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1 Introduction

As for fixed initial boundary value problems for hyperbolic equation of second
order, Dirichlet and Neumann problems are celebrated. However strict best estimates
are not so easy to obtain, and between both problems there is a certain difference of
order by 1/2 as for norms of boundary data. Now we try to study these foundations
further and clarify that this difference is inevitable. For simplicity we consider wave
equation Pu = 0 in a half space Rt x R*"! x R 5 (z,y,t), P being D2 + %, DZJ, - D2

j

Namely we are concerned at first with Neumann problem :

(N.P) Pu(z,y,t) =0 in Rt x R" ' x R, D,ul.=0 = g(y,1).
We consider also Dirichlet problem

(D.P) Pu(z,y,t) =0 in Rt x R" ' X R, u|z=0 = h(y,1),

since the solution u of (N.P) also satisfies (D.P) if we define h(y,t) by u|g=. The
existence and uniqueness theorems for both problems give the Neumann operator in
our case, wich we denote by Q.

(1.1) Qg = h.

Namely Neumann operator is defined using the solution of (N.P). More precisely we
use the forward progressing solution satisfying the following condition :

(1.2) inf Proj supp u = inf Proj supp g =to,if to > —c0
t t

Then u is also the forward solution of (D.P) in the sense that h(y,t) satisfies (1.2)
replaced g by h. We can refer [6] and [3] concerning the existence and uniqueness
theorems for these problems. These theorems can be considered in the spaces with
norms of negative order in parallel and weak solution can be constructed by Laplace-
Fourier inversion formula. We can then obtain a concrete expression of the solution
to (D.P) and g is found by taking the normal derivative at the boundary. Since
Laplace-Fourier inversion formula gives one to one onto correspondance we have the
expression of Neumann operator as follows :

a3 =G [ [ [ [ -y et )y dtdnar,

where 7 = o0 —ivy,y > 0 and ¢ = (y—y')n+(t—t')7.h(y, t) is shown to be independent
of v > 0. Now denote Q(Qg) = v(y,t). Then v satisfies

n—1

Ov = (D} — 3. D% ) = g(u,1),

i=1
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and has the forward progressing property (1.2) replaced u by v. Therefore we can
write the Neumann operator.

(1.4) Qg =072,

Here (7% — |n|?)'/? stand for a square root of 72 — |5|?, which is single valued and
analytic in C — [—|n|, |n|] and satisfies

(1.5) (r2 = n|>)Y2 < 0 for real 7> |n|.

In this way our main purpose is to reseach the properties of —1/2 power of d’Alem-
bertian.

At first applying a contour integral to the expression (1.3) we can reduce the

integral in 7 to two times integral in 0 = Rer from —| 5| to | n |. Then we use a
special partition of unity in (7, 0)— plane in order to get the following decomposition ;
(1.6) Q=0Qo+Q++Q-,

where Qo is a pseudodifferential operator with symbol

(1.7) o(Qo) = po(y,t,1,0) € S5 .
Therefore, if we define respectively

he = Qug
ho is a C'* function in {(y,t);t > t1}. Here we have assumed

(1.8) g€ & and Proj supp ¢ = [to,t1] ,
: t

Hence the main part of h = Qg is h4 = Q+g and h— = @ _g, which we can write
down as follows.

(1.9) hi(y,t) =Q19 = /t 1 P¢i (t — t')g(-,t')dt'

where Py4(t —t') is a family of Fourier integral operators smoothly depending on a
parameter t — t', and ¢; in (1.9) is replaced by t if ¢; > t. Here the phase functions
are of the forms

(1.10) ¢+ =yn £ (t —t')nl,
and their amplitude functions satisfy

(1.11) Py = Py(y,mit—t') € S/
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if t is larger than ¢'. Moreover we can obtain concrete expression of p+ and properties
of hy, which we see later. Here we remark only that we use Frenel integral and second
mean value theorem concerning the integral of product functions. Finally notice that
theorem C in [5] and (1.9) - (1.11) give the informations on the propagations of
microlocal orders of singularities of the solution along the boundary, since h means
the trace of u to the boundary.

Specially in the case where ¢ is a shock pulse like
(1.12) 9(y',t") = 8(t' — t)ar(y') -
Then (1.9) becomes
(1.9) hi(y,t) = Poy(t—11) g1 -

Now applying Theorem 3.1 in [4] or Theorem C in [5] we can verify
(113) Os(hﬂ:("t);y, TI) = OS(gl;yQ;,'?) - 1/2v where Y- y' = :F(t - tll)lz_l 3

for so small ¢t — ¢{ > 0 that condition I in [5] is fulfilled. Even if ¢t — ¢} is larger, we
can show (1.13) deviding P4(t — t}) as follows, £+ being omitted,

(1.14) Py(t—t1) = (Pt —t1)Py (th —11)) -+~ (Py(ts — t3) Py (t2 — 11)) Po(ty — 11).

Then each factor of (1.4) has an elliptic amplitude function and becomes a Fourier
integral operator with phase function satisfying condition I. Thus we have (1.13) also
in this case.

2 Neumann operator and -1/2 power of d’Alembertian

At first we give the expressions for solutions to (D.P) and (N.P) as follows
respectively

e)  wewt = [ [ [ e - mireth ey dtdnr

(2.2) u(x,y,t)_( / / / / iz(r? |2, ,~¢( 9(31:”’2))1/2 90 iandr

where the notation (1.5) is used. Therefore we can verify (1.3) and suitable estimates
for v in (2.1) and (2.2) and for A in (1.3). Moreover if we take care that v and h
are independent of v > 0, we can show estimates which are very proper to forward
progressing properties.
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In order to caliculate, concerning h in (1.3) we can use Fubini theorem if we

suppose ¢ € D. For g € &', we define Qg by (Qg,¢) = (¢9,Q*4), Q*¢ having back-

ward properties. Even in this case our arguments are rather similar, we concentrate
ourselves to the caliculus of h = Qg in (1.3).

Let start to consider

z(t —t')r
(2.3) F= / PO ——————do, fory >0,|n|#0 .

In order to make v tend to zero, we prepare the following lemma :

Lemma 1.— For real p # 0,

eizp

Fv(p) - /:—Imz>0 (22 - 1)1/2 dz

is independent of v > 0. F,(p) = F(p) satisfies F,(p) =0 if p < 0and F(p) =
—2i [ eP(1 —2?)"/2dz, if p > 0.

Using this lemma we can verify that (1.3) is equal to

(2.4) h(y,t) = /n/ /nfl;:l (Inlj’i(z;g)mdy'dt'dndo-

Now decompose above h together with A in (1.3), Take a C'* function f satisfying,

(2.5) Bt)=1if [{{<1/4 and B(t)=0 if [¢|>1/2.
Then put

(2.6) 1= B(Inl) + (1 = B(Inl)) = Bo(n) + B1(m),
(27) P = a+(’7,0) + a—(ﬂ,a) + aO(n70)7Where

a4(n,0) = B1B(In| 7 (Inl = 0)), a=(n,0) = et (n, —0),

and
ao(ﬂ,a) = :81(77) - a+(77a U) - 0‘—(’%“)-

Substituting (2.6) in the integrand of (1.3) we have

(2.6)' h(y,t) = ho(y,t) + Pa(y, 1) ,
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where hg is considered for fixed v > 0. As for h; we use Lemma 1 to obtain the
same representation as (2.4). More precisely hq(y,t) has the form h(y,t) in (2.4)
with integrand multiplyed by B:1(n, o). Then corresponding to (2.7) it holds

(2.7) Pa(y,t) = by, 1) + h—(y, ) + hao(y, 1) -

ho and hyo are the images of g by pseudodifferential operators with amplitude func-
tions satisfying respectively

(2.8) Py € Syg' and Py € S, /s .

As for hy we show that (1.9) holds satisfying (1.10), (1.11) and the following asymp-
totic form of amptitude function P..

(29)  Pe=Fi(H)VIE (e =)l L+ 0 )T

Since h_ is similar to h; we concentrate ourselves to hy. Main part of culculus
concerns with

Inl el(t—t)o
(2.10) 7= /l oA, 0)de, fo f S0
n

Now we change variable o to s :

(2.11) s = ((t =) *¢ = (¢ —tHID)/*(1 - 7 |)1/2
Then we have
. v,
! _ o tp,,—1/2 —is
(2.10) J =2e"*u /0 e i 2)1/2,3(4 2)ds,
where (- — -)!/2 >0 in (2.10) and we have used notations
1
(2.11) p=(t—1)n and v= §(t—t')1/2|77|1/6-

Here we arrive at the following integrals
(212) L= [ e A()ds
) ! 0 2v
which we can estimate using the second mean value theorem. We consider also
_ ! is? I 1 2 d
(2.13) I, = o c l2—(—7§)‘m)ﬁ(\2 )" )ds.
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Then it suffices to prove
(2.14) I, and I, belongs to 53/3,0 ,

since the part of integral in (2.9)’ is equal to I; — I;. Moreover in the process of the
proof of (2.12) we can obtain (2.9) if we use the following facts essentially depend on
second mean value theore and integration by parts.

2.15 F(o0) = (% 1l23"i/47F(°°)"FV € S7YS for F(r)= e’ ds
4 1,0 A

(2.16) /ei’2skds§MVk,
0
9 a((2y2) = D a2y (=)L j=1,2,--
1) A = PG (s i =12
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