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§1. STATEMENT OF RESULTS

Let G be a domain in R" with a smooth boundary Y and let A(x, 2) be

n+1
a second order differential operator in the cylinder { = (- ,+®)XG < R ,
strictly hyperbolic with respect to x , where x = (xo,xl,...,xn) r X € (- ,+®),
) .0
(X IX '--olx)EG, b= (l'—,---,l_‘).
1°72 n
ox ox
o n

Consider the following mixed problem

(1.1) A(x, D)u =0 in Q ,
(1.2) u=0 for Xo< 0O, x€8Q o
(1.3) B(x,Z‘)ulr = h(x') for x'€ET = (-® ,+®) X Yy ,

where h € %'(I’ ), h =0 for xo< 0, u €91Q) and B(x,%) is a differential operator
of order r. We shall find when for a given B(x,9) the problem (1.1), (1.2), (1.3) 1is

well-posed or ill-posed. Denote by G(S ~ I x [0,§ ) the &-neighbourhood of I' in G.

We shall use in G(S the coordinates (x' ,xn) , where x'€ I and xn is the distance

b 3
to T, X € [0,8) . The dual coordinates in T (GG ) will be denote by (&', En)

*
where &' €T (T') and €n€]R1.

The principal symbol of A(x,%) has in this system of coordinates the

following form

(1.4) a0 x5y = ¢ £ -2 g% - ue g,

where A(x, '), u(x, &') are real anda—u # O when U

O (cf. [3]). Aas in [3]
denote N_ = {(x', £ € TO(I‘), p(x',0, €'y =0} , N = {(x', &) € TO(T),

+
ux',0, £') Z 0 }.

Set

(1.5) bx', t1) = 8% x',0, ', A\(x',0, ¢") - VI&,0,T ),

where B(O) (x',xn, g, En) is the principal symbol of the operator B(x,9 ) written
in the system of coordinate introduced above, ' = (F,O + it , El,..., En_l),T > 0,
and V U(x',0, C') is the branch of the square root such that Im m > 0
for (x', &') € T: (r'y, = > o.
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It is known (see [12] ) that the condition
*
(1.6) b(x', ') #0 for VT >0, (x',&£") € TO(F )

is necessary fcr the well-posedness of the initial-boundary protlem (1.1), (1.2),

(1.3).

We shall see below that one needs additional assumpticns on b(x', C') for
real L' = &'. It is well-known (see, for example, [13] ) that microlocally on
NJJN_ the problem (1.1), (1.2), (1.3) can be reduced to the solution of'a pseudo-

differential equation
(1.7) ' b(x"', %')uO =h ,

where u, = ujp .
We shall assume that b(x', 2') is an operator of principal tyée in NJJN_ H

more exactly we assume that

Az A~
(1.8) —95’—%%—1 #0 if (R,£)€NUN_and b&EE) =o0.
B .

Therefore b(x', £') has the following form in the neighbourhood of (Q,E )

(1.9) b(x', £') = (£o+bl(x',£")>b“)(x', £y,

where b(l)(x', £€') # 0. The main problem is to find the conditions on b(x',& ') for
(x', &€') €N .
o
' We shall assume additionally that

(0) A ~ ~ A
(1.10) 0B (x,0,& , AG0E )y gor an @i€)€n_ such that bk,8) =0 .
LR
1

A A
Then in a small neighbourhood of such point (x,§ ) € No we have

(o) , ., . _ _(2), ' et :
(1.11) B (x Iolg I‘En)—B (Xrgrgn)(gn“l'bZ(Xrg)) ’

(2)

where B (x', &', Sn) # 0. Therefore in this neighbourhood we have
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B(Z)

(1.12) b(xllc ) = - (X'lcw'l)\(xllol C‘) - \/U(X'IOI C’)S(VU(X'IOIC ')+ )\1(X',C'))

where
(1.13) Kl(x', g') = -( A(x',0, T") + b2(X', z')).

The conditions of the well-posedness of the initial-boundary problem depend on

the geometry of the boundary. We shall consider only the cases when the boundary

is strictly convex or concave with respect to the null-bicharacteristics of A(x, Q).
The boundary I is called strictly convex for (x', £&') € No if for X = O and

H(x',0, £€') = O we have (cf. [3])
(1-14) {E,n - )\ (x.lxnr E'): U(X':ang I)} < Ol-

where {En - X, 4} is the Poisson bracket.

The boundary I is called strictly concave for (x', ') € No if (1.14)
with the opposite sign holds.
In the case of the strictly concave boundary there are few restrictions

for the well-posedness of the initial-boundary problem.

Theorem 1.1 : Let the boundary [ be strictly concave for all (x', £') and let

the assumptions (1.6), (1.8) and (1.10) hold. Then for each h € Hz+r_1(I') there
exists a unique solution u € HZ(§2) of the problem (1.1), (1.2) (1.3) when T

is sufficiently large.

T . . -
Here HS(SZ) is a Sobolev's space with a finite norm

- TX & .
2 2 2 i do-differential operator with
lall S =lle  %ull _=HA% all _,AZ° 7° a pseudo-diffe 13

’ T ;
2 2
a symbol (|&I" + ‘r?)s, u = 0 for Xo< 0, h = 0 for X < 0. For the convex
boundary we shall consider separately three cases.
A A
It follows from (1.12) that if (%, )€ b%)and b(x ,£ ) = O then

AN

A A . AN . )
also Al(x, £) = O . Suppose that if (x,§) € No and b(x, £) = O then there exists

N
a conic neighbourhood UO of (Q,E) and a constant CO such that

-Re A (x',&") AN
L 1 sgn Wx,E) C_(Im A (X',E'))2
[e} 1
1n 350
|Re )\1(X'r€')l

(1.15)

for any (x',8') € U, n N_ and gl = 1.
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Theorem 1.2 : Let the boundary I' be strictly convex and the conditions (1.6), (1.8)
N

N
(1.10) be satisfied. Suppose that for any (Q,E ) € No such that b(X,£ ) = O the

condition (1.15) holds. Then for each h € HS _1(I‘T) there exists a unique

+r .
solution u € HS(SlT) of the problem (1.1), (1.2), (1.3) where T > O is sufficiently

small, QT = (= ,T) X G, I = (- ,T)X Yy and HS(Q T) is a Sobolev's space on
T
Q pr U= O for X < 0, h =0 for xo<< 0.
Remark 1.1 : If Im k1 = O then the condition (1.15) means that Xl(x',i 'Y> O in
a\ %, E (X, €
U NN, if U E) >0 and A, (x',&'") £0inU_ N N_if mix,E ) o 0. We note
o o BEO 1 o o BSO
that %% # 0 when U = O since the symbol A(O)(X,E ) is hyperbolic with respect
to & ©
o
Now we shall consider the case when the condition (1.15) is not satisfied.
o
We suppose that there exists a point (§,€ ) € No with the following
properties :
A nNE - y . A 2 A
1(x,g ) = 0 and tbere is a sequence (xm,g m)EINo,Ig m| = 1 such
AN AN A A l » 8
(1.16) that (x , £ ) = (£,£ ) and Re A, (x , & ) < O if aE—£§L§-——)-> o)
m’ “m . 1"m' °m A3

and Re A, (R ,E ) >o0if W KED) o o
1"m’ °m BEO

We assume also that

~ N 2 A A
(1.17) (Im ll(xm,im)) 1n |Re Al(xm, E,m)l

- - O when m =» o
AR LED
Re 1"m’' > m

and

¢
(1.18) I{>\1(X'I g.‘)l U(X'IOI E')}l < CIRe )\1(X'I gl)l t .for (X'l gl) =()/(‘m; gm)

where 61 is an arbitrary positive constant and C, 61 are independent on m .

Theorem 1. 3 : Suppose that there exists (Q) g) € NO such that (1.16), (1.17))

(1.18) hold and that the boundary I is strictly convex at the point (Q,g ).

Then the initial—boundafy problem (1.1) (1.2) (1.3) is ill-posed in the space

of distributions. More precisely, there exists h(x') € CS(T ), h(x") = O for
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X, < O such that there is no u(x) € 9'(§2T) which is a solution of the problem
(1.1), (1.2), (1.3) for X < T.

A " ~ A A
Here T > X where X = (X ,X,,...,X
o o 1 n-1

(1.16), (1.17), (1.18) and 2'(S2T) is the space of distributions on §2T.

/\A
), (x,£€ ) is the point satisfying (1.14),
Remark 1.2 : It is obvious that (1.17) is satisfied, for example, when
Im Al(x', £') = O. We note that (1.18) implies
A A
(1.18") {Kl(x', £'), ux',0, £} =0 for (x', &") =(x,§ ).

One can show that when Im Al(x', £') = 0 and (1.16), (1.18') hold then there
1,

il

~ o~ ~ o~ ~ A~ ~
exists a sequence (xm,g m) € NO such that (xm,E;m) - (x,£), |& ml
'\I\
g F _Ou(X,E ) ey 2 (Y F . _ L
Al(xm, gm).sgn 3¢ - < 0 and (1.18) holds for (x',&'") (xm,E m) with 61 5 -

¢

Theorem 1.4 : Let the boundary I' be strictly convex and the assumptions (1.6),

AN A~
(1.8) and (1.10) hold. Suppose that for each (x,§ ) € N such that b(x,§ ) = O

and (1.15) is not satisfied we have

(1.19) {XI(X', £'), u(x',0, €'Y #0 for (x', £') = (§,€ )
Then for each h € Hs+r-1+m(I1T)' h = 0 for xo< O, there exists a unique solution
u € HS(EET) of the problem (1.1),(1.2), (1.3) where T is sufficiently small and
—{En - )\1'1,1}
(1.20) m > max —
I{xi,u}l

A ~
where the maximum in (1.20) is taken over all (Q,g )E{No such that b(§,£ ) =0

and (1.15) is not satisfied .

Remark 1.3 : Part of the results containing in the Theorems 1.1 and 1.3 was

pgoved by M. Ikawa (see [7] , [8] , [9] ). The Theorem 1.2 has an intersection

with results of M. Miyatake [11] , L. G&rding [5] and R. Melrose and J. Sj8strand
[10] .

Remark 1.4 : We have described also the singularities of the solution of the
problem (1.1), (1.2), (1.3) under the assumptions of the Theorems 1.1 and 1.4

and additional assumptions that bl(x',E ") and b2(x', £') are real (see (1.9) and
(1.11)).
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Remark 1.5 : Roughly speaking the phenomen of ill-posedness of the problem (1.1)
(1.2), (1.3) under the assumptions of the Theorem 1.3 can be explainec in a
following way

1 ,
along the boundary (the boundary waves). These singularities are overgoing multiple

When (1.16) holds ancd A, ( =', §') is real there is a propagation of singularities
reflections the number of which tends to the infinity for any time in:erval ccn-
taining Qg when the reflecting points approach (Q,g ) . Therefore unda2r the assump-
tions of the Theorem 1.3 ths Green function of the problem (1.1), (1.2), (1.3) has
a singularity of an infinite order, i.e. it is not a distribution. Indeed it can
be shown for the modzl, initial boundary problem (see the section 3) that under the
assumptions of the Theorem 1.3 the problem (1.1), (1.2), (1.3) is well-posed in the
space of ultra-distributions, i.e. functionals over COo -functions belonging to some
Gevrey classes. More precisiely such ultradistributions have a finite order of
singularities outside of NO which increases when we approach No and which becomes
infinite only on NO.

It follows from i:he Theorem 1.4 that when (1.18') don't talte place there
is still a well-posedness of the problem (1.1), (1.2), (1.3). We not: that

when {u,kl} - O then m -» o (see (1.20)) in accordance with the Theorem 1.3.

§2. EXAMPLES

" We give now two simple examples which illustrate the Theorems 1.1, 1.2,

1.3, 1.4.
Example 2.1 : ©Let G be a strictly convex bounded domain in Igz and A(x,@) = 0 =
32 82 2

N ) is the wave operator. Consider the following initial boundary
9x 8x1 ox
problem

(2.1) "Oou =0 for x € Q

(2.2) u=20 for Xo< 0, x €Q

(2.3) a—u—-a(x)§E =h,

on o' 9x
oll

Ju | o
where 7— is the normal derivative to 093G and a(xo) is a real C _ function.

oh

.
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The condition (1.6) gives
(2.4) a(x ) > - 1.
o

If a(xo) 2 O then all assumptions of the Theorem 1.2 are satisfied.

If all zeros of a(xo) are of the first order and (2.4) holds then according to
the Theorem 1.4 the problem (2.1), (2.2), (2.3) is well-posed.

(o)

n
If Xo is a zero of a(xb) and a'(xo) such that there exists a sequence {xé )}

(n) (n) (o)

where a(xb ) < O and xO - xO then it follows from the Theorem 1.3 that the
problem (2.1), (2.2), (2.3) is ill-posed.

We note that if = (- ,+o )X EG where CG is the exterior of the
domain G then according to the Theorem 1.1 the problem (2.1), (2.2), (2.3) is

well-posed under the only assumption (2.4).

Example 2.2 : Let G be the same domain as in the example 2.1. Consider the
following boundary operator
du du

(2.5) mt b(s) s ; =h,

is the tangential derivative and

9
9s

where %E is the normal derivative to 2dG,
b(s) is a real ¢’ -function.
It follows from the Theorem 1.4 that the problem (2.1), (2.2), (2.5)
is well-posed if b(s) has no roots on 9G of the multiplicity greater than one .
If there is a point so such that b(so) = b'(so) = 0 and b(s) # O then the
Theorem 1.3 gives that the problem (2.1), (2.2), (2.5) is ill-posed.
The exterior problem (2.1), (2.2) (2.5) in the domain § = (- ,+%® ) X CG

is well-posed for any real b(s) € c¢® (see the Theorem 1.1) and [7] ).

§3. A MODEL FOR THE THEOREM 1.3

To clarify the results of the section 1 we shall consider some model

equations with model boundary conditions. A good model for the initial-boundary

+
problem in the case of convex domain is the following problem in Iii 1

(3.1) a (x ,2u=0 xemr™,
-n +

(3.2) u=0 for x < 0O, x€JRn+1 ,
o] +

(3.3) B(?)u = h(x') ,



where h(x') is a tempered distribution, h = O for Xo< o,

— 2 \1] "
a_(xn, g) = En - ( EO - ang Iy 1&g,
B(&) = En - Bl(E "y, Bl( E")Eﬁdw for E£" # 0 and B1(€ ") is a homogenicus

function of degree 1.
n+1

The initial-boundary Dirichlet problem for the equation (3.1) ir ]Q+

was considered in [4].
As it was stated in [4] the unique solution of (3.1) in the class of

tempered distributions which satisfies the initial data (3.2) and the Dir:chlet

condition u x =0 Vi VS O for Xo< 0 is given by the following formu.a
n
go+ir %
1 o AO( Ign"'_l/j-xnlg J )_i(anlgn)_i(£O+i’[o)Xo _
(3.4) h(x',x ) = — J : e T(E +iT ,E€")ac g
n . (>3] o
(2m) o) £ +iT
A (__O___O )
o 1/3
em|

where To > O is arbitrary and AO(Z) is the Airy function with the following proper-

ties
2 3/2
c - §'|t|
Ao(t)k’——i/—4 e for t » -
(3.5) It]
A (t)~ c sin(2 t3/2+ T) for t » +o
o 1/4 3 4

t

To solve the problem (3.1), (3.2), (3.3) it is enough to find v(x') such that

(3.6) b (&)v=n,
T

O

where bT Q) is a pseudodifferential operator with a symbol
o

] s L _1/3
AO((€O+1TO)|E | )

. . 2
B b (EEN = bE T e = - ilen)? TT73, 7 B €

AO((EO+iT O)lE"I )

The necessary and sufficient condition for the existence of the solutiorn v(x') of
. . . n-1
the equation (3.6) which is a tempered distribution in (- ,T) x R for any

finite T is the following : there exist C,, C., C

1 5 , N such that

3

(3.8) Ib( £ +it , gmlzc (1+ IE'] +1) N
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for any T > C_1n |E'] +C

2 3
Suppose that there exists w(‘)‘ ’ Iu)(')'l

1 such that Bl(u)'(')) = 0 and

suppose that there is a sequence u)I'T'l , Iwz;;l = 1 such that
(3.9) Re B, (w") <0, w"->ow"
1 m m o)
and
5 1 | Re B, (w m)l
. n < —_— > ’
(3.10) (Im Bl,(U)m)) N for m mN

|1nlRe B1 (w1
m

where N > O is arbitrary, me is depending on N.

Let Ko be an arbitrary zero of the Airy function AO(Z) , i.e.
(3.11) A (K) =0
o o

Take a sequence 'E;ﬁ' -»>® gsuch that

1 1
.12) .
(3 ) 13 B O form-»> x
|Em| 1 "m

We note that (3.10) implies Re E_l(m - - when m = ©,
1" ™m
w1 1/3 wy 1HE .
For example, take liml = |Re Bl(wm)l , €>0 . It is easy to show that
there exists a root 5(21) + it n of the equation
. w—1/3
a e riT) e I™ )
. -1/3y 1/3
] + " " "
AO((EO 1T)|€m| ) |€ml Bl(wm)
which has the following asymptotic behaviour
g™y ar =x g3 0 L
o m o) B1 ((l)m)

Therefore we hLave

(m)

(3.13) b(EO

+ iT " u)ll =
m | E’:m' m) ©

where
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1
(3.14) T & -Re ———— >CN 1lnl&"|
m Bl(U)m) m

N is arbitrary, m)»mN .
Since the condition (3.8) is not satisfied we obtain that the problem

(3.1), (3.2), (3.3) is ill-posed.

Remark 3.1 : Solution of the problem £3.%)( (3.2), (§13) in the spesce of

ultradistributions.

We shall show that the solution of the ill-posed problem (Z.1), (3.2)
(3.3) exists in some class of wultradistributions. The general initial boundary
problems for hyperbolic equations in the spaces of ultradistributions was studied
by J. Chazarain [2] and R. Beals [1] , but their results are not precise. We
note that the Cauchy problem for partial differential equations with constant
coefficients in the spaces of ultradistributions was studied at first by G. E. Shilov

and his students (see [6]). Denote by TO(E') the following function

I3 C
C o 1
' = — " = >
TO(E ) Vo In(1+[&"]) for «a - —5/3
leml (F!
C
1
T €y =c g3 for lal < —
o 2 2/3
[l
C1
TO(£)=O for o < - 273 °
lgv)
One can show assuming that the condition (1.6) holds that
(3.15) lb(go + it , E")]> Cc for T 2T €" .
Let @(xo,x") € Cz(liz) and w(xo,x") belongs to the Gevrey class G3-€ of order
3 - € in x". Then
1/3
~ - - "
(3.16) o (£O+iT P EM < CN(1+-|5'|+T ) Ne Nlg"| for any N.

Let h(xo,x") be an arbitrary tempered distribution, h = O for xo< O . We define

v(x') by the following formula

_ 1 Bz, gv)  THETIGNEN
v = n b(z, £ e dz &g
(2m) L !
where L is a curve z( EO) = go + it (g;o) in the complex plane € such that

c 23 o ) 2T (E1).

One can see that v(x') is a ultradistribution belonging to Gé > and

v(x') is a solution of the equation (3.6). We note that v(x) is a ultradistribu-

tion microlocally only for lgo|<:e [€"] . Let ¥ be a pseudodifferential
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g
operator with a symbol ¥ ( ° ) where X(t) € Cm(Iﬁ), x(t) = O for |t| < €. Since
len
* %5
x T (E") —— In(1+1&"]) ‘ — £
e © © < e\/€ = (1+I<E"|)\/8 for q = =2 >¢ we have that X (¥ )v

(KR!

T
belongs to a Sobolev's space of the order Ve when X < T.

§4. A MODEL FOR THE THEOREM 1.4

n+1 s
In this section we consider the equation (3.1) in Il+ with the initial

data (3.2) and with the following boundary condition

(4.1) i%— +Y(xo— a)A"u = h(x"),
n x =0

where h is a tempered distribution, h = O for X < 0, A" is a pseudodifferential
operator with the symbol |E"] , a > 0 and Y # O. We note that the condition (1.6)
gives that Re Y.Imy < O.

As in §3 (see (3.6)) we reduce the solution of the problem (3.1), (3.2),

(4.1) to the solution of the following equation in R"

T " -
(4.2) N VT + Y(xo-a)A VT hT
—%T moT -
where VT = e v , hT = e h, v(x') = u(x',0) and N is the Neumann operator,
i.e.
-1/3
© e Al (g +iT) 1" 77)
(4.3) NT VT - __]_._n I—m e i(x rg )(—llg"|2/3) (e} [e] ‘7T(£')d€'
(2m) -1/3

AO((£O+iT)I£"I

If we take the Fourier transform in (4.2) we obtain an ordinary differential

equation of the first order

d3(€o+n, £

(4.4) NT$(€o+ir) - iylg"] - yalg"l$'= §(£0+ir,£ "),

d
go
where

1/3

(4.5) NT = (—ilg"l2 , 2 = (EO +im)lgnl 7.
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The general solution of the homogeneous equation (4.4), i.e. with h = 0, is
given by the formula
ia g +iT)
. -1/3
(g rmlen ™ e O,

<~

(4.6) w(£0+iT,£") = c(i")AO

1

where we take a branch of Z ¥ which is positive for the rositive Z.

By using (4.6) one can show that the equation (4.4) has a unique solu-
tion which is a tempered distribution and so that the problem (3.1), (3.2), (4.1)
is well-posed. The following indirect way to solve the equation (4.2) is more
useful : in the region 60 < O the symbol N' is a symbol of class 51/3’0 and
so that there is no difficulties to solve the equation (4.2) microlocally in this
region. Let now Eo > O. Denote by Xl(t) a C -function such that Xl(t) = 1 for

-1/3

t>1, x,(t) =0 for £ < 0. Let Xl(E 1"l ) be a pseudodifferential opera-

tor with a symbol Xl(gol g 1/3 .

Let B)(1 be the following operator

(4.7) BY,V = —— J B(Z)><1(£Ol£"l'1/3)0k£')e‘l(x &g,
(2m)
-1/3 2y (2) —
where Z = (£o+ir)|€"| , B(z) = NG AI(Z) = A(Z) and A(Z) is the Airy function

with the following asymptotic behaviour for %z - +© (see, for example [4])

. 3/2
(4.8) A(Z) ~c z /4723 12

We note that AO(Z) = A(Z) - Al(z)

The operator B is a Fourier integral operator with the phase function
X1

4 3/2 -1/2

3 . It was indicated in [4] that the phase

X',z = (x',2') Izl

function @((X',z') for C >0 is the generating function for the canonical transfor-

mation (y',Z') = (x',&') such that the image (Xé,io) of a point (y ,C )y ;(O)
+

is the endpoint of an outgoing bicharacteristics in E&_l of the operator (3.1)

which starts at the point (yé,gé).
It is easy to verify that the following identity holds

-1/y 1/y

T n
(4.9) N'X,V+ ¥ (X_-a) A",V = (I-B) L (1-B) "X,V

1

2/3 A'(2)

a@) © YA

where L is a pseudodifferential operator with a symbol -ilg"|

Z = (E_ +iT ylem 73,
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We note that an operator of the form Lo arises also when one consider
the case of the concave boundary. It is not difficult to prove the existence of
the inverse of LO and therefore to find the inverse of (4.9).

It was shown in [4] that

€
C 1
(4.10) 1 - IB(Z) > — (1 +valg ] /3) for 0 = zur > O
w173 el
1E"1
One can obtain from (4.10) anapriori estimate for the solution of the equation
(4.2) with a loss of %- $~+%— derivatives.

The identity (4.9) allows also to describe the wave front set of the

solution v(x').
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