satisfying P(\) = (2A—n)'E(X) on R;*C,(0X).
Except possibly at {\;R(A) < 5, A(n — A) € 0p,(Ax)}, the set of poles of E(X) comczdes with
the set of resonances.
111-3



Using the asymptotic expression of P(A)f, the scattering operator is defined (with same

notations) by
S(A) { Roflcé’?c(aX) - Roflcé’?c(aX)
f - F()‘v f)|p:0

For R(\) = %, S()) can be extended to L?(B) as a unitary operator and it gives, in a sense, a
parametrization of the absolutely continuous spectrum of Ayx. When the manifold has no cusp,
it is proved in [26, 14] that S()) is an elliptic pseudo-differential operator of order 2\ —n, a fact
that contrasts with the Euclidean geometry where it is a Fourier integral operator.

We prove in [9] the following result

Theorem 1.3. The scattering operator S(\) extends meromorphically to C as a family of
pseudo-differential operators in the full ®-calculus on the manifold with fibred boundary B in
the sense of Mazzeo-Melrose [19]. In {R(X\) < §,A(n — A) ¢ 0,,(Ax)}, Ao is a pole of S(N) if
and only if Ao is a resonance and it has finite multiplicity. In {(X) > 5}, S(\) has only first
order poles whose residue is

_(71)]‘4—12—2]‘ ‘ . _n L.

Resy, S(A) = Ao Lt do=5+j,j€N

I, ifdo ¢ 5 +N
where P; is the j-th GJMS conformal Laplacian of [5] on (B, ho) and Iy, is an operator with
rank dimkerp2(Ax — Ao(n — Ao)).

Note that the GJMS conformal Laplacians P; in [5] are well-defined for all j if n > 3 (resp.
for j <1 if n = 2) if the manifold is locally conformally flat, which is the case for B.

In [9], we also prove some results similar to Graham-Zworski theorems in [6] for this class of
manifolds. We actualy study conformally covariance of S(A) under change of boundary defining

function in C25.(X). We also show that Branson’s @) curvature is a scattering object in some
sense

Moreover @ is in L!(B,dvoly,) and

(—1)52in /
i ANy Q dVOlh =L
Bz =), 0

where L is the log term, independent of p, appearing in the expansion of the volume
volx ({p > €}) ~ coe ™ + -+ + cp_ne >+ Llog(e ')+ V +o(1).

The case of irrational cusps is more technically involved and will probably be carried out in
a following paper. It is worthy to add that this analysis could be used to study the divisors of
Selberg’s zeta function as Patterson-Perry [24] did for convex co-compact hyperbolic manifolds.

2. GEOMETRY, COVERING AND ASYMPTOTICALLY CONSTANT FUNCTIONS IN THE CUSPS

We describe here with more details the assumptions about the cusps discussed roughly in the
introduction; we strongly use Section 2 of Mazzeo-Phillips [20]. Let I" a discrete subgroup of
orientation preserving isometries of the hyperbolic space H"*!. Recall that I' acts also on the
natural compactification H"*! = {m € R™"*!;||m|| < 1} of H**! and on its boundary S™; an
element « € I is called hyperbolic if it fixes two points on S™ and no point in H"*!, parabolic if
it fixes one point on S™ and no point in H™*!, then ~ is elliptic if it fixes a point of H"*!. The
limit set of the group A is the set of accumulation points of I'.m on S™ where m is any fixed
point in H"*!, the domain of dicontinuity is Q := S™\ A.

If I contains elliptic elements, there exists a subgroup I'y of finite index of I" without elliptic
elements thus X is finitely covered by I'o\H"*!, the latter being a smooth manifold. Since we
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study resolvent of the Laplacian and other related objects, we can always pass to a finite cover
without difficulties: objects on X can indeed be obtained by summing on a finite set objects
on the finite cover. Thus we exclude elliptic elements in I'. We suppose that I" is geometrically
finite, which means here that it admits a fundamental domain F' with finitely many sides in
Hr+L,

If the group has no parabolic elements and is non-compact, the manifold X := I'\H"*! is said
convex co-compact. In particular it is the interior of a smooth compact manifold with boundary
X = X UOX where 90X is the compact manifold T\, 2 being the domain of discontinuity
of I The metric is asymptotically hyperbolic in this case, which means that there exists a
diffeomorphism ¢ from [0,€), x X to its image in X such that 1. (p) is a boundary defining
function of X in X
_dp® +h(p)
= P2
where h(p) is a family of metrics on X depending smoothly on p € [0, €).

If T contains parabolic elements, each fixed point p € S™ of a parabolic element of T is called
a cusp point, and for each cusp point p, let I',, be the subgoup of I fixing p. Actually I', contains
only parabolic elements and it can be shown that there is a I';, invariant neighbourhood U, of
p such that T\ (F' N U,) is isometric to a neighbourhood of p in T')\(F N U,). The subgroup T,
has a maximal free abelian subgoup I', with rank &, the rank of the cusp p is defined to be the
integer k. We suppose that k < n—1 for each p since this case is well known in term of scattering
theory. Using now conjugation, it suffices to look at the case where p = oo in the upper half
model H" ™! = RT x R™. Section 2 of [20] (the arguments come from Thurston’s lecture notes)
shows that there is an affine subspace R*¥ C R” fixed by I's on which I', acts as a group of k
translations. Note that k is called the rank of the cusp. Every v € ', acts as

Py

¥, 2) = (Ryy, 2+ by) on Ry ™* ! & R

for some R, € O(n — k — 1) and b, € R*. There is a flat torus I',\R* ~ T* such that T;\R"
is a flat vector bundle with basis this torus. We assume that the holonomy representation
v— R, € O(n — k — 1) of this bundle has a finite image, so that all rotations R, have rational
angle pr/q for some p,q € N. Then there is a finite cover of this bundle which is isometric to
Tk x R"* and we are reduced to study the case where each R, is the identity.

Example: to fix the ideas, we give the most basic case of geometrically finite hyperbolic
manifold with rational non-maximal rank cusp (actually with no rotational part), this is the
quotient X = I'\H? where I = (v) is the group generated by the element

v:(@,y,2) €HP = RY xR — (z,y,2 + 1) € HY.

It is topologically R} x R, x S!, the domain of discontinuity is 2 = R? = 2\ {co} and the nat-
ural boundary B :=T'\Q ~ R, x SL. Note that a natural compactification X of X is to consider
X ~ Sl x H%@w and compactify H? into the ball H? := {m € R?;|m| < 1}. The boundary of
X is a torus T? := S! x S' of genus 1 and the cusp (the fixed point at infinity of ) becomes a

circle S*, 9X is also the compactification of B obtained by compactifying the line R,, into a circle.

We get back to the general case. The construction of the extension of the resolvent is done
by parametrix construction and Fredholm theorem, as usual. In our case we do not have the
explicit expression of a model resolvent that gives directly the parametrix, contrary to Euclidean
case or Riemann surfaces [11, 13]. However we are able to have fairly good local parametrix
on the neighbourhoods of infinity, in particular near the cusps. We need to describe precisely a
covering by neighbourhood of infinity.

By assumptions on the cusps and using [2, 26] we obtain a covering of the manifold X by
model charts. There exists a compact K of X such that X \ K is covered by a finite number
1115



of charts isometric to either a regular neighbourhood (M, g,) or a rank-k cusp neighbourhood
(M, gi.) where

M, = {(z,y) € (0,00) x R™;2” +[y]* < 1,},  gr = a72(dz® + dy?),

My, := {(z,y,2) € (0,00) x R* * x Th; 2% + |[y[> > 1}, g = a7 *(da® + dy? + dz°)
for k=1,...,n— 1 with (T*,d2?) a k-dimensional flat torus.
One can choose the covering such that the cusps neighbourhood do not intersect, possibly by
adding regular neighbourhoods. We will make as if there was only one neighbourhood of each
type to simplify notations, moreover we consider by abuse of notation M,., My, as sets of X.

The model M, can be considered as a subset of the quotient X} = I‘OO\H-]I"+1 of H**! by a
rank-k parabolic subgroup I'se of I' which fixes the point at infinity of H™+!. Moreover from
previous discussion and since we Work on the finite cover, we can consider the subgroup I's
be a group of translations ating on rr¥; X}, is isometric to R} x Ry~ ¥ x TF equipped with the
metric
dz? + dy? + dz?

22
dz? being the flat metric on a k-dimensional torus 7%. Hence X}, can be compactified into the
compact manifold with boundary X, = H" %+ x T* where H* **! is the ball {jw| < 1} in
R™~*+1 With the new coordinates

T —y
2.1 ti=—"-—=, uU=-—55-—7
21 2%+ Jyf? a? +Jyf?

gk =

(Mg, gi) is isometric to
{(t,u,2) € (0,00) x R"F x T*: 42 ¢ |u|? < 1}

equipped with the metric
dt? + du® + (£ + |ul?)?d2?

12
These coordinates compactify M}, by adding {t = 0}, since ¢ and u extend smoothly to X; \ {z =
y = 0}, the infinity of X in the chart M}, is {t = 0}. Also we will call cusp submanifold the
submanifold {t = u = 0} of Mj, it will be denoted ¢; and we remark that cx ~ oo x T* ~ Tk

in M}, where oo is the point at infinity in the half-space model of H"~*+1. Let us finally denote
Mk:MkU{t:O}.

(2.2)

- The model M, is simpler and can be considered as a subset of H*t!, we define as for M,
M, := M, U{x =0}.
There exist some smooth functions x, x", x!,...,x" ! on respectively X, M,, My,..., M,_;
which, through the isometric charts I, I, ..., I, satisfy

(2.3) L+ Z Lix" +x=
with x having compact support in X.

Using the previous discussion, one obtains a compactification of X as a smooth compact
manifold with boundary X. Moreover, with no loss of generality one can choose a boundary
defining function p which is equal to the function ¢ in each neighbourhood Mj. The boundary
0X is covered by some charts By, ..., Bn_1, B, induced by M, ..., M,_1, M, by taking

By, := M, NOX ~ {(u,z) € R"F x T% u|*> < 1}
B, := M,NdX ~ {y ¢ R"; |y|* < 1}.
1116



From the discussion above, we see that the metric on X can be expressed by

H
g=—
pe
with H a smooth non-negative symmetric 2-tensor on X which degenerates at the cusps sub-
manifolds (cx)g=1,...n—1. Let us define ¢ := (Ugex) C 0X C X, and B := 0X \ ¢, then the
restriction

(2.4) ho := H|g = (0*9)|B

is a smooth metric on the non-compact manifold B.

We will also need to use functions representing the distance to the cusps submanifolds as
follows: for k = 1,...,n — 1, let 7., be a continuous non-negative function in X, smooth and
positive in X \ ¢, which satisfies

Ik*(rck) =V t2 + |u|2

in M}, and is equal to 1 in M; when j # k. Then we define the functions

n—1 n—1
(2.5) Te = H Tey, Rei= H(er)k
k=1 k=1

on X and we will also denote by 7, , 7. and R, their restriction to X. It can easily be checked
that B equipped with the metric hg of (2.4) has a volume density dvolp, which is of the form

(2.6) dvolp, = R*upx

with p15 5 a smooth non-vanishing density (volume density) on 9X. Similarly the volume density
dvoly on X can be expressed by

(2.7) dvol, = p"" ' R2uyg

for a smooth volume density pg on X. In what follows, we will write L?(X) and L?(B) for the
Hilbert spaces of square integrable functions on X and B with respect to the volume densities
dvol, and dvolp,,.

For a compact manifold M with boundary M, we denote by C> (M) the set of smooth
functions on M which vanish at all orders at @M. There will be a special set of smooth functions
on X,0X which will play an important role for what follows, these are the functions which
are “asymptotically constant in the cusp variables”. To give a precise definition we begin by
introducing the sets G(T'X), C(TAX) and C(Tc) of smooth vector fields on X,0X,c. Then we
set

CX(X):={feC®X);VXy,...,Xn € CTX),VZ € C(Te), Z(f|.) =0,Z(X; ... Xnf|.) =0}

acc

and C2°,(0X) is defined similarly by replacing X by dX. These functions are constant on each
cusp submanifold ¢, and their derivatives as well. In local coordinates (t,u,z) near the cusp
¢ = {t = u = 0}, one can check by a Taylor expansion at (0,0, z) € ¢ and Borel Lemma that

a function f € C25.(X) can be decomposed locally as a sum
(2.8) F(t,u,2) = folt,u) + O((8 + [u*)*) = folt,u) + O(rZ)
for some fy smooth. The class C25,(X) forms a subalgebra of C°°(X) which is stable under the

action of €(TX). It can be topologized by the semi-norms of C>(X) and it is closed in C>°(X).
Observe also that 72 and RZ defined by (2.5) are in Cg5.(X). Actually one can check (see [9])
that the space R;1C2%,(X) does not depend on the choices of p, R? in C2% (X)), this space will

acc acc
be useful later.
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To construct the solution of the Poisson problem, we need a kind of model form for the
metric. It is actually possible to prove that there exists a collar neighbourhood (0, €), x 90X of

90X induced by a boundary defining function p € C2.(X) such that

acc

dp* + h(p)
9=—"5
p
for some smooth family of symmetric tensors h(p) on X, depending smoothly on p, positive for
p > 0, with h(0) = hg positive on B and satisfying

B(p) = du® + (o7 + [uf?)2dz?
in each Mj,. The proof is detailed in [9, Sec. 2.5] and we actually describe the set of boundary

defining functions in C2% (X)) that puts the metric under an “almost model” form, a fact that is
necessary to investigate the conformal invariance properties of scattering operator and related

objects as in [6].

(2.9)

3. THE RESOLVENT

We begin by recalling results known in the convex co-compact case. First Mazzeo-Melrose
[18] and Guillopé-Zworski [12] results can be summarize as

Theorem 3.1. If X := I'\H""! is convex co-compact, then the resolvent R(\) = (Ax — A\(n —
A\))~1 extends meromorphically from R(\) > 5 to C with poles of finite multiplicity. The counting
function for resonances N(R) satisfies

N(R) _ O(RdimX+1)

Note that the bound is improved in O(RY™ X) by Patterson-Perry [24] using thermodynamic
formalism of Fried-Ruelle, a formalism which seems not well adapted to cases with cusps.

Example: we return to our example given in last section. The Laplacian is
Ax = —(20;)% + 220, + 22 Apy g1

and by decomposing in spherical harmonics on S* and Fourier transform in R the Laplacian on
the cylinder Agys1 becomes |€]? + w2, where w2, are the eigenvalues of Agi. Now we have a
one dimensional spectral problem on the half line (0, 00),, the resolvent can be computed by
Sturm-Liouville theory, the Green kernel for #(\) > 1 is
—Kx-1(zlén) -1 (2" |§m])  if 2 >a’
Grem(z,2') = .

emtra) = SO R
where K, Iy are the modified Bessel functions and &, = (£, w,,) € R%. The resolvent Schwartz
kernel is then obtained by

R()\;x,y,z;x/,y/,z’) — _CC.T/ Z / eig'(y*yl)+iwm(ZfZ/)G)\,f,m(xvx/)dg
mEZ R

and can be proved to extend meromorphically in C as operator from C§°(X) — C*°(X). The
generalized eigenfunctions can be obtained from this formula by considering the asymptotics
Bessel functions: for f € C§°(B) (recall B =R x S') and R®(\) = 1, the function

—21=A . . N
m . (y—y',z2—2") A—2 N o W
IYRP ) / ¢ [€m*E Koy (o) £, 2") ' d'd

is a generalized eigenfunction of A for spectral parameter A(2 — A) and with an asymptotic
(3.1) PO)f =2*f(y,2) + 2 (SN )y, 2) + O?), =0,y <C

where S(\)f € C°°(B). This defines S(A), the scattering operator, and again the asymptotics of
K;(z) as z — 0 gives that S(\) = C()\)Agl_iR for some explicit meromorphic constant c(X). Ac-

PN =

tually the function z blows-up at the cusp in X, thus it is not really a “good” boundary defining
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function to use to obtain uniform asymptotics at infinity of X, the function p = x/(1+ 2%+ |y|?)
is more adpated for that in the sense that it is a smooth boundary defining function for the
compactification X. Of course replacing = by p in (3.1) would change S()), though only by con-
formal multiplications on the right and left. Remark that S(\) is a pseudo-differential operator
on the cylinder B = S' x R, but the terms coming from w,,, = 0 and w,, # 0 are of very different
nature when we approach the infinity of B (two circles), corresponding to the cusp. The second
ones are rapidly decreasing in space (“almost properly supported”) as |y — y'| — oo wheras
the first one has conormal singularities as |y — y/| — oo. In other words, the action of S(\)
on constant functions in variable z has a very different behaviour than the action on functions
whose zeroth Fourier coefficient in the circle vanishes, which is also a typical fact of maximal
rank cusps (i.e. finite volume cusps) for instance. This is roughly the reason of introducing this
class C2°. of functions asymptotically constant in the cusps.

In our general case, a good parametrix can be found in the regular neighbourhood M, of infin-
ity by the method of Guillopé-Zworski [12], which is a simplification of that of Mazzeo-Melrose
[18] for constant curvature manifolds.

A parametrix in the cusps neighbourhood can actually be obtained by an explicit calculation
of the resolvent on X = I'oo \H"*! with ', a rank-k parabolic subgroup (of translations) fixing
o0, pretty much as in the previous example. Note that I's, is the image of the lattice Z* by a
map Ay € GLi(R). By Fourier decomposition on the torus 7% = I'o.\R* and conjugating by
2%, the operator Ax, — A(n — \) acts on

L(Xg) = @ Hon, Ho = LPR)F x RE, 2~ F D dyda) = L2(HF1)
mezZk
as a family of operators
Pn(\) i= —2202 4+ (n — k — )20, + 2*(Ay + |lwm|?) — s(n — k — 5)
where w,,, = 27(A,)m for m € Z* are the (square root of) eigenvalues of the Laplacian on
Ty with eigenfunctions e’ and s := \ — g is a shifted spectral parameter. The problem

is reduced to study a family of Schrédinger operators on hyperbolic spaces of lower dimension
H"~*+1. The resolvent Rx, (\) = (Ax, — A(n — A))~! for the Laplacian on X, is for R(\) > 2

(3.2) Rx,(\) = @ Rm(N) on L*(Xi) = € Hom

meZk meZk
with

(3.3) RNz, y, 2 y') = | A2 73/ Rynir (N2, y, 2527y, 0)e™m 2 dz

where Ryni1(\) = (Agnt1 — A(n — X)) 7! is the resolvent for the Laplacian on H* ™! and |A| :=
| det(Ag)|. We set

xx xx |22, 4
= =+ By
20 T TRy 2|2 (1+ )

and recall (see e.g. [12], [26]) that the resolvent on H"T! can be written for all J € NU oo

2.1
(3.4) r=(y—yP+2*>+2"7)2, d= ;-

J-1
(3.5) Ry (N 2,y,22,y,0) =72 0y (N7 + 727G (A7)
7=0
2717730 (\ 4 2j)
FA=5+14+)T( +1)
with G, (), 7) a smooth function in 7 € [0,%) with a conormal singularity at 7 = 1 and

2
Goon(A,7) = 0. Note that the sum (3.5) converges locally uniformly in 7 € [0, 3) if J = oo.
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From (3.3) and (3.5) it is easy to see, by the change of variable w = z/r, that for m # 0 and

. . k
setting s := A — 3

dz

J—1
j i Grn(Ad(1+]2[%)71)
_ s . 2 ) s+2J T W - J, )
(3.6)  Rn(\)=d ;am(A)dﬂFM(mde /Rke irwm.2 (EEEE

(3.7)
, . ~A-2j+1 (9%
) _ -1 —du.w 2\—A—2j _ -1 ﬂ
Fya(u) = |43 / (L )™ dw = AW =

when R(\) > % (see e.g. [3] for the last formula), K4(z) being the Bessel function defined by

Jul " K 2 (Jul)

(3.8) K(2) ::/ cosh(st)e > e 2 > 0.
0
It is easy to see that the sum (3.6) with J = oo converges uniformly for r > 0 and d € [0, 1).
When m = 0, Ro(\) is the shifted Green kernel of the Laplacian on H"*+1, that is
J—1
k

(3.9) Ro(\) =d* Y ajni(s)d™ +d* "Gy k(\d), s=X— 3
3=0

The representations (3.6) and (3.9) give a meromorphic extension of R, () to C, with poles on

% — Ny of finite rank which only come from the case m = 0 when n — k+ 1 is even. The continu-

ity property of the extented operators on weighted L? spaces are a bit technical and checked in [8].

Once we have this resolvent, we can construct, using partition of unity (2.3), a parametrix
E;()) such that
(Ax —An—=A)Ei(N) =1+ K(N)
with K7 (A) compact on p*L?*(X) for some a > 0 in R(\) > 251,

The final parametrix uses similar arguments as in [18, 12], in particular it just involves the
indicial operator of the Laplacian far from the cusps submanifolds. Indeed our parametrix in the
cusps is so good that it captures all the singularities in a neighbourhood of the cusps and it just
remains to deal with errors which are supported (in the left factor on X x X) in a compact set
of X that does not touch the cusp submanifolds, where the Laplacian is an elliptic 0-operator
in the sense of [18]. Indeed in M}, we have

Ax = —(p9,)? + npd, — 2k(p* + [ul*) " p*0, + p*An(p)
with h(p) = du?® + (p? + |u|?)2dz? a metric on {0 < |u| < 1} x T*. The indicial equation is
(Ax = A= N)p" M f —j2A —n—j)p" M f € prMIFIO=(X).
in {p<e}if feCL(M) (recall M = 90X \ ¢).

This allows to construct by induction Ex () for any N > 0 such that
Kn(A) :=(Ax —A(n—=MN)En()) — 1

is compact (trace class) on pVL?(X) for R(A) > % — CN where C' < 1 is a constant. By Fred-
holm theorem we obtain the meromorphic extension of R(\) on weighted spaces and a standard
application of determinant methods shows the bound on the counting function of resonances
claimed in Theorem 1.1. Of course many estimates on singular values of K (A) in term of A\, N
are required and a bit technical, see [§8]. The non-optimal bound comes from similar reasons
than in [12], first the poles coming from the model resolvent on H"*! (used for the regular
neighbourhood of infinity M,.) with rank which are delicate to bound optimaly: because of the
cut-off functions, the cancellations that appear for these ranks in the model H**! do not hold
here (at least we are not able to prove it). The other problem comes from the fact that it appears
difficult to use the dimension reduction through the scattering operator as for surfaces [11] or
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compact perturbations of Euclidean space [27].

A detailed study of the mapping properties of R(\) using this construction in [9] gives
(3.10) R(\) : C=(X) — p*RIIC,(X)

which can be compared to the convex co-compact case (with no cusps) R(\) : C®(X) —

PO (X).
4. POISSON PROBLEM AND CONTRUCTION OF SCATTERING OPERATOR

The construction of the scattering operator can be obtained by 2 methods, either by looking
at asymptotic boundary values (or much “infinity values”) of the resolvent or by solving a Pois-
son problem, both methods being equivalent.

The Poisson problem in the convex co-compact case is detailed by Graham-Zworski [6 _}, it can
be described by: for A not resonance, R(A) > & and A ¢ & + N, then for all f € C*°(0X) there
exists a unique P(X\)f € C°°(X) such that

(Ax = A(n = X)PA)f =0
PN =p"" *F(/\, £+ p* G )
FQ 1), G, ) € C°(X)
EQ Plp=0 =

The scattering operator is the operator on the boundary
S(A) : C¥(9X) — C=(9X), SNf =G\ flox

it is proved in [14] to be a pseudo-differential operator of order 2\ — n on dX with principal
symbol
(5 -X

Opr S(\ , _ 9n—2X -
SV6 =2 i

2 —n
|€|h0(y)

~
>* w|§

where hg = p?glrox-

In our case with cusp, the same problem can not be solved because of singularities of the
objects at the cusps points. Instead a “natural” Poisson problem can be expressed as follows:
for A not resonance, R(A) > % and A ¢ % + N, then for all f € R7'CSS.(0X) there exists a
unique P(A\)f € C*°(X) such that

(Ax — An = \)PO)F =0
P =p" PPN )+ p G, f)

F(A,f),G()\,f) € RO (X)

EX, f)lp=0 =

It can actually be solved using an indicial equation to solve the problem up to > (X) and then

correct with the help of the resolvent. In the neighbourhood My of the cusp c¢i the Laplacian
looks like

(4.1)

Ax = —(p9p)* + npdy — 2k(p* + [ul*) "1 p°0, + p* Ay
with h(p) = du? + (p? + |u|?)2dz? a metric on {0 < |u| < 1} x T¥; by elementary computation
we obtain
RAXRIY = —(p9,)? +npd, + p* (A + (0 + [ul?) "2A.)
where A, A, are the flat Laplacians on R? % T*. Then it is easy to check the indicial equation
(Ax = A = A)p" IR —j2A —n— j)p" MRS f e pt T TITIRIICE (X).

Here, the key fact is that the singular term r_ %A, applied to f € C22,(9X) gives a functions
vanihing at all order at the cusps submanifold ¢ by (2.8). Therefore for all f € R;71C2.(0X)
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one can construct by induction and Borel lemma (see [6] for more details) a function ®(\)f €
p"ARIIC(X) for A € C\ 1(n + N) such that
(Ax = An = X))@ f € CF(X), p* @MW) flp=0 = [-

By construction, we have the formal Taylor expansion

(4.2) SN f=p" Y pYeaPiaf, V€ O (0X)
=0

where P; ) is a differential operator on B which is polynomial in A and
FA—3-J)

L= (1)
o= pTa =gy

Now we can set for A ¢ 1(n+ N) and A not a resonance
(4.3) P =2Nf = RA)(Ax = Aln = )2\ f

which satisfies (4.1), thanks to (3.10). To prove uniqueness of the solution of (4.1), we first note
that if P1(N) f, P2(A) f are two solutions, then the indicial equation shows that P1(X)f—P2(N)f €
P R;1CSS(X) thus in L2(X) for R(A) > %, it is then 0 if A(n—X) ¢ 0,,(Ax). The case R(\) = %
can be proved by a Green formula exactly as in [6], we refer to [9] for details.

The Poisson operator is proved to have a Schwartz kernel given by weighted limit of the
resolvent kernel, as in the convex co-compact case (see [14, 6]). Indeed if we define the Eisenstein
function by E(\) := (p~*R()\))|pxx then it is meromorphic in A € C, satisfies

E()\) € R.'C>®(0X x X)

and the Schwartz kernel of P()) is (2\ — n)E(A\; w;b) € C*°(X x B). The Eisenstein functions
can be expressed quite explicitly uging the resolvent parametrix construction, it can even be
checked [9] that they define Hilbert-Schmidt operators

E\) : pNL*(X) — L*(B)

meromorphically in [J(X) — & < CN for some constant C, as stated in the introduction. This
gives a meromorphic extension of P(\).

The Eisenstein functions are classically linked to the spectral projectors (via Stone’s formula)

of Ax in the following sense If R(\) = § and A # % then

(4.4) RO\ w;w') — R(n — X;w;w') = (n— 2)0) /B E(\;b;w')E(n — X; b;w) dvoly, (b)

where hg = (p?g)|s. Moreover there exists C' > 0 such that for IV large, we have
R(\) — R(n—X) = (2A—n)'E(n — \)E())

in the strip [R(\) — 2| < CN as operators from p" L?*(X) to p~V L?(X). This relation and the
definition of E(\) prove that resolvent and Poisson operator (or Eisenstein function) have same
poles, except possibly at the points A such that A(n — A) € opp(Ax).

Using notations of (4.1), we can define the scattering operator as the linear operator

RJ'CZ,(0X) — R;I'CE.(0X)
4'5 S )\ . c acc c acc
o) ovs{ PO TR,
for R(A) > 2, A ¢ $(n+N) and X not a resonance. With (4.3), one obtains a meromorphic
continuation of S(\) to C.
1112



The Eisenstein function F(\;b,w') are actually continuous function on (b,w') € B x (X \ ¢)
if R(A\) < 0. Then from (4.3), (4.5) and the fact that the Poisson operator has ‘E()\) for kernel,
we deduce that for f € C§°(B) and R(\) <0

SN = ;{Q)[P_A((2A = n)BEQA)f = @\)f)] = 21 = n) lim [0 (‘B f)]

p—

which is well defined. As a consequence the distributional kernel of S(\) on B is
SOubb) = (20 =) lim, (p(w) B b))

which can be rewritten using the symmetry of the resolvent kernel as the restriction

(4.6) S(N) = (2 = n) (o0 T B(V)|p=pr=0

for R(A) < 0 and X not resonance. This last relation extends meromorhically to C. If £(\) < 0,
we have by standard arguments, for w € X, V' € B,

E\V;w) = —/ S\ V5 b)E(n — \; by w) dvoly, (b)
B

and there exists C' > 0 such that for IV large the meromorphic identity
(4.7) E(A) =-=S(M\NE(n—M\)

holds true in the strip 2 — CN < R()\) < % as operators from p™ L?(X) to L*(B). Now, the
identities (4.6) and (4.7) shows that the poles of S(\) in R(\) < § are exactly the poles of
the resolvent, i.e. the resonances. However we are not able for the moment to obtain explicit

relations between their multiplicities as in the convex co-compact case [7].

In R(A) > %, additional poles occur at & + N for the scattering poles, exactly as in Graham-
Zworski [6], these are infinite rank, first order, poles coming from the construction of ®(\)f in
(4.2). We prove in [9] that the residue are differential operators on the boundary B, and actually
they are exactly the GJIMS conformal powers of the Laplacian defined in [5]. The proof goes
through by mimicking the arguments of Graham-Zworski in this setting, in particular

(71).i+12—2j ] . _n ..
Resy,S(\) = — gy it flo=35+j7€N
H)\O if A\g ¢ % + N
where P; is the differential operator on (B, hg) with principal symbol o¢(P;) = |£|,21J0 , defined by
e _ (=1
(4.8) [R%%ﬂp D(N)]|p=0 = W J

and II,, is a finite-rank operator with Schwartz kernel 2j ((pp') “**Resy, R()\)) |px 5 satisfying
rank ITy, = dimker;2(Ax — Ao(n — Xo)). The fact that P; in (4.8) is the GJMS operator comes
from the constant curvature, which make every derivative d,h(0) in (2.9) locally determined
by h(0) in the same way that for convex co-compact manifolds (which are particular cases of
Poincaré-Einstein manifold).

5. THE SCATTERING OPERATOR AS A $-PDEUDO-DIFFERENTIAL OPERATOR ON THE
BOUNDARY

The manifold B compactifies into B and has ends diffomorphic to [0,¢) x S"~*=1 x T*
each end arising from cusp points. The compactification is done by radially compactifying
(Ry=*\ {ly| < 1}) x TF in y. The metric hq is of the form

ho =yl ™" (dy® + dz?)
near the cusp cy, in the compactifiction coordinates v := |y| =1, w := yov this gives

ho = dv® + v2dw? + v*dz2.
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The boundary of B is S" %=1 x T* and has a natural fibration over S"~*~! (the projection),
this gives B a structure of manifold with fibred boundary in the sense of Mazzeo-Melrose [19], let
us call ® the fibration. In [19], the authors define a general class of pseudo-differential operators
by their Schwartz kernel lifted on some manifold with corners B x¢ B which is the blow-up of
B x B at some submanifolds defined by the fibration ®. In some sense, these class capure the
different growth behaviour of the symbol in phase space, recall that here the manifold B is not
compact.

The study of the Schwartz kernel of S()A) in compact parts of the manifold B (roughly coming
from the regular neighbourhood of infinity of X) are very similar to the convex co-compact case:
there is a classical conormal singularity that make them local pseudo-differential operators of
order 2\ —n. The most interesting part comes from the cusps: we can deduce from the resolvent
construction and (4.6) that all the main singularities of S(\) near ¢ are contained in the term

NCREY

F(A-3)

—nAATT —n, .k : n—
cNUE Y P AL 2 [y TR with ¢()) = 20

(viewed as acting on L2(Yy,dydz)) where ¢ 1* are cut-off functions equal to 1 near the cusp
¢r and Yj, := R" % x T*. The growth of its symbol in the phase space has two kind of behaviour
since Ay, can be roughly decomposed (by Fourier transform) as a Laplacian on R"~* corre-
sponding to the constant mode in the torus 7% and a family of Agn—r + c¢j where ¢; > 0 are the
non-zero eigenvalues of Arr. For instance, the Schwartz kernel x;(X,y,y’) of last term has fast
vanishing in space at infinity in |y|, |y’| variables outside the diagonal whereas the first term has
kernel ko (), y,y’) with a growth |y|*="|y/|F—".

These different asymptotic regimes are analyzed in detail on the blow-up manifold B x4 B in
the paper [9], we refer the reader there for details.

We finally emphasize that in a model irrational cusp case I'oo \H" 1, a spectral decomposition
of the Laplacian Ap_\gn+1 leads to the study of a family complex powers of operators of the
form Agn-« +¢; as before, but the terms ¢; accumulate at 0, contrary to the rational case where
there is a spectral gap.
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