|
Centre de
Mathématiques

Laurent Schwartz

EcoLE
POLYTECHNIQUE
|

Alain Bachelot

SEMINAIRE

Equations aux
Dérivées
Partielles

2003-2004

Klein Paradox and Superradiance for the charged Klein-Gordon Field

Séminaire E. D. P. (2003-2004), Exposé n® XXII, 11 p.

<http://sedp.cedram.org/item?id=SEDP_2003-2004__ _A22_0>

U.M.R. 7640 du C.N.R.S.
F-91128 PALAISEAU CEDEX

Fax : 33 (0)1 69 33 49 49
Tél : 33 (0)1 69 33 49 99

cedram

Article mis en ligne dans le cadre du

Centre de diffusion des revues académiques de mathématiques

http://www.cedram.org/


http://sedp.cedram.org/item?id=SEDP_2003-2004____A22_0
http://www.cedram.org/
http://www.cedram.org/

KLEIN PARADOX AND SUPERRADIANCE FOR THE CHARGED
KLEIN-GORDON FIELD

ALAIN BACHELOT

[. INTRODUCTION
In this paper, we deal with the gyroscopic Klein-Gordon equation
(0, —iA(@)’u — Pu+V(z)u=0, teR, z€R, (L.1)
with the main hypotheses
V(z) — 0, A(z) — ay, * — o0, a_ #a,. (1.2)

Fundamental examples of such an equation arise in General Relativity for the propagation of
waves on space-times of Black-Hole type with an electrostatic charge. Other one-dimensional
field equations with step-like perturbations have been studied : the existence of a Scattering
Operator that is unitary, was established for the Dirac system by S.N.M. Ruijsenaars and
P.J.M. Bongaarts [16], and for the Schrédinger equation by E.B. Davies and B. Simon [6].
The key point for both these equations is the conservation of the L? norm. The situation
drastically differs for the Klein-Gordon equation (I.1) since the conserved energy

E(u,t) = / | Qyu(t,z) |* + | Qpu(t,x) |* + [V(x) - AQ(x)} | u(t,z) |* dx (1.3)

is not always positive. In particular, when A satisfies the steplike hypothesis (1.2), the set of
modes is finite dimensional, but there exists no finite codimensional subspace of Cauchy data,
on which this energy is positive. This is the root of the so called Klein paradox. Nevertheless
we shall be able to describe the asymptotic behaviours of the solutions of (I.1), and to prove
the existence of a Scattering Operator the norm of which is always strictly larger than one :
this is the superradiance. Furthermore, in some situations, there exist solutions polynomially
increasing in time (hyperradiant modes). Recently, the 4-bursts have been attributed to the
superradiance of the charged black-holes (R. Ruffini [15]). Since we cannot use this energy
to get some asymptotic estimates, we construct the spectral representation for the harmonic
equation, then we establish the existence of the Scattering Operator the symbol of which
has a norm strictly larger than 1. The detail of the proofs will appear in [3].

II. SPECTRAL DECOMPOSITION

We investigate the harmonic Klein-Gordon equation :
2

7Y +k—A@)]Py—V(e)y=0, zeR, keC. (I1.1)
We assume that the potentials satisfy :
Ae L R;R), Ve L*(R;R), (I1.2)
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and there exist a > 0, ax € R, a_ < a4, such that :

x+ h —A
/ (| A(z) —ax | + | V(z) |)e*®ldz + sup ‘ (=) e?l*ldr < oo,
R* 0<|h|<1 (I1.3)
We start by constructing suitable Jost functions, taking the different asymptotics as
r — oo, into account. For any k € C, Sk > —%5 (resp. Ik < §), there exists unique

functions fn oury (K3 2) € C(R,), solutions of (IL.1) and satisfying lim, .+« f= (our) (K5 @) —

eF(Filk—ax)z — () Moreover, for each = € R, they are analytic functions of k € (C, Sk > -5
(resp. Sk < §). The following Wronskians do not depend of z :

Win(out) (k) = [fz'—:—z(out)7 fl;(OUt)](k)

Since W;, is an analytic function of k € C, Sk > —a/2, the set of its zeros is locally finite,
and each of them is of finite multiplicity. We introduce

o, ={keC; Ik>0, Wiy(k)=0},
Oss = {k SIS Wm(k) = 0}7
R = {k€C; —% < Sk <0, Win(k) =0}

The elements of o, are the eigenvalues or normal modes, and the elements of R are the
resonances or quasinormal modes. The Klein zone is the open interval Ix :=]a_, a,[. We shall
see that the asymptotic behaviour of the solutions of the Klein-Gordon equation with step-
like potential A is very peculiar, and justifies to call superradiant modes the real frequencies
in I \ 0ss, and hyperradiant modes the elements of oy, that play the role of the spectral
singularities of the quadratic pencils with short range complex potential [4]. In the simple
example of the step potential Ay(z) = alj_)(z), a € R*, V =0, we easily find W;, (k) =
i(2k — a), hence 0, = R =0, 05, = {§}. There exists cases where there is no hyperradiant
mode. For instance if we choose A;(z) = 1 — tanh(z) or As(z) = 1 when z < 0, Ay(z) =0
when x > 1, As(z) = 1—2 when 0 <z <1, and V(x) = 0, we can compute W, (x) by using
some formal calculus system. We get frightful combinations of hypergeometric functions for
Ay, and Bessel functions for A, and the investigation of the possible roots of the equation
Win(k) = 0 seems to be rather delicate. A numerical evaluation of | W, (k) | using the Maple
system, clearly shows that o, = () for both these potentials. In the general case, we prove
that 0, and o, are finite sets and

0es C I (IL.4)

For the Schrodinger equation, i.e. A = 0, we know that the multiplicity of the zeros of W,
is simple. This is proved in [7] for the short range potentials V', and in [5] for the steplike
case. Unlike this situation, when A # 0, the multiplicity m(k) € N* of k € C, defined by

— . — < [ < —
pTE Win(k) =0, 0<1<m(k)—1, TS Win(k) # 0,

can be strictly larger that 1. As an example, we choose A3(z) = 1;_, oz, Tﬂ(ac), V =0. By
tedious but elementary calculations, we check that Wj, (%) =W/ (§> = 0. We put :

V= ’Erelgx(m(m)) if 0ss# 0, v:=0 if o4 =0. (IL.5)
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We introduce the transmission coefficients 7% (k) and the reflection coefficients R*(k),
defined for k € R\ o, by :

k4 as, = THk) = ——, RE(r):= @t(“), RE(ay) = —1, T*(az) = 0.
7—out("’{') Tout(’%) (116)

These quantities describe the propagation of the field as * — 400 :
f —TFfF _ R* f

out out*

R*(k) and T*(k) are analytic functions on R, \ o4, and satisfy
R — Q4+

P | T5(k) |* + | R(w) [P=1, (IL.7)

| T7(r)T (k) — RT ()R (k) |= 1, (IL.8)
k€ R\ Ix =| R*(r) |< 1, (I1.9)

K€ Ix \ 05s =>| R(K) |> 1, (11.10)

K — K € 0ss =>| RE(k) |,| T (k) |— oo. (IL.11)

We emphasize that when x is outside the Klein zone, the reflection coefficient is not greater
than one as in the usual case of the decaying potential (i.e. ax = 0). But when x is a su-
perradiant mode, | R*(k) | is strictly larger than one, but finite : this is the phenomenon of
superradiance of the Klein-Gordon fields (IL.10). At last 7% and R* diverge at the hyper-
radiant modes. The situation differs for the Dirac or Schrodinger equations, for which the
reflection is total in the Klein zone (i.e. T'=0, R =1, see [6], [16]).

We construct the distorded Fourier transforms. Given f € C°(R,), ¢ € C5°(R,) we put :
FE o (F)(R) = /_OO T oy (k3 2) f(2)d, k€T, +(=)Sk > 0. (IL.12)
F*

in(our) 18 well defined from C§°(R,) to L? (R,), but, unlike the short range case, a+ = 0,
a problem arises for the low frequencies k = a4, with loss of regularity, when we want to
define F'* on L? (R,). To overcome this difficulty, it is necessary to use the weighted

in(out)

L%-spaces, L2(R) := L*(R,, (1 + y?)*dy), s € R.

Proposition II.1. Fi oury that is defined from C§° (R,) to N, [H" N L7] (Ry), has a contin-
uous extension :

(1) from LQ%M (R,) to H 27 (R,) N &' (R,) + Hz™ (R,.), for any 6, > 0;
(2) from L3 (R,) to L? (R,);
(3) from H* N L? (R,) to L? (R,).
There exists no continuous extension from L3 (R,) to D' (R,). For any § > 0 there exists

no continuous extension from L3 _; (R,) to L* (R,).

We now introduce the inverse distorded Fourier transforms, defined for ¢ € C§°(Ry) by :

q)li”(om) ) 27T/ m(out ( )d"'i reR. (1113)
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Lemma II.2. There exists a constant C > 0, a function C(s), such that for all s € R,
—1<p<1, € CPR,), we have

Hs (]RK) .

H (Dzn(out ( ) HH?’(Ri < ¢ H ¥ HLQ(Rn H qun out) (90) g(]R;‘E:)S C(S) ” ¥ ‘
Moreover d is a bounded operator from E'(R,) to HE . (R,).

in(out)

We are now ready to state the resolution of the identity.

Theorem I1.3. There exists complex numbers cy;, for X\ € o,, 0 <1 < m(X\) — 1, with
Cam-1 # 0, such that for all f € L2(R,), s > max(3,v — 1), where v is defined by (I1.5),
we have forp=0,1 :

a4 1KkP I 1KkP
o =03 (s PR ) ~ B (o P )

m(\)—1
+ 3 > endh (k) FE(S)) (k= A) +Edh, (K fons (K 2) Fu () (k = X).
A€op  1=0

III. SCATTERING

In this section, we investigate the asymptotic behaviours in time of the solutions of the
charged Klein-Gordon equation with the assumptions (I1.2), (IL.3) :

(8, —iA(x)’u— Pu+V(z)u=0, teR, z €R, (ITL.1)

u(t =0,2) = ug(x), du(t=0,z)=u(x). (I11.2)
It is convenient to introduce the following Hilbert space :
H'R) = {f € IXR), ['€ I2R)}, scR, |

The Cauchy problem is well solved : For any uq € H}! (R), uy € L?(]R), s € R, there
exists a unique solution u € C° (Ry; HX(R,)) N C* (Ry; LA(R,)) of (II1.1), (I11.2). To give a
representation of the solution involving the distorded Fourier transforms, we introduce the
operators

Ei(out) : (UO, ul) = Eijfr:L(out) (UO, ul) (k) - szi out) ( 0) - Z’in(out) (ul - QZAUO) )

m

and the Hilbert space of initial data, where v is defined by (IL.5) :
X = Hppa(,1) (Ra) X Loy (Ro)- (I11.3)

max max

Proposition III.1. For any (ug,u1) € X, the solution u is expressed by :

w(t) =7 (" g uy)) — 0T, [ B (ug, )
m mn(ﬁ + ZO) wm ou Wout(l‘{/ _ 7/0) ou

Y z exadh (¢ ks ) 5 g ) (k = N) 257 (6 5 (ks ) 2y (o ) (= )

A€op  1=0

where the constants cy; are defined in Theorem I1.5.

We denote < t >:= (1 + tz)%. The energy estimates for the solutions are the following :
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Theorem II1.2. There exist C >0, N € N, such that for any (ug,u,) € X, we have :

I (u(t), Oru(t)) [ arr2
m(k)—1 d

< c( | o) x + 35 S <>t S LS B ) (k)
KETss  1=0 i dk
b=in,out
m()\ dl N dl _ R
+ Z Z <t >mE Z dk,lEﬁ (anul)()‘) e_d(/\)t‘*’ %Eﬂut(umul)(A) e“(’\)t)
A€op =0 f=—+,—

I (u(t), ru(t)) [x< C <t >N | (ug,w) [Ix, 7= max .

By a microlocalization near the hyperradiant modes, we now construct solutions of finite
energy with polynomial behaviour in time.

Theorem II1.3. For all k € o, | < m(k) — 1, there exist up,u; € C°(R,), such that for
any x € R, we have :

u(t,z) = "Lt (T (o) 4o (tm(”)_l_1> , t— —o0; u(t,z)=o0 (tm(”)_l_1> , t — +o0.

To investigate the scattering states, we must avoid the usual modes and the hyperradiant
ones. Hence we introduce the following subspaces of finite codimension in X :

d -
Xin(out) = {(uo,ul) € X;Vk € 0, Uog, VI < m(k), T Ej; out) (ug, u1)(k(k)) = O} ,

Xscatt = X’Ln N Xout' (1114)

Xin(outy and Xeqy are well defined, and they are Hilbert subspaces of X, invariant under
the action of the group G(t) : (ug,u1) — (u(t), du(t)).

We now arrive at an important result of this work : the solutions with Cauchy data in

Xseart are asymptotically free. We emphazise that the conserved energy of such solutions

given by (I.3) can be negative. In fact we do not use this conservation law to get our
scattering theory.

Theorem II1.4. For any (ug,u1) € Xseae there exists unique uE in(out) € H'(R) such that

out)

) = (O (£ = () + O (5 () e

—)ia_x - ! - 1a4-T !
+ Hatu(t> .’E) - <€+( ) (uin(out)> (t - (—F)I‘) te (Hias (u;rl(out)> (t + (—).1')) HLQ(R@HB)
Ug, U1, ui(out) are bound by the following relations :

i

+ -1
E o = F()F EF
uzn(out) +( ) (VVin(out)(Kf + (—)ZO) in(out) (Uo, U1)> 5

up = OF, (k) F (uf)) + 0%, (1) F (u,)), p=0,1,

| Ui oy @< C' I (w0, 1) Ilx,
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F (ugut) () R (k) T*(k
wene (2} (2 B

)6 )
F (tin) (%) (IIL.6)

Win(out) : (u07 ul) — (u;(outy ui;L(out)) :

We introduce the Wave Operators

Corollary IIL.5. Wi, is a one-to-one, continuous operator from Xeqe onto a subspace
Yintouty of H'(R,) x H'(Ry). Moreover the map

(u+(s), u’(s)) — (u*(—s), u*(—s))

is one-to-one from Y;, onto Y.

This result assures that W1
operator by :

in(out) is well defined on Yj, (o), and we define the scattering

S = Wout (Win)_l .
Since we do not know if Yj,(ou) is closed, the question of the continuity of W;Ll(out) remains

open. Therefore we want to construct continuous inverse Wave Operators formally given by

Qin(out) : (u;(out)a ui_n(out)> = (u07 ul) )
such that limit (IIL.5) is satisfied. When o, # ), the modes associated with an eigenvalue
are exponentially decreasing as ¢t — +(—)oo, hence Qo) would be multivalued. Therefore
it is natural to assume that there exists no such exponentially damped modes.

Proposition I1II.6. When o, = (0, there exists ¢ > 1, and bounded operators Qin(oury from
2
{Hl (R)n H, (R_H))} . 10 Xingoury N D (Win(out)> such that

max(v,1)

2
Win(out) Qin(oury = Id on [Hl (Vl)(R)mH;(R*ﬂ)} ,

max

When o, # 0, (II1.6) shows that the continuity of S are not clear. Nevertheless we can
develop a complete scattering theory when there occurs no usual or hyperradiant mode. We
need a subspace of X :

Lemma IIL.7. We assume o4 = 0, = 0. Then given (ug,u1) € X, E;f (ug,w1), E;,(ug, u1)
belong to H'(R,) iff E(uo,ur), B (ug, ur) belong to HY(R,). We put :

Xl = {(u07u1) € X Em/out(uo’ul) = Hl(RH)}7

| (w0, 1) Hxl in(out)- =l zn(out)(u()?ul) HHl(Rn) + | Ei:z(out)(u(]?ul) H?{l(u@ﬁ) .
|- | x10n and || - || x, 0ut are two equivalent norms for which X, is a Hilbert space, invariant
under the action of the group G(t), and there exists C' > 0 such that for all (ug,u;) € Xy we
have :
| (wo, w1) |x< C || (w0, ur) [[x4,incour) -
Moreover we have :
H'N&'R,) x *NE(R,) C X;.
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We introduce the Hilbert spaces :
K* = {ue H' (R,); i +asu€ LT (Ry)}, | wllfe=llulfn + [ i+ azu||7s .
The scattering theory in the absence of modes, is described by the following :

Theorem IIL.8. We assume o5 = 0, = 0. Then (ut,u™) € H'(R) x H(R) belongs to
Yin(out) Zﬁ

- 1K)P _ _ 1K)P
u;”(""t) = @jut(m) (fi)]: (u )) + Dot in) (—(7)%)‘7: (U+>) € Hi(R.), p=0,1,

Tout(in) (K’) 7—out(in) (
and in this case we have :
Win(out) (ugn(out)’ uzln(out)) _ (qu’ Ui).
Moreover we have :
H{(R) x H(R) C Yipou) C KT x K,

and Wiy oury are continuous, one-to-one, operators, from X, onto H{ (R) x H{(R), and from
X onto Yinour) endowed with the norm of K+ x K~. The scattering operator is a continuous,
one-to-one operator from H{(R) x H{(R) onto H} (R) x H{(R), and from Yy, onto Ys; where
Yinouty are endowed with the norm of K x K~, or H'(R) x H'(R). This operator has the

form :
S = FS(0)F, S(x) = ( fg:g g%g ) |

The scattering matriz S(k) is meromorphic on w == {k € C; | Sk |< 5} and k € w is a pole

ofSY iff k belongs to the set of resonances R. Furthermore the scattering is superradiant for
the frequencies in the Klein zone :

~ ~ -1
K €la,as[=1<| R*®) |, | S(8) I, | (S(R)) e -

We make some comments on these results.

(1) We can easily see that :
HE(R)  HYR) C Yoy © KF x K,

when A(z) =a_ and V(z) = 0 for << 0, or when A(x) = a4 and V(z) =0 for x >> 0.

(2) When A = 0 and V' is compactly supported, the Lax-Phillips theory assures that S
has a meromorphic continuation on Cj, and solution a u has an asymptotic expansion

m(k)—1
u(t,z) ~ > > Clk,n,a)t"e™, t — +oc.
ker n=0

Several analogous results are known when V' is a compactly supported, or short range poten-
tial, with an analytic continuation on a conic neighbourhood of R, (e.g. [17]). We conjecture
a similar expansion for the charged fields considered in this paper.

Since the asymptotic dynamics are (9; —ia)? — 0% as * — —oo and 9? — 0% as v — +oo, it
is natural to study the scattering in the Hilbert spaces associated with the energy for these
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wave equations. Given ¢ € R, we introduce the Beppo Levi type spaces BL%C) (R) defined as
the closure of C§°(R) in the norm

feCe®), |If ”BL;C):H if +ef e

These spaces are not spaces of distributions on R and the solutions of the wave equations
have to be interpreted in the sense of the spectral calculus.

Corollary IIL.9. W,, ) can be extended into a bounded operator from H'(R) x L*(R) to
BL{,,,(R) x BL{, ,(R). S can be estended into an isomorphism on BL{, ,(R) x BL{, (R

(at

and denoting by || . || the norm of L (BL%M)(R) X BL%G_)(R)>, we have

L<[S e, 187" -

We emphasize that this extended scattering operator is of an unusual type : we do not
know if the inverse wave operators W;ll(out), which are defined from Yj, (. onto X, can be
extended from BL{, \(R) x BL{, (R) to H'(R) x L*(R). This situation has already been
encountered in the case of space-times with causality violation [2]. The root of this phenom-

enon is the same : the conserved energy is not definite positive.

IV. AN APPLICATION IN GENERAL RELATIVITY

The asymptotic behaviours of classical fields on several important curved space-times of
General Relativity, have been the subject of numerous studies. We can mention the works
on the scalar equations by the author [1], [2], D. Héfner [9], [10], J-P. Nicolas [13], and on
the Dirac system by F. Melnyk [11], [12], J-P. Nicolas [14]. As regards the propagation of the
energy, there exists a deep difference between the bosons and the fermions : the L? norm of
a field with half-integral spin, is conserved, while the conserved energy of the Klein-Gordon
field on a curved background is not necessarily positive. In such cases of indefinite con-
served energy, the field is allowed to extract energy from a particular region of space-time,
for instance the ergosphere of a Kerr black-hole, or the dyadosphere of a charged black-hole.
This phenomenon has been described, for the first time, by R. Penrose who proved that
a classical particle can enter the ergosphere of a rotating black hole, and come out again
with more energy than it originally had. The corresponding effect for integral spin fields is
called superradiance [8], [16]. To our knowledge, a rigorous mathematical analysis is missing,
and the present study is a first step in this direction since we can apply the results of the
previous sections to the superradiant scattering of charged Klein-Gordon fields by a charged
black-hole in an expanding universe.

The spin 0 field with mass m > 0, and charge e € R, on a lorentzian manifold (M, g)
endowed with an electromagnetic potential A,dz*, obeys the Klein-Gordon equation

(V, —ieA,) (V* —ieA") & + m*® + ERD = 0, (IV.1)

where R = g" R, is the scalar curvature, and { € R is a numerical factor. We are concerned
with the 3+1 dimensional, spherically symmetric space-time R; x I, x S, I being a real
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open interval, that describes a black hole in an expanding universe. In this case the metric
can be written as :

Gudztdz” = F(r)dt* — [F(r)] " dr? — r?dw?, (IV.2)
where F' € C*([r_,r,]), 0 <r_ <1y < oo, is called the lapse function, and satisfies :
Flro)=F(ry)=0, r-<r<ry, =0<F(r), 0<F'(r_), F'(ry) <0.
(IV.3)

r_ is the radius of the Horizon of the Black-Hole, r, is the radius of the Cosmological
Horizon. The Ricci scalar is given by

4 2
R=F"+-F'+—=(F—-1).
r r
We assume that the electromagnetic potential is electrostatic and also spherically symetric :
Audat = Ay(r)dt, Ay € CH([r_,ry]), Au(r-) # Au(ry). (IV.4)

These hypotheses are satisfied, for a suitable choice of the physical parameters, in the
important case of a charged black-hole in an expanding universe, for which the DeSitter-
Reissner-Nordstrgm metric, and the Maxwell connection, are given by :

2M  Q* A Q
(r) . + 37 (1) . (IV.5)
Here 0 < M and ) € R are the mass and the charge of the black-hole, A > 0 is the
cosmological constant (see e.g. [11]).

It is convenient to push the horizons away to infinity by putting :

z= F,(lr_) {m r=r |- [ [T_lr_ - F;((:‘))] dr}.

Then u = r® is solution of
(0, —iA(z))*u — *u — B(z)Agpu+ C(z)u=0, teR, z€R, weS?

with

1

A(z) = eAy(r), B(z)= T—2F(T), C(z) = (fF”(r) + 45%1

r2

F'(r)+ i—gF(T) % + m2> F(r).

The conserved energy is given by :
E(u) =

/W (lowu(t, ) P+ | 0pult,.) [P +B(2) | Voult, ) |* + [Cla) — A%(x)| | u(t,.) [*) dzdw.

The dyadosphere D, ,, is defined as the region outside the black hole horizon where the elec-
trostatic energy, associated with the charge e of the field, exceeds the gravitational interacting
energy associated with the mass m of the field :

Do = {x € R; A*(z) > C’(x)} x S2.

We remark that, because of the existence of the cosmological horizon, unlike the case of
the asymptotically flat space-time for which F(r) — 1 as r — 400, D, is never empty,
whatever the mass of the field and the gauge transform on A. Furthermore, if | e | is large
enough, we can have D, ,, = R, x S2.
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Taking advantage of the spherical symmetry, we expand u(t,z,.) on the basis of spherical
harmonics Y}, of L?(S2) :

u(t, r,w) = i > wm(t, )Y m(w).

1=0 m=—1
Finally w;,, is solution of the gyroscopic Klein-Gordon equation
(8, — iA(x))” U — Ot — V(2)upm =0, t€R, z € R, (IV.6)
with
V(z) =1(l+1)B(z) + C(z).
Since A and V satisfy
| A(z) — eAy(re) | + | A'(x) | + | V(z) |[< Cef" )7 2 — +o0,

we may apply the results of the preceding sections to equation (IV.6). In particular, Theorem
[11.4 gives a rigorous explanation of the superradiance of charged black-holes, in terms of
scattering of spin-0 charged fields ([8], [15]). We leave open the problem of the nature of o
and o, for the DeSitter-Reissner-Nordstrgm metric (IV.5). Several numerical experiments
suggest that these sets are empty, hence we conjecture that there is no hyperradiance in this
case.
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