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On the equality between weak and strong extentions.

by

M.A.Snhubin - and  J.5jostrand

O.Introduction and statement of the result,

ve use the terminology and the results of Shubin [S1]. Let 1 be a
ronnected Riernanman manmifold of bounded geometry, let E.F be
vectorbundles on I1 of bounded geometry (cf [S1]) and let A:
™) — C®(11:F) be a umformly elhiptic C*~bounded differential
operator on 1M of order m (cf [S1]). Let a(x,£) be the principal symbol of A
s0 that a€ C®(T M\ 0:Hom(n*E, m*F)), 13 a homogeneous polynomial of
degree m in the the fiber variables. Here m™E, m>F denote the pull-backs

of E,F by means of the natural projection m: T M—M. As in [S1] we can

define the spaces LP(M:E} and more generally the Sobolev spaces W"(M ;E)

rmodelled on the LP spaces. Here pell,«] and se€R. In the case p=w we
shall not consider L™ but rather the space C{M:t) of continuous sections
of £ which tend to O at ifimty. In order to cover all cases e shall put
EP=LP when l<p<oe and &P=C when p=co. Consider first A as an

operatar C°(M;E) = C3(M;F) and fix some pel1,00). Then we can define

the weak and the strong extensions ¥a and SA n the following way:
- The domain &(Ya) of Wa 1s the set of all ue BP{M:E) such that Aue &P,
- The domain of A 15 given by H(5A)={ue BP(M:E): there exists a

sequence u; etffm E), J=1,2,.. with the property that u;=u

TP(MIE) and Au, — Au n LEP(M:F)}.

]
In both cases we define a: H(Wa)— BP, Sa: H(5A)— BP n the sense
ot distributions. It 1s then an interesting problem to determine when
Wa=3a, that 1s when ("Wa)=8(%4). It 1s obvious that

(0.1 eAICHYa),

so the problem 1s Lo determine when the opposite inclusion 1s valid.
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koragukov [koZ] (see also announcement 1n [koi]) proved that when E=F 1s
an Herrmitian vectorbundle and aix.£),0, then Ya="4 for all pell,w].

In this note we propose to generalize this result, by weakening the
assumptions on the E,F,a. Our result is:

Theorem 0.1, Let 4 be as above. Then for each p n [1,00] we have

Wa=%a,

In the case 1<p<oo 1t 15 well known that ¥Aa=%4a . Indeed. we have
JD(%)DWE":)JD(WA), where the first inclusion is obvious and the second

one 15 a consequence of uniform elliptic regularity. Apart from the result
of kordyukoy mentionned above, many authors have obtained the equahty
between weak and strong extensions or results which imply this in
various special cases. Davies [D] obtains such results for second order
operators on homogeneous spaces. Lie groups and on some more general
manifolds. The work of Strichartz [Str] also treats the second order case
on manifolds. Kato [K] studies the Schrédinger operator on RN with non
smooth potential. Stewart [Ste] studies strongly elliptic operators in the
Eu::lideén case and obtains resolvent estimates in the case p=1,00. He

also refers to some unpublished seminar notes of Masuda.

1. Proof of the theorem.

We ntroduce a form of the Agmon-Agranovich-Vishik ellipticity
condition:
(H) We have E=F and there are constants p and C with |pl=1and C>0,
such that Ilfa(x,f;)-p)\)"llﬁc for all xeM, I €1 =1,7>0,

Proposition 1.1. Theorem 0.1 holds if we assume (H).

we start by establishing an essentially well known consequence of the
assumption (H). {(See for instance Browder [B]. Agmon [A] in the Euclidean

case.)
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Praopo=sitinn 1,2, There 1512 3 constant }so‘f-'?!, such that for x> }'.0, the

APErator A - p: 's’¢2‘+£(,f’?}—‘ w§-m; 12 bijective for every L<R with a

houndged nverse (A-ip) 1 WR(M)—* w?*zim, satisfying the estimate

2
a.n

T N T I S C ALl TP V- T B ST ORS S [V S5 Y1t DT P

for every ue w§:rm. Here |-l denotes the norm in W:%_(H). and C,01s &

constant which is independent of u and of .

Broof. We first notice that it is enough to prove the result with A
replaced by ¢~ 'A, which satisfies I(p"a(x,ﬁ)-?\)“lst, xeM, [€1=1.
This is the usual uniform Agmon condition so we can apply the Seeley
construction of 3 local parametrix of (p".&—}\) which will satisfy uniform
estimates. (See [Sel.) We then get a global parametrix by using the
uniform partition of unity of [S1]. (Making use of the fact that A is
differential, one can give simpler proofs, see for instance [S2].)

o

Let teC™{N:R) have the property that V(x. 3,115 a C*™ bounded
function for every C* bounded vectorfield ¥. Then:
(1.2) eloAce~I=A+By,
vwhere BI is a C®-bounded differential operator of order m-1. We then
have:

el (A-hploe™I=(A-Ap)+By |

and if we choose A>2,,, where X, is given in the proposition, then in the
sense of bounded operators from W&”*Q(M) to w§(m, we can write

(1.3) efota-npreeT=t148; (A-hp)~Ne(a-2p)
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IT A>0 15 large enough, (depending only on the bounds on 3%f for

1= |ot| £m in canomcal coordinates,) the narm of Bf(A—}\p)“: LZ—12 s

smaller than -é- we conclude that the right hand side of (1.3), viewed as

an operator wg'—mz , is bijective with a uniformly bounded inverse when

A2y, and kg0 15 large enough. The identity (1.3) is of course to be

understood in the sense of distributions, but we have:

Proposition 1.3. Let f be as above. Then there exists a constant )\]>0

depending only on the bounds of 3%f for 1=|ctl<m (in canonical

coordinates) such that for k)l, the uniformly bounded inverse, G+ of the
operator A-Xp: W%”—>L2 {which exists according to Proposition 1.1) has
the following property: The operator ef 013};»9'f (which a priori maps

L2n&! into wg‘loc) has a bounded extension L2—>w§", and the norm can

be bounded by a constant which is independent of A and of f.

Proof. If f is a bounded function, then multiplication by eXl is a bounded

operator on all the spaces w%, and we see that er cvl3j,\oe‘r is the inverse

of the operator (1.3), and the proposition follows in that case. If f is not
a bounded function, we let Yy(s) be a smooth increasing real valued
function with Y(s)=s for -1=s=l1, Y({s)=-2 for s=-3, Y(s)=2 for s=23

and put we(s)=e“w(as), for 0<g=1. Notice that Ia‘éwa(s)l xCy for

k=1,2,.., Where Cy are independent of s and of €, so that the functions
fe=Yeof satisfy Iaafa(x)ls Eo( for 1=<|ol=m, with Eo( independent of
£. we can then apply the proposition with f replaced by fe. Wwe conclude
that efﬁc-t})\ota“f8 is bounded L2 - wl, uniformly with respect to A and

. If ueLGe', then for £>0 small enough, we have fe=f on the support
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of u, and 1f KCCHM s arbitrary, then for £>0 small enough, we have

efﬁke‘fuzefeﬁle'reu on K, hence HefG)\e’fullm’KsCHuﬂo, with a
constant C>0 which is independent of u and K. Here |- "m,K denotes the
wg‘—norm over K. Since K is arbitrary, we conclude that eIG}\e‘fu
belongs to w1 and IlefG}\e‘fu Iy=Clullg . It is then clear that

efoB}\oe‘f extends to a bounded operator Lz-é'w‘zm. n]

Notice that the distribution kernel of efoG}‘c»e‘r is of the form
eﬁ"')‘ﬂg)KGa(x,g), if we denote the distribution kernel of Gy by
KG;.(X'U)' Also notice that KG;, is C™ outside the diagonal. We shall apply

the above result with f=f,(Y)=(t+1) d(x,y), where d is the function

constructed by Kordyukov {see Lemma 2.1 of [S1]). Here X may be an
arbitrary point of M, and t>0 may be arbitrary but fixed. Then the
hypotheses of the last proposition are satisfied uniformly when x varies in
M and as in Theorem 2.1 of [S1] we obtain:

Proposition 1.4, Let t>0. Then there exists A(t)>0 such that for A=x(t)

we have the the following: For every &>0 and all multiindices «, 8, there

exists Co g 570 such that

(1.4) lafafﬁk(x,g)lscd’s’s g~ tdx,Y) (or ay x,yeM with d(x,y)> 8.

The study of Kg_ in the region d(x,y)<& goes through exactly as in

section 3 of [S1], and we obtain the following analogue of Theorem 3.2 of

that paper:

V-5



Theorern 1.5, Let t,u, Then there exists Alt) -0 such that for hz=ait) we

have the following: For all multnndices «, B there exists a constant,

Lo g 3uch that when men and x2y:

150 18%aBey ity goxyMon-lol =18 e tdliy)
and when mzn and « Fy:
(.61 1353806, (x| <

Coe, pli+00x )M =0 11 =18110g(atx,yn e~ 100,

we here also notice that it is well known that the kernel is locally
integrable in y for every fixed ¥ and in ¥ for every fixed y.

We have the following result where the only assumption is that M is
of bounded geometry:
Lemma 1.6. Let B{x,r)={y&M; d{y,x)<r}. There exists a constant C=C(M)
such that for all xeM and r=0:

(1.7} VolB(z,ri=et’ .

A simple proof of the lemma can be obtained by considering coverings
by balls of bounded radius, and a more general result due to Bishop, can
be found in the book of Gromoy [Gl.

5ing the lemma one obtaing the following corollary of Theorem 1.4:

Corollary 1.7. There exists hn> 0. such if A xqg, then:
(1.8) su4r;1f|k5)('x.|;)|dg< +09, su?1 J1Kg, (x,yd dx< +00
nE ' ye “

Proof. Using (1.5),(1.6), it 15 easy to see that
sup | IKg, (%W dy<+co, sup | IKg, (%, W dx<+00
neM u-yl=S yeM Ix-yl=é
so we anly have to estimate the corresponding integrals aver the domamn

lx-yl|>&, and here we may use {1.4): We get for A= A(t)
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\+oo +0Q
J IKg, (x:y)ldy= Cg e~ td(x,4) gy= Coje‘tr avir),
Ix-yl>& ¢ 0

where V(r)=Vol(B(x,r}). we choose t strictly larger than the constant 'C"’
which appears in Lemma 1.5. Then the last integral is convergent and an
integration by parts gives:

L7 e M avin= [ "te~tvinar=[ “te®-rar=t/t-c).

The same estimate is valid for the x-integrals and the corollary follows.

a

From now on we take A>0 sufficiently large so that the corollary

apphies. By Shur’s lemma we then know that the restriction of Gy to C3°
has a unique bounded extension LP(M:E) — LP(M:E), when 1sp<o0. It is also
easy to see (using also (1.4)), that G4 has a unique bounded extension:

BX o 159, working with some fixed p, we denote this extension ﬁ'}\. For

ueCS“, we have (A—)\p)G)\u=u_. and using the continuity of gk in $P and
the continuity of A-lp for the weak topology of distributions, we get:
(1.9)  (A-%p)Gy =1 on ZP.

Let ue H(™A) so that u and Au belong to BP. Then if YeCF(M;E), we
get:

(1.10) (Gy (A-AplulP)=((A-Ap)ulG5P)=(ul(A-2p)*65Y),

where the scalar products are taken either in LZ(M;E) and ¥ indicates that
we take the formal complex adjoint in the sense of distributions. As in

[S1], section 4, these manipulations are justified by means of the family

of uniformly C™ bounded cut -off functions XNGCSO(N;IO,”), with Xy=I
on an exhaustive increasing family of compacts, Ky , N=1,2,3,...
(Again we need the estimates (1.4).)
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Now (A-Ap)*GyP=V, as can be seen by replacing u by a CZ function ¥
in (1.10) and using that Gy (A-Xp)y=6ytA-Ap)¥="4. Thus (1.10)
reduces to:
(11D (Gy(A-DpulP)=(uly),
and varying P we conclude that:
(1.12) Gy (A-Ap)=Ion HWA) .
Thus we have proved that for X\ sufficiently large, (A-Ap) is bijective
from H(™A) onto &P and that the inverse is 5)\.

We can now end the proof of Proposition 1.1. Let ueS(¥A) and put
v=Au. Let w]-, j=1,2,.. be a sequence of Eg"-functions converging to

v-Apu in ZP, and put ujzﬁ}\w]eﬁpnc‘”. Then ug— u in %P and

Auj=wj+1puj—»u in BP. It only remains to prove that u] belongs to

H(SA). We notice that if Q;=supp(wy), then
5Up,, J'Qj(l-XN(x))IKGh(x,g)Idu and SUPyeg; f(1—XN(x))IKGh(x,g)ldx tend
to zero when N tends to infinity, and similarly when (“XN("))KGh is

replaced by some x-derivative of the same function. (Indeed, this is

proved in the same way as Corollary 1.7.) Hence (still with j fixed)

)(Nu]-au] and A(}(Nu])ﬁAuj in 3P when N— o0, and the proof is

complete. 0

Proof of Theorem 0.1, We may assume that E and F are uniformly

C* -bounded Hermitian vectorbundles. Let A’ denote the formal complex
adjoint of A, and consider the uniformly elliptic C®-bounded formally self

adjoint operator: G: C®(M:FBE) = C®(M:FBE) given by the matrix
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we notice that & satifies (H) with p=1, so we know that H(Ye)=80%0).
It is easy to see that H(Ye)=H(Wa")BH(WA) and that we have the

similar equality for the strong extensions. It follows that Wa=5A. 0
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