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0. Introduction.

In [S1] we introduced a Wiener type algebra of pseudors (short word for ”pseudodif-
ferential operators” to be used below), which is an ”explicit” Banach algebra containing
Op(Sg)- In particular there is no loss of derivatives in the calculus. (For less explicit
semi-norms allowing a "no loss” calculus, see [GraUeW], [GraSch] and further references
given there.) We hope that these types of algebras may find applications in non-linear
problems or for problems in high dimension.

Here we review most of [S1] and simplify some of the arguments there. We also
establish a non-commutative Wiener lemma: If A is an operator of our class which has
an L? bounded left inverse B, then B is also in the class. The proof is an extension
of a (possibly new) proof of the classical Wiener lemma, which makes no use of Fourier
transform or of abstract theory, and which might apply to other classes of operators as
well. (We do not exclude the possibility of an abstract proof.) We also develop a calculus
of h-pseudors, based on a pretty sharp version of the stationary phase method, and give a
version of the sharp Garding inequality.

It is a pleasure to acknowledge stimulating discussions with J.-M. Bony and N. Lerner.
In particular, Bony pointed out to me the confinement characterization of Op(Sy ), which
is used in the proof of the inversion result mentioned above. I also have had instructive
conversions about the classical Wiener lemma with J.-P. Kahane, J. Peyriere and M.
Zworski, as well as indirectly with P. Gérard.

1. The symbol space Sy, and oscillatory convolutions.

If ey,..,em is a basis in R™, we say that I' = ®T"Ze; is a lattice. Let I" be such a lattice
and let xo € S(R™) have the property that 1 = 3. x;, where x;(z) = (7;x0)(z) =
xo(z — 7). We let Sy be the space of u € S'(R™) such that

(1.1) U(€) =qef supjer|Fx;u(é)| € L'(R™).

Here F denotes the standard Fourier transformation: Fu(¢) = u(¢) = [ e~ ¢u(z)dz. Sy
is a Banach space with the norm

lulle,xo = IIsup |Fx;ulllL:-
Jer

Lemma 1.1. The definition of S, does not depend on the choice of T', xo.

Proof. Let I'', xy be another choice. Put [x|* = >, cr Ixkl?, [x|7? = 1/|x|* which are
smooth and I'-periodic functions. Let U(€) be the function in (1.1). We have,

FXu =" FxiIxXI7 Xexku,
ker
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Fx;u(€ ’If'(a:)llz )(z)et® M xru(n)dzdn /(2m)™.
X(),;r// (x|~ Crii(n)dedn/(27)

Here we make N integrations by parts by means of (n —&)~2(1+ (n —£)- D,) and observe
that

X} (@I (2)] < Oty — B~ (@ — LE5) =,

and similarly for the derivatives. We then get,

FGu(©)] < O 3ot =B [(¢ =) Un)dn < CnTn,
keT

where Uy = (-)™ * U and * indicates convolution. 4

We also observe that the definition of Sy, does not change if we replace I, xo, by R™,
xo € S, where now x} = 1¢xp, t € R™, xp € S, [ xidt = 1.
Ezample. The Hérmander space S{ o of smooth functions on R™ which are bounded with
all their derivatives, is a subspace of Sy, and we can take U = C(-)~" for any N > m.

Clearly, S is not dense in Sy, for convergence in norm, so we need another notion of
convergence:

Definition 1.2. Let u,u, € Sy, v = 1,2,3,.. . We say that u, — u narrowly when
v — 00,ifu, — uinS’' (weakly) and if thereisa U € L'(R™) such that |x;u,(¢)| < U(€)
forall jeTl,v=12,..

It is easy to check that this definition does not depend on the choice of I', xo (or
R™, xo). Moreover, S is dense in Sy, for narrow convergence. In fact, it was noticed in [S]
that if u € Sy, then we can find u, € S converging to u narrowly, such that

(1.2) X5t | < Cn ()™ (sup;|X5al),

for every N, where Cy is independent of u.

Ifue S’ (R™), v € Sy (R") then u ® v € Sy (R™+¥). More preasely, if I' ¢ R™,
I'" C R* are lattices and xj, j € T, x%, k € I’ are corresponding partitions of unity, then
Xj ® X%, (7, k) € ' x I is a partition of unity, and

F (5 ® xi)(u @ v))(€, )] < (sup; T78(€)])(supy ko (n)])-

It is also clear that if v, — u, v, — v narrowly, then u, ® v, — u ® v narrowly.

Let L C R™ be a linear subspace. Then we can define Sy (L), and if u € Sy, (R™), it
follows that |y, € Sy (L). Moreover, u — uz, is narrowly continuous. To see this, we may
assume that L: 2" = 0, where z = (2',2"), 2" € R%, 2/ € R"™¢. Choose ' = Z" = I xT",
I' = Z" ¢ T" = Z¢, and choose X, such that j # 0 = suppy; N R*¢ = §. Then
Ej'el" x(j',0)(z',0) =1, and

F(xro(@s 0)u(z’, 0))(E1)] = |® / Flxgjr o) (€)d"] < U'(€"),
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if [F(x;u)(€)| S UE) and U'(&') = [U(£)de" /(2m)?. Clearly U' € L' if U € L.
If u,v € Sw(R™), then uv € Sy (R™) and (u,v) = uv is narrowly continuous as in
the statement for tensorproducts. In fact, uv can be identified with u ® V|diag(R™ xR™)-

Theorem 1.3. Let ®(z) be a non-degenerate quadratic form on R™. Then the convolution
operator u — €'® x u is bounded from Sy, to Sy, and is continuous in the sense of narrow
convergence.

Proof. We shall work with partitions of unity with compact support. By our density
remarks, it is enough to consider e'® xu in the case when u € S. Let T be a second lattice
and let xq € C§° ha\ie the pfoperty: 1= e Xj, with X = 75xG. Let Xo € C§° satisfy:
XoXo = Xo and put Xx = 7kXo. Then for j € IV, k € ", we have

F(xi(e™® * xru))(€) = / / / e (e @=V+u My L ()T (y)Tru(n)dndyda /(27)™

~ enm ¢ ) : Xj.x(z, y)Xru(n)dydzdn,

where F is real-valued and where

X5.k(z,y) = xj(2)Xe(y)eE=D=(v=h),

Here we have also used the Taylor sum formula:

Do —y) =8 — k) + 02 — k) - (z = 1) = 0, 8(j — k) - (y ~ k) + B((z — y) — (j — k).

Notice that the modulus of any derivative of y; x(z,y) can be bounded by a constant which
is independent of z,y, 7, k.
We make 2N integrations by parts, using the operators,

lu(ﬁ_axq)(j"—k))'Dx 1+(77_8r(1)(j_k))'Dy
(€ —0:2(j —k))* (n—0:2( —k)* ~’

with the notation D, = 18,, (z) = V/1+ 2. After estimating the resulting z,y integrals
in a straight forward way, we get:

(13) FO(E® # xau))(€)
— O (1) / (€~ 0,8 — 1) (1 — 8,8( — k)~ |5 (n)|dn.

Since ® is non-degenerate, (£ — 9,®(j — k)) is of the same order of magnitude as
(@"~1¢€ — j + k) and similarly for (n — 9, ®(j — k)). With N > m, we then get:

(1.4) D A= 0.8G — k)N = 0,8( — k)N < Cn(e—n)~ V.

kel
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Summing over k in (1.3) we get

(1.5) (" +u))()] < O / (€ — )~V supy | GEa(n)lds

and consequently sup;|F(x'(e'® * u))(¢)| is also bounded by the left hand hand side of
(1.5) (which is an L' function).

The narrow continuity follows from the estimates above and from the fact that if
uy, — u in S, then ¢® xu, — ¢® xuin S'. 1

We now turn to the preparation of the calculus of h-pseudors. We let ® be a non-
degenerate quadratic form on R™ and choose C,, # 0 such that F(C,,h~™/2¢i®/h) =
e=ih®7' (&) where &~ is the inverse quadratic form. In the following we shall assume that
0<h<1

Theorem 1.4. The map Sy 3 u th_m/Qei‘I’/h *u € Sy 18 uniformly bounded with
respect to h. Moreover, if u € Sy, then Crnh™™/2'®/% w4y — w in Sy norm, when h — 0.

Proof. We prove only the last statement, since the first one can easily be obtained
from the same arguments. Let yo € C§°, I' be as above. Choose Cy > 0 so large that
|7 — k| > Co = dist(suppy;,suppxx) ~ |j — k|- Let u € Sy, and let U = sup,|Fyx;u| € L'.
For |j — k| < Cy, consider,

—ihd!

—m/2 i 1 o
Fx;i(Cmh 121%/h (xru)) = (—2-7;)—,,7Xj * (e XkU).

Here e~ pu — ypu| < e~ ih®™ _1|U — 0in L', when A — 0, so

L+l —1|U

. 1
FOG (O™ 2% 4 () = xyun)| € i

1 o
B (2m)™ Kol * [e™h® Lo 1JU = 0in L' when h — 0,

It follows that

(16)  1FOuw) =F Y xi(Cnh ™2™ 4 ()| < CulRo] * [e™* 7 —1|U.

[k—j|<Co
Now consider for |7 — k| > Cj:
Fxi(e " 5 xpu)(€) =

Cmh™ m/2 i(—~2-¢+®(z—y)/h+yn)
(27T)m /// ¥y i(@)Xk(y)Xrw(n)dydzdn

= / K,-,k(é, n)@(’?)d’?a
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with Y as in the proof of Theorem 1.3 and where

mh ™™/ .
(1.7) Kjr(€,m) = C—(%)T//e’(‘1'5+4’(f—y)/h+y-’7)Xj(x)yk(y)da:dy.
Here
1
BOE =D - Etyn= 18—y - -y EED_EH0)

soweput T =z —y, ¥ =(z+y)/2, x;(2)X(y) = ¥; k(Z,7) and we get
» Crnh ="/ () [h=3-(4m) [2=5-(6=m)) (% o 7=
(1.8) K r(&n) = e //6 WIS =hp s 1 (T, y)d2dy.

Here we notice that mzsuppy;; = suppx; — suppXx (with 7z denoting the projection
(Z,9y) = T), and we may assume that Cy has been chosen so large that dist((7wzsuppy; x)+
B(0,1),0) ~ |j — k|. In (1.8), we can always make integrations by parts in § and gain
negative powers of (£ —n). As for the integration by parts in z, it depends on wether the
critical point of T - +®(7) -7 - 5—;—71 1s close to mzsuppi; & or not.

If % € +®'(mzsuppy; r + B(0, 1)), we get,

(1.9) Kjx(&n) = On(1)(€ —n)~N,VN.

If <41 ¢ L' (mzsuppy;x + B(0, 1)), we get
’ . —_ N 7. £+77 1 ! - . —N —N
(110)  K;k(€,m) = On (DAY dist(, 3@ (mzsuppip; i)~V (€ — )~V
In terms of the original coordinates, we get for all N > 0, that K; x(&,n) =

N L&+ 1 N
(€—n)N, if §2_77 € 5 ®'(suppx; — suppXx + B(0,1)),
ON(l) X €+ 1
(€~ n) " dist(=—— = 7 ®'(suppx; — suppXx + B(0,1)))™", if not.

We shall estimate

(1.11) Ki€m) = > |Kjx(&n)l

|k—37]|>Co

uniformly with respect to j. Since ® is non-degenerate, there exists Ny € N such that for
every (7,€,n), we have §%'1 € +®'(suppx; — suppXx + B(0,1)) for at most Ny values of k,

and for some k = k(j,¢,n), we have dist(g%q, +®'(suppy; — suppXx)) ~ |k —k(j,¢&,m)]| for
the remaining values of k. It is then clear that

(1.12) Ki(&m) < On(1)(E — ).
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Moreover, there exists a Cy > 0 such that if [£],|n| < 1/C1h, then 5% ¢ +®'(suppyx; —
suppXx + B(0,1)) for all 5,k (with |j — k| > Cp) and consequently,

(1.13) Ki(&,n) < On(DRN(E—=n)™N,  [€],In] < 1/C1h.
We have

> Fxi(Ch™™ 2 Mk (xpu))| <
[k=3|>Co

> / K (6, m)|U (n)dy = / KC5(€,m)U (n)dn,

|k—3|>Co

and the estimates (1.12,13) are uniform w.r.t. j. Consequently,

(1.14) | Y FG(Cmh™™ 2 (xau)))(€)] < CNUN b,
|k—j]>Co

where,

(1.15) Unp = /(5 =) "N (RN 1 mi<1/cony (6m) + (1 = L) imi<i/cony ))(Em)U (n)dn,

which tends to 0 in L', when A — 0. Combining this with (1.6), we get

(1.16) |FXi(Crnh ™™ 2/ sy — w)| < Viy i,

where

(1.17) Vn = Cn(()™N x(|e™®7 /" —1|U) + Un.p).

The theorem follows. f

From the estimates above, it also follows that

(1.18) |FX;(Crnh ™™/ 2P 4 u)| < Cn ()N # U.

Let ® be as in the preceding theorem and put ¥ = —®~1, so that C,,e'®/Px = ¢h¥(D),
Let u € §'(R™) and assume that for some N € N, we have

(1.19) ¥(D)fue Sy, 0<Ek<N.

Applying Taylor’s formula,

*
f1) = Zf ©, (1 f(N)(t)dt
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to the function f(t) = e!**¥(Py, we get

N—=1 .,k
: h)*¥( D)k : 1—t)N-1 .
(120) ezh\I/(D)u — Z u_]_{#_u + hNZN / (TVT)]Telt’l\I’(D)@(D)NUdt7
5 ! !
where according to Theorem 1.4, we have
N [T A= iN (DN

(1.21) MDYy (DYNydt - ———2—w in Sy, h — 0.

. (N—1) N

2. Pseudor algebras.

Fort € [0,1], a € S8'(R®"), u € S(R"), it is well known that we can define Op,(a)u €
S' (formally) by:

1

21 Opdau(e) = [ [ T a1 - 0w utdvs

where for t = 1/2 (Weyl quantization) we drop the subscript t. For 0 < h < 1, we also
define

(2.2) Opyn(a) = Op,(a(:, A(+))).

The operator space Op,(Sy) is independent of ¢:

Proposition 2.1. Let t,s € [0,1], ar,as € S'(R?™), and assume that Op,(a;) = Op,(as).
Then ay € Sy iff as € Sw. Moreover the correspondence Sy > as — ay € Sy 18 bounded
and narrowly continuous.

i(t=3) Do Dg g

Proof. Since a; =€ , it suffices to apply Theorem 1.3. 8

The proposition immediately extends to Op; ,(Sw). From now on, we work with the
Weyl quantization. If a,b € S(R?"), we recall that the Weyl composition ¢ = afb, defined
by Op(c) = Op(a) o Op(b), is given by:

(2.3) agb(z, &) = (27 PoPeDrD0) (a(,€) @ by, 1)) (y,m=(2,6);

where o(Dy,D¢; Dy, Dy) = D¢ - Dy — D, - D, is the standard symplectic form.

Theorem 2.2. The Weyl composition extends (uniquely) to a bilinear map Sy X Sw — Sw
which 1s norm continuous and preserves narrow convergence of sequences.

Proof. e37(D=:D¢;iDy.Dn) ig 5 convolution operator as in Theorem 1.3, so it suffices to apply

that theorem together with the remarks of section 1 about tensorproducts and restriction
to subspaces. 1
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It i1s then clear that Op(Sy) is a Banach algebra. Since Sy is closed under complex
conjugation, we have 4 € Op(Sy) = 4* € Op(Sw), where A* denotes the complex adjoint
of 4. Following the idea of the proof of Kohn-Nirenberg [IXN] for L? boundedness, we see
that a € Sy = Op(a) € L(L*(R"), L*(R™)), and that ||Op(a)|z(.y < C|la||s,. Here we
only recall the basic idea and refer to [S1] for further details: We may equip S, with a
norm ||| - |||, such that [[[agb][| < |[lall[]lI2lll, [[@lll = [llalll. If A = Op(a), |llall| < 1 we
can construct B = (I — A*A)1/2 =T - FA*A + .. as a convergent power series in Op(Sy ),
and A*A4 + B2 = I, SO ”‘4|IC(L2,L2) S 1.

For h-pseudors, we have the composition formula

¢ = afpb = (27 P=PPyD G @ by, o
when Opy(c) = Opp(a) 0 Op,(b), and the map Sy, ® Sy 3 (a,b) — afpb € Sy is uniformly
continuous wih respect to h. Moreover, if a,b € S, are independent of h, then affpb — ab
in Sy, when h — 0. These facts follow from Theorem 1.4.

If a,b are independent of - and (9(0;’5)a, (9("‘1,£)b belong to Sy for || < N € N, then

0(Dy,D¢; Dy, D) (a ®b) € Sy, for k < N, and from the observation after the proof of
Theorem 1.4, we infer that

N-1 .
Rk i
(2.4) afrb = Z ﬁ('éa(Dr’ De; Dy,Dn))k(a ® b)(y,m=(z,6) T WVry,
k=0
where,
1 ¢ .
(2.5) rny — ]_V—!(§U(DT7D5;DSI?D77))N(G & b)(y’,,)=(x’5) m Sw, h — 0.

Let Sy n be the space of symbols of the form,
(26) a(:z:, é.’ h) = aO(‘,I"a 6) + hal(x,f) +..+ hN—laN—l(x’ ‘f) + hNT'N((L', 6, h)a

with O, ¢ya; € Sw for |a| +j < N and ry(+;h) uniformly bounded in Sy for 0 < k < 1.

Then, if a,b € Sy, we have aflyb € Sy n. Moreover, if we define §W,N as the space of all
a € Sy n of the form (2.6) with ry(:;2) — an in Sy, when h — 0, then for a,b € Sy n,
we have afpb € Sy N.

3. The confinement point of view.

In this section, we work with A = 1. Let ' C R?" be a lattice and let y, € S(R?")
with 3. x;j = 1, where x; = 7;x0. Put xJ = Op(x;). The following result was pointed
out to me by J.M.Bony:

Proposition 3.1. Let A : S(R") — S'(R™). Then the following two statements are
equivalent:

(3.1) A € Op(Sw),
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and

(3.2) AU € Ty IxY AxE Nl ere, 2y S UG — k), j k€T

The property (3.2) defines a special case of classes of operators considered by A.
Unterberger [U] and by J.M. Bony [B].

Proof. Using properties like: ||x¥x}¥ llz(z2,02) < On(j — k)~ and operators like 2, y 2
of the next section, it is easy to prove (cf section 1) that the property (3.2) only depends
on A and not on the choice of the lattice and on yo. We may even replace I' by R2" and
get the following property equivalent to (3.2): Let xo € S(R?") have the property that

[ xi(@)dt = [ xo(x — t)dt # 0:

(33) 30 € LYREY; o? Ax llequ iy < UGt — s).
For a = (ag,a¢) € R, let e4() = Ceil(z=az)ag+5(z=0)®) where C' > 0 is chosen
so that ||eq|| = 1. Here the norm is that of L2, if nothing else is specified and the

corresponding scalar product will be denoted by (-] - -). Let xo € S(R?™) be the Weyl
symbol of the orthogonal projection onto Ce,, so that

(3.4) Xot = (uleq)eq-

A straight forward computation shows that,

(3.5) Xa = TaX0, Xo(2,€) = (2¢/T)"C2e~ "+

so the requirement prior to (3.3) is satisfied. Since e, is L2-normalized, we have

(3.6) lIxaAxEllcz2,22) = [(Aeglea)l-

Another straight forward computation shows that
(3.7) |(Aeglea)| = [F((Tags ¥)a)(ag — Be, —(az = B2))l,

where ¢ = 6){0 for some C > 0 and with Xo given in (3.5). Let
0 1
7= (_1 0) .
Then

(38) IXaAXslle(z2,22) = F((rage)a)(J(a = B)),

so we get the equivalence,
IxaAxsll < U(a = B), a,B € R*" & |F((rap)a)(B)] < (Uo J7)(B), a,f € R*". ¢
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4. A non-commutative Wiener lemma.

As a warm up exercise we shall first give a proof of the classical Wiener lemma, which
does not use any kind of Fourier transform. (See [Lo] for an abstract proof and [Z], [LKa]
for a short direct proof by Calderon.) Then by generalizing this proof, we establish that if
an operator in Op(Sy) has an L? bounded inverse, then the inverse belongs to the same
class. Let us recall that the corresponding statement with Sy, replaced by SO o 1s wellknown
and follows from the so called Beals lemma [Be]. (It is less well-known that Shubin [Sh]
independently obtained a similar result for the classes ST%.)

Let 0 < o € C°(R™), with 3 czm Tjtho = 1, 7; (:v) f(z—7). (In this first part we
shall work systematically on Z™.) Put Pi(z) = z/)o(ex) Yi(z) = (Tryetp)(x) = ho(ex — k).
Notice that 3 czm ¥f = 1. Also notice that an equivalent (e dependent) norm on ¢'(Z™)
is given by

(4.1) lalll =) llwgal,
k

where in this section || - || will always denote either the ¢? or the L? norm depending on
the context.
Let a € ¢! and assume that the convolution operator ax* is invertible in the #? sense:

(4.2) [[ull < lla*ull.

It is then clear that the inverse of ax is of the form b* for some b € ¢? and the Wiener
lemma states that b is actually in ¢!. We shall now prove this:
First notice that

[pSul| < |la*piull < [[pi(a*w)] + [|la*, b]ull
< lpilaxu)ll+ Y lax, v5lwg(¥) *¢iull,

kEZm™

where we write (€)% = Y (¥5)?, (¥)7% = ((¢¢)?)™", and notice that these functions are
bounded from above and from below by positive constants independent of €. Hence,

(4.3) [h5ull < [#5(a+w)| + O Z Illax, 51wkl llkull-

Here [ax, 5J4é§ has the matrix —(1(2) — ¥5(y))a(z — y)$i(y), 2,y € Z. Since pf < 1,

we have

(¥5(z) —¥5())a(z —y)Pr(y)] < [5(z) —$5(y)l la(z —y)| < O(1)min(1, ez —y[)|a(z —y)|-
It is then clear that

(4.4) [fax, $Sibg]| = 0, € — 0, uniformly w.r.t. j, k.
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For |j — k| > Cy, sufficiently large, we know that

: € € L.
(4.5) dist(suppyj, suppypi) ~ —[j — k|,
and the matrix of [ax, ¥5]; simplifies to,

(4.6) —¥j(z)a(z — y)vi(y).

we estimate the corresponding operator norm by means of Shur’s lemma:

supzw Ja(z —y)hi(y)| < sup Zla(’c—y)lm()

xEsuppw‘

< sup ) Z la(y)| < ||a”f1(supp1l’j—SUPP¢Z)
zEsuppy; i yEz—suppi?

- ”a“fl(SUde)j_k—suppd’g)dff U(j = k),
where ||[U¢||;n — 0, € — 0. Similarly,

qup Z M’ a(T - y)d)k( l < ”anfl(quppw‘ x —SuUppyg)»

bl

and combining this with (4.4), we get a new function U*¢ tending to 0 in ! when ¢ — 0
such that

(4.7) o, W5J0Ell < UG = k).

Replacing U¢ by a multiple, we then get from (4.3), that

(4.8) [bjull < llvjaxu)ll + ZU (U =)l

which we view as a convolution inequality for the function j [[+5ull. Choose € > 0 small
enough, so that ||U¢|[n < I, and let 0 < V¢ € ¢! be the function with
(4.9) (60 + V) * (8o — U®) = 6y, where §, = 10}

Then from (4.8), we get,

(4.10) le5ull < lg5(ax Wl + Y V(G = k)llvi(a*u)].
k

Chossing u = b to be the ¢* solution of a * b = &, we get in particular that,

(4.11) 1b] o1 < oo,
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which is the conclusion of the Wiener lemma. Notice also that if |a| < 4, A € ¢! and
[lu]] < ||la*ul|, for all u € ¢2, then 3B € ¢!, such that |b] < B.

Remark. Since our proof does not use Fourier transform we have the following immediate
generalization: Let k(z,y) be a matrix with |k(z,y)| < A(z — y), x,y € Z™ for some
A € (', Assume further that Ku(z) = >y k(z,y)u(y) has a bounded inverse of norm <1
in £(¢2,¢%). Then there exists B € ¢! depending only on A, such that the matrix (z,y)
of the inverse, satisfies: |[((z,y)| < B(z — y).

The proof above can be extended to a proof of the fact that if ¢ € Sy (R™) and 1/a
is a bounded function, then 1/a € Sy,. This also seems to follow from abstract theory and
we are still in the commutative setting. (See [Lo].)

We now attack the pseudor case. Let m = 2n and let x;, ;7 € Z*" be as before.
Let x} be the Weyl quantization (and sometimes we shall drop the superscript when it is
clear that we discuss pseudors.) Consider the operator y : L? 3 u (XYu)jezon € ®L?,
and its adjoint: x* : (u;) — ZX}UU;'- It is easy to see that y is a bounded operator.
(See for instance the beginning of [HeS].) Moreover x* has a bounded right inverse for
the following reason: Let Yo € C§° be equal to 1 in a large region containing suppxo,
and put X; = 7jXo. For a given u € L? put uj = Xju. For a given u € L%, put
uj = XYu. Then, x*(u;) = > xyXju = u— > x}(1 = X} )u. Here, we may arrange
so that |3 x¥(1 =XV < 5 and the claim follows. By duality, x has a bounded left
inverse and hence, ||u|| < O(1)||xu||. It follows that x? =ger >_(X¥)? = x*x has a bounded
inverse and we shall denote it by y~™2. It is wellknown from the usual Beals lemma, that

X2 € 0p(S9,).

Put ¥§ = > 45(v)x, . Defining (¥ )2 as above, we conclude as there, that (¥€)? has
a bounded inverse ( \Ilf) ~? belonging to a bounded set in Op(Sg ), for € > 0 small enough.
Also, if we define ¥¢ in the same way as y, we see as before that ¢ has a bounded left
inverse, and that ||¥u|| ~ ||u|| uniformly with respect to e > 0

IfB:S — &' we consider y;Bu =3, ; X Bxrxex™* x u. Assume that the matrix

(lxsBxell)jk is in £(€2,€2). Then |[x;Bul] < O(1) Ty i IIxsBxell(k = &)~ xzull, so
1 BulDjlle: < O BxkIDjkllecez, e [UxzulDllez,

which gives,

IxBu|l < O1)]lul,

and finally, |Bul| < O(1)||u||, i.e. B € L(L?*,L?).
Now let A € Op(Sy), so that according to Proposition 3.1, we have ||x;Axk| <
U(j — k) for some U € ¢!. Consider,

[4, Z \IJ Z (@) = C)(Axa — Xa4),

where we are free to choose the constant C. In order to estimate the norm of this commu-
tator, we consider

(4.12) Xv[A4, ¥5] Z(d’f(a ) (AXa = Xad)Xus
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and write (with N > m):

v Axaxull = 11D xv Ax XX > XaXull
5

<O U =) B-a)Na—-p)™ =01)U* ()™N)(v - a)a—pN.
B

In the same way,

X XaAxull £ O)(y = a) ™V (() ™V * U)(a - p).

Now estimate,

v+ p
2

) = O(1)min(1, €|a — il ; a ).

(4.13) () — v
Then, from (4.12) and the subsequent estimates with Uy = ()™ * U:

X [4, TE]x ]l <
O(1) ) (min(1,ela — v)(v — a) NUn(a = p) + (v — &) "V min(1, ela — u|)Un (o — p)+

min(1, ela — v|))Un(v — a)(a — u)_N + Un(v — a)min(1, e|la — p]){a — ,u)_N) =
O(1)((min(1, e[ - N(-)™™) * Uy + ()7 * (min(1, | - NUN))(v — p).

Since min(1,¢| - |){(-)™" and min(1,¢|- |)Uy tend to zero in €', we conclude that
o [A, T5Ix | < Ue(v = ),

with U, — 0 in ¢! and hence,

(4.14) I[A, |l zez2,02) — 0, € = 0, (uniformly in j).

In particular,

(4.15) A, U5]¥L|l — 0, e = 0, (uniformly in j, k).

Let |7 — k| > C, with C large enough, so that

. € € 1 .
(4.16) dist(suppy§, suppyi) ~ —|j — k|-
Consider,
(4.17) Ixo[4, TS, <
D v AvS(a)xati(B)xaxull + > IIxuti(@)xaAvi(B)xsxull-
o,B a8
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Write,
XVAXaXﬂXu = Z XVAXlll X, X_ZXaXﬂX,ua

15}
and conclude that

I Axaxsxall < O1) Y U =n)(mn —a) ™ (a=B)~N (B — =™

= O()(U * ()™ ")(v — a){a = B)™N(8 — u)~V.

Similarly, write

XvXaAXBXn = D XvXaX ™ 2Xvy Xor AXva X2 X XX
V1,V2
to conclude that,

IxoxaAxpxull < O1) D7 (v —a)™(a—va)"NU (1 = va)(va = B)~N(B — )=

= O(1)(v — a) NUnn(a = B)(B — p)~V,
where Uy Ny = (')"N * <-)‘N * U.
Using these estimates in (4.17), we get with Uy = (-}~ x U:
(418)  lxo[4, BT Exull < Y Un(v = a)sa)(a = B)"Ni(8)(8 — u) =N
a,B
+ D (v =) Nys()Un,v(a = BYE(B)(B — 1)~
a,B

We are interested in the (2 — ¢ norm of the corresponding matrix, (|lx,[4, ¥5]¥5xu)v,u-
We use the Shur lemma and start by estimating sup,, 3°, [[xu[4, U5 @5 x
We have:

(4.19) DD Un(v = a)bi(a)a = B) " Nyg(B)(B — u)~N

roa,p

=" Un(v — a)yi(a)f xn(a),

where g v v = ()N * ()TN x £, Using (4.16), we see that

6N
%5k, v, llees < O(l)lj——kW’
so the expression (4.19) is < O(1)el|j — k|=N||U||,x. Also,
(4.20) > (v =) Nes(a)Unn(a = B)E(8)(8 — w) =N

w,a,B

<O(1) sup Z Un,n(a = B)p(B) < O(l)llUN,NHel(suppwf—suppw;)

arEsuppd).;.5 3
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as earlier. Summing up:

(4.21) S‘ipz X [4, TP x,] < 0(1)(%— + 1UN, N ller (supprog —suppuwg) )-

When estimating sup, 3, of (4.18), the contribution from the last term in (4.18) can be
treated as in (4.20) and we are left with estimating

Y Un(v = a)gi(a)(a = B) Noi(B)(B — )~

v,a,f

< OMNUNNe N5, 5 (B)bi(B)lle= < ONUN et 775

eN

i = RN
so sup,, »,(4.18) can be estimated by the RHS of (4.21), and we get for l7 — k| > C:

(4.22) 1A, 51wl < O [A, THTEX LD v ull 22 e2)
N

< 0(1)( N ”U“fl + ”UN N”P(suppwe—suppwk))
j — k|

Combining this with (4.15), we conclude that with a new U.:
(4.23) 1A, ®51E D5kl 22,62y < Uelg = k), [Ueller = 0, € = 0.
Now assume that ||u|| < ||Au|| for all v € L*. Then
[WSull < [[AVSull < [[$5Au] + (|[A, $ilull =

195 Aull + | )[4, 5T (TL(T)2)(T) 72T Thu|
k.t

< TS Aull + O(1) Y Ui = k)(k = N[ T = [T Au| + ) Ue(j — Ol T5ull,
k¢ ¢

where U, = O(1)U, # ()™ — 0 in ¢! when e — 0. For ¢ > 0 small enough, let (6o + V. )*
be the inverse of (69 — U,)*. Then

(4.24) )] < 05 Auf + 37Vl — k)| 5 Au].
k

Let B be a left inverse of A, so that:

195 Bul| < [T5ull + > V(i = OllPgull,
k

and in particular,

W5 BPfull < || 5T u||+Zt (G — O TETSul,
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so that,
IUSBY | ccr2,2) < On((G =)™ + Vex ()N = k),

and we conlude from Proposition 3.1, that B € Op(Sy). Summing up, we have proved:

Theorem 4.1. LetA € Op(Sy) have an L? bounded left inverse B. Then B € Op(Sy).

5. The sharp Garding inequality.

Proposition 5.1. Let a € Sy 2; a = ao(z,€) + hay(z,€) with ag(z,£) > 0. Then there
ezists a constant C' > 0 such that

(5.1) R(Opp(a)ulu) > —Chllu||?, u € L*R").

Our proof will follow the idea of the proof of the sharp Garding inequality in [CF]
and a very short proof can be obtained by adapting Exercise 4.9 of [GriS]. (See also [T].)
We here give a slightly longer proof which illustrates the use of pseudors in the complex
domain in the spirit of [S2,3]. See also [H2]. Our arguments below will be a little sketchy.
Let ¢(z,y) be a holomorphic quadratic form on C™ x C™ with

(5.2) detg!!, # 0,

(5.3) Sy, > 0.

Then « : (y, —¢,(z,y)) = (z,¢,(z,y)) is a linear canonical transformation. Put ®(z) =
sup,ern — Sé(z, y). Then it is easy to check that ® is strictly pluri-subharmonic, that

209 n
(54) A‘II' d:f{(w’ ;5;(37))737 €C }
is I-Lagrangian and R-symplectic, in the sense that So|y, = 0, Ros, is non-degenerate,

where 0 = Y d¢; A dzj is the complex symplectic form, and finally that Ae = x(R?").
Consider the "linearized” FBI (or generalized Bargmann) transform:

(5.5) Tu(z; h) = Cyh3n/4 /ei¢(z’y)/hu(y)dy.

Let Hg = H(C") N L%(C"; e~/ [(dz)), where H(C™) denotes the space of entire
functions and L(dz) = dRzdSz denotes the Lebesgue measure. Choosing Cy > 0 suitably,
we can arrange so that 7 : L?(R") — Hg is isometric. Consider then the orthogonal
projection TT* = He — T(L?), where

(5.6) T*v(y; h) = Cyh=3"/4 /e—i‘/’(x’y)/hv(a:)e_zcb(z)/hL(dx)

is the complex adjoint of T
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Let (x,y) be the holomorphic quadratic form with ¢(z,T) = ®(z). It is easy to
check that

(5.7) TT*v(x;h) = Cyh™ "/ew’(g”’y)/hv(y)e_2(1’(3")/”[/((1'7;)7
for some C; > 0 (and here 2¢(z,7) is the critical value of t — i(¢p(z,t) — 8(y,7)).
One can check directly the uniform boundedness of the RHS: L?*(C";e~2%/"L(dz)) —

L*(C";e~2®/h[(dz)), by using the fact that ®(z) + ®(y) — 2Ry (z,y) ~ |z — y|*.
Consider on the other hand the identity operator on Hg as a pseudor:

1 i)
(5.8) Hu(z; h) = k) ew @Yy (y)dydn

(equipped with a suitable integration contour). Write 2(¢(z,0) —¢(y,0)) = z%%ﬁ—( ,0)-

(z —y). Then we relate n and 6 by n = 2 3‘/’(“' ,0), so that dydn = Cdydf with C # 0.
Then with a new C-:

(5.9) HMu(z;h) =Ch™" / / e%('/’(’”’9)_’l’(y’g))u(y)dydé’.
A suitable integration contour, is given by § = 7 and since L(dy) = Const.dydy:
(510) Hu(m, h) — 671h—-n / e2¢(x’y)/hv(y)e‘N(y)/hL(dy).

We know that Ilu = u for u € He and that TT"u = u for some non-trivial u € Hg. Hence
Ci1 = Cq, so Il = TT*. In particular T is unitary.

If a € S(R?") and b € S(Ag) are related by bok = a, then since we are in a metaplectic
situation,

(5.11) BT =TA,

where A = Op,(a) and

612 Bu(e) = Opu(B)ule) = e [ [ € myuty)duen.

Here the (only possible) integration contour (in general) is given by n = 26—4’( ). It is
well adapted to ®, since we then have —®(z) + R(¢(z —y) - n) + (y) = 0.
For 0 <t < %, consider operators of the form

(5.13) Awu(z;h) = Ch—n//e%(zb(z,e)—w(y,e))at(m + (1 —t)y, 6)u(y)dyds,

where T'4(z) is given by 6 = tz + (1 —t)y, and a; € S({(z,0) € C*";6 = 7}). For

t = 1/2, we can change variables § — 1 and we then get the same integration contour as
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in (5.12). For t = 0, we get § = 7 and the operator becomes very similar to (5.10). For
intermediate values of ¢, we also have a well adapted contour, since (z,tz + (1 —t)y) —
Y(y,tz + (1 — t)y) is affine linear in ¢.

For t = 0, we also notice that Agu = Ilagu, where ay = a¢(y,7), so Ao is a Toeplitz
operator and in particular we have Ay > 0 in the sense of self-adjoint operators on Hg if
ap 2 0.

We now require a; to depend smoothly on ¢, and ask when A; is independent of ¢
(when acting on Hg). The t-derivative of the RHS of (5.13) is

Ch=" / / e%(t/)(x,é)—w(y,é’))(%% +(z—vy)- %t—)(ta: + (1 —t)y, O)u(y)dyds,

and the contribution from (2 — y) - %ﬁt can be transformed by means of integrations by
parts in 6 (or rather by means of Stokes’ formula). We see that A; is independent of ¢ if

Oa, n—1 0, 0

(5.14) §=2( 9z 39) o2

ag, a; = ay(z,0).

Recalling that we work on 6 = 7, we can rewrite this as

aat (b" —1 (9 a

3{; 2( Tz 8_) 5. at-

(5.15) =

Identifying C¢ with R2" in the standard way we see that the symbol of ($2~ 12y, 2 s

Tz Oz oz

i@;’z 1¢ . € which is < 0 when 0 # ¢ € C™. Hence (5.15) is a heat equation with the

solution

cI)// la 8

(5.16) at=exp(2 - 8x)

—ih®d~ (D, h®~1(Dg)
M

for any given ag € S. The results of section 1 about e ) carry over to e~
when ®~! is positive definite, so if ag is independent of ~ and all its derivatives of order
< 2 belong to Sy, then ap =ao+ hr(z,0; k), with r(:; ) bounded in Sy. We can partly
reverse this and observe that if ay = ao(z,0) + hay(z,0;h) € Sy 2 and if ag > 0, then

Ay =Tlag+O(h) in L(Hs, He) and in partlcular R(Apulu) = —Chl||ull};, . However from
the change of variables 6 < 1, we see that A1 is a h- pseudor in the Weyl quantization and

with the symbol a symbol in Sy o with leadlng part > 0. The relation (5.11) allows us to
go from the L?(R™) setting to that of H ¢ and the theorem follows. i

It would be interesting to know if there is a corresponding low regularity version of
the Melin inequality.

It seems possible also to prove the L? boundedness directly in the FBI presentation in
two different ways: either by contour deformation (and suitable almost analytic extension)
or by estimating the kernel of IIBII (illustrating the general point of view of [S3]) and then
in both cases by applying Shur’s lemma. We leave this open until needed.
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